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Using origami design principles
to fold reprogrammable
mechanical metamaterials
Jesse L. Silverberg,1* Arthur A. Evans,2 Lauren McLeod,1 Ryan C. Hayward,3

Thomas Hull,4 Christian D. Santangelo,2 Itai Cohen1

Although broadly admired for its aesthetic qualities, the art of origami is now being
recognized also as a framework for mechanical metamaterial design. Working with the
Miura-ori tessellation, we find that each unit cell of this crease pattern is mechanically
bistable, and by switching between states, the compressive modulus of the overall
structure can be rationally and reversibly tuned. By virtue of their interactions, these
mechanically stable lattice defects also lead to emergent crystallographic structures
such as vacancies, dislocations, and grain boundaries. Each of these structures comes
from an arrangement of reversible folds, highlighting a connection between mechanical
metamaterials and programmable matter. Given origami’s scale-free geometric character,
this framework for metamaterial design can be directly transferred to milli-, micro-, and
nanometer-size systems.

M
etamaterials are rapidly emerging at the
frontier of scientific and technological in-
novation due to their exotic and tunable
material properties, which arise from ar-
rangements of smaller units within the

bulk system (1–5). Once fabricated, structural mod-
ifications are generally difficult, making it rare
to find metamaterials that can be reconfigured
beyond their original design. Origami-inspired
mechanical metamaterials offer enhanced flex-
ibility in performance because their properties
are coupled to a dynamically alterable folding pat-
tern (6–16). Hence, multiple stable configurations
can manifest from a single structure yielding pro-
grammable metamaterials.
We studied the Miura-ori tessellated folding

pattern, which has recently been proposed as an
origamimetamaterial (Fig. 1, A to C, figs. S1 to S3,
and movie S1) (14, 15). Historically, this design
was invented to efficiently pack solar panels for
spacemissions (17), but the morphology also nat-
urally occurs in leaves (18) and embryonic in-
testine (19, 20) and generally arises when thin
sheets tethered to a surface undergo biaxial com-
pression. The geometry of aMiura-ori is a herring-
bone pattern that emerges from a series of convex
mountain and concave valley creases (Fig. 1C).
Vertices are formedwhen four creases intersect,
and four adjacent vertices bound equal-area facets
arranged with inversion symmetry (Fig. 1B). This
fold pattern defines a lattice characterized by two
static crease lengths ‘1; ‘2, and one static plane
angle a. To quantify folding, a vertex angle e is

required (Fig. 1C); when e = 180° – 2a, the
structure is maximally contracted into a folded
state, and when e = 180°, the structure is an
unfolded flat sheet.
If folded from an ideal material with infinite

stretching modulus, the Miura-ori would have
only one degree of freedom described by e (14).
However, generating samples from laser-cut sheets
of paper and mylar (Fig. 1C) (see supplementary
materials for details), we find additional degrees
of freedom, as evidenced by soft bending modes
(14, 15). As an extreme example, the Miura-ori
supports highly localized heterogeneity intro-
duced after folding by applying force to a vertex
in the normal direction and popping it into a
categorically different mechanically stable state
(Fig. 2A, fig. S4A, and movie S2). This pop-
through defect (PTD) changes lattice topology by
suppressing one fold and bending adjacent facets
through an angle f (Fig. 2, B and C). Quantify-
ing lattice distortion by the surface’s Monge
patch mean curvature calculated from three-
dimensional (3D) digitized scans, we find that
displacements of vertices in the xy plane are
negligible within a distance of one unit cell;
this compares favorably with theoretical pre-
dictions that estimate a distortion decay length
≈1/2 the unit cell width (Fig. 2D) (see supplemen-
tarymaterials for details) (21, 22). Although highly
localized, PTDs are unlike conventional lattice
defects because they involve only elastic facet
bending and hence are reversibly removable.
To determine the robustness of PTDs tomechan-

ical perturbations, we theoretically model a single
unit cell with one mountain and three valley
folds in mechanical equilibrium (similar to the
paper model in Fig. 2, B and C). To account for
experimentally observed facet bending, two ad-
ditional symmetrically placed creases are included
whose folding angles f are equal and have equi-
librium values of 180° (14, 15). We assume a

Hookean energy expression for all creases and
calculate the dimensionless energy u as a func-
tion of the folding configuration (Fig. 2E and fig.
S5) (see supplementary materials for details).
We observe that the energy landscape has two
distinct regions, each with its own local min-
imum (Fig. 2E, points I and II), that are con-
nected at a single point corresponding to a fully
unfolded unit cell where f = e = 180°. For mate-
rials with a finite stretching modulus, this con-
necting point widens along the f axis and allows
for otherwise forbidden stretching-enabled tran-
sitions. Because the stretching modulus is pro-
portional to sheet thickness (23), the energy
required to transition between states is a tunable
design feature. Thus, while PTDs are introduced
reversibly, their stability to mechanical perturba-
tions is controlled by the competition between the
material’s bending and stretching energy scales.
The mechanical consequences of a PTD were

determined by folding laser-cut structures from
24-lb paper with s2 unit cells, where swas varied
from 3 to 8 and a was fixed at 60°. A centrally
located defect was introduced by hand, and the
compressive modulus Kdefect

y ðeÞ was measured as
a function of defect density n = 1/s2 (see sup-
plementary materials for details). Normalizing
these data by the modulus of a defect-free lattice,
Knormal
y ðeÞ, revealed a divergence in stiffness as a

function of compression limited only by tearing
of the sheet at the highest strains (Fig. 2F and fig.
S4B). This divergence arises from a violation of
Maekawa’s theorem, which requires the number
of mountain folds minus the number of valley
folds at every vertex to be T2 for a structure to
fold flat (24). By linking enhanced mechanical
stiffness to violations of a canonical paper-
folding theorem, these data experimentally demon-
strate how geometric constraints in origami-based
design can dominate bulk material properties.
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Fig. 1. Schematic and 3D reconstruction of the
Miura-ori with definition of important geometric
parameters. (A) TheMiura-ori crease pattern on a
flat sheet is depicted with alternating mountain
(red) and valley (blue) folds. (B) Each facet is
bounded by four vertices labeled 1 through 4. (C)
An experimentally recorded 3D image of a 4 by 4
laser-cut Miura-ori with two in-plane projections
shows the folded structure at equilibrium. The
color bar gives height in mm.
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Nevertheless, such constraints are stillmalleable;
the value of e where Kdefect

y increases is shifted
simply by varying n. Thus, PTDs make attractive
elements for metamaterial design because the on-
set and strength of Kdefect

y are rationally tunable,
and moreover, these “mechanical pixels” can be
activated on demand to vary the bulk compres-
sive properties. Although PTDs were manually

introduced here, soft robotics-based technology
(25), microelectromechanical systems actuator
arrays (26), or even thermal fluctuations (27),
provide alternative avenues to introduce and
remove PTDs.
To understand both the density dependence

and compression dependence of the Miura-ori
with a PTD, we analytically calculated the in-

trinsic PTD compressive modulus, KPTD
y (see sup-

plementary materials for details). This was found
by noting that the stress a PTD exerts is propor-
tional to its extension relative to the neighboring
undefected unit cells. At low defect densities for
a lattice of arbitrary size, the compressive modulus
of a lattice with a PTD can be expressed in a dipole
expansion, Kdefect

y = Knormal
y + nKPTD

y , where KPTD
y

648 8 AUGUST 2014 • VOL 345 ISSUE 6197 sciencemag.org SCIENCE

Fig. 2. Experimental data showing spatial
confinement of a PTD and combined experi-
mental/theoretical data for PTD mechanics.
(A) 3D reconstruction of a Miura-ori with a
centrally located PTD (red facets). The color bar
is height in mm. (B) Photograph of a single vertex
shows that it is mechanically stable in isolation, as
is a PTD (C). (D) Mean curvature of 3D scan from
(A) shows a modified crease pattern in the
presence of a PTD. The color bar is in units of
mm–1. Overlapping vertex position of same lattice
without a PTD (black dots) shows that the PTD is
highly localized and causes minimal distortion in
finite-sized lattices. (E) Theoretical energydiagram
of a single vertex has two energy minima cor-
responding to a (I) normal and (II) PTD state.
Arrows indicate direct pathway to PTD formation.
The white background is geometrically forbidden. (F)
Experimentally measured modulus as a function of
compression e and PTD density n. (Inset) Data
follow a theoretically predicted scaling collapse
(black line).

Fig. 3. Experimental data of two interacting
PTDs. Mean curvature maps of (A) 1–2, (B) 1–3,
(C) 1–4, and (D) 2–4 defect-pair configuration.The
color maps saturate at T1 mm–1. Schematic
diagrams show defect placement (dots) and facet
bending (double lines). (E) Normalized compres-
sive modulus of lattice with each defect-pair
configuration shows that three combinations lead
to divergent stiffness, whereas the 2-4 configu-
ration does not. (F) Labeling nine unit cells with
green dots and examining their location as e de-
creases demonstrates how the 2–4 defect con-
figuration (red and blue dots) leads to a lattice
vacancy. (G) Schematic diagrams show where
defects interact and the resultant crease pattern.
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is a function of e averaged over the nondefected
unit cells. This expression is valid when n <<
1 and holds for a lattice with multiple defects as
long as defect interactions can be neglected.
Moreover, it suggests a data collapse with a one-
parameter fit to the theory that sets the scale of
KPTD
y . Indeed, we find such a collapse (Fig. 2F,

inset) and excellent agreement with the analytic
expression (Fig. 2F, inset, black line), demon-
strating that the contribution of PTDs to the
modulus at low densities is linearly additive.
This mechanical response is useful for design
purposes because it offers great simplicity in
predicting the compressive modulus of aMiura-
ori with PTDs.
With increasing density, PTD interactions

become important, particularly when pairs of
defects are on adjacent vertices. There are four
unique defect pairs: 1–2, 1–3, 1–4, and 2–4, with
the other combinations degenerate by symmetry
(Fig. 1B and Fig. 3, A to D). Folding 4 by 4 lattices
with a = 60°, we measured Kdefect

y ðeÞ in the pres-
ence of the four unique defect pair configura-
tions. Normalizing by the defect-free modulus,
we found that the 1–2, 1–3, and 1–4 defect pair
moduli diverge as the compression increases (Fig.
3E and movie S3).
Surprisingly, the 2–4 configuration has quali-

tatively different compressive behavior: The mod-
ulus first increases during compression similar to
other defect-pair configurations, but then decreases,
and finally reduces to a near defect-free value at

the highest compressions (Fig. 3E). Effectively,
the respective mechanical signatures of the 2–4
defect pair are annihilated during compression.
To illustrate the folding sequence, we mark the
centers of a 3 by 3 sublattice (Fig. 3F, green
dots), as well as the location of each defect (Fig.
3F, red and blue dots). During compression,
facets near the defect sites are increasingly bent
as e decreases, leading to the enhanced stiffness.
This enhancement progresses until defect site
4 folds under defect site 2 and all four creases
on the facet flip. The defect sites then collapse
onto, and overlap with, nearby vertices (Fig. 3F)
so that the center lattice site is tucked under-
neath the adjacent unit cell (movie S4). Visually
inspecting the 2–4 defect pair reveals a notable
consequence: This defect configuration gener-
ates a lattice vacancy analogous to those seen in
crystallographic systems (28).
To understand why the 2–4 defect pair is

special, we compute themean curvature from 3D
scans of laser-cut sheets (Fig. 3, A to D). Com-
paring the four cases, we see that the 2–4 pair is
distinguished by overlapping bending facets of
equal magnitude but opposite sign, as quantified
by the zero mean curvature on the central facet.
This cancellation is possible due to the symmetry
of the 2–4 placement and the reversibility of a
PTD’s deformation of a Miura-ori lattice. When
fully compressed, the defect-modified crease pat-
tern is compatible with Maekawa’s theorem for
flat-foldability (Fig. 3G and fig. S6), and hence

the compressive modulus is restored to a nearly
defect-free value.
Recognizing the 2–4 defect pair as a lattice

vacancy immediately suggests that the Miura-
ori supports other types of crystallographic
defects (23). For example, a column of vacancies
forms an edge dislocation (Fig. 4A), and several
adjacent edge dislocations form a grain bound-
ary (Fig. 4B). In both cases, these reconfigura-
tions of the lattice are flat-foldable; however,
non–flat-foldable configurations are possible as
well. For example, a column of PTDs on alter-
nating vertices generates a hinge-like structure
that allows the Miura-ori to easily bend out of
plane (Fig. 4C). Conversely, a column of PTDs
on consecutive vertices forms a corrugated struc-
ture that is highly resistive to out-of-plane bend-
ing (Fig. 4D). In fact, rationally introducing patterns
of defects as design elements swiftly generates a
vast library of origami-inspired mechanical meta-
materials. To demonstrate in experiments the abil-
ity to place these features without permanently
altering the crease pattern, we programmed eight
configurations into a single sheet with 13 consec-
utive reprogramming events (Fig. 4E) (29). Mea-
suring Kprogrammed

y for a lattice compressed to
68% of its initial width, we found that once
calibrated (dashed lines), we are able to predict
and realize target modulus values when defect
concentration and interactions are altered (solid
black lines). This capability to dynamically re-
program elastic properties illustrates the power
of our approach.
Extending programmable metamaterial design

principles to self-folding robotic (25, 30–33)
and polymer (8–10, 13, 16) systems opens the
door to engineering devices that can alter their
mechanical functionality on demand. Such en-
hanced capabilities would move these transforming
systems whose function depends on configura-
tion fromwhat wasmerely science fiction in past
decades to real-world applications.

REFERENCES AND NOTES

1. M. Wegener, Science 342, 939–940 (2013).
2. Y. Liu, X. Zhang, Chem. Soc. Rev. 40, 2494–2507 (2011).
3. J.-H. Lee, J. P. Singer, E. L. Thomas, Adv. Mater. 24,

4782–4810 (2012).
4. A. Q. Liu, W. M. Zhu, D. P. Tsai, N. I. Zheludev, J. Opt. 14,

114009 (2012).
5. M. Kadic, T. Bückmann, R. Schittny, M. Wegener, Rep. Prog.

Phys. 76, 126501 (2013).
6. C. Py et al., Phys. Rev. Lett. 98, 156103 (2007).
7. A. Papa, S. Pellegrino, J. Spacecr. Rockets 45, 10–18 (2008).
8. N. Bassik, G. M. Stern, D. H. Gracias, Appl. Phys. Lett. 95,

091901 (2009).
9. J. Kim, J. A. Hanna, M. Byun, C. D. Santangelo, R. C. Hayward,

Science 335, 1201–1205 (2012).
10. J. Kim, J. A. Hanna, R. C. Hayward, C. D. Santangelo, Soft

Matter 8, 2375 (2012).
11. M. A. Dias, L. H. Dudte, L. Mahadevan, C. D. Santangelo, Phys.

Rev. Lett. 109, 114301 (2012).
12. M. A. Dias, C. D. Santangelo, EPL 100, 54005 (2012).
13. J. Ryu et al., Appl. Phys. Lett. 100, 161908 (2012).
14. M. Schenk, S. D. Guest, Proc. Natl. Acad. Sci. U.S.A. 110,

3276–3281 (2013).
15. Z. Y. Wei, Z. V. Guo, L. Dudte, H. Y. Liang, L. Mahadevan, Phys.

Rev. Lett. 110, 215501 (2013).
16 .M. Jamal et al., Adv. Healthcare Mater. 2, 1142–1150 (2013).
17. K. Miura, Inst. Space Astronaut. Sci. Rep. 618, 1–9 (1985).
18. L. Mahadevan, S. Rica, Science 307, 1740 (2005).
19. M. Ben Amar, F. Jia, Proc. Natl. Acad. Sci. U.S.A. 110,

10525–10530 (2013).

SCIENCE sciencemag.org 8 AUGUST 2014 • VOL 345 ISSUE 6197 649

Fig. 4. Photographs of a Miura-ori with complex defect structures and experimental demonstration
of a programmable modulus. (A) Column of lattice vacancies (2–4 pairs) generate an edge dislocation.
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(E) Experimentally measured modulus over 40 testing cycles with eight distinct configurations and 13
reprogramming events. Dashed lines are averages of measured values (red dots) and are used to
generate predicted target values of the modulus (solid lines). Data demonstrate reversibility and
programmability. Photographs below the plot show corresponding structure, with PTDs highlighted as
a guide for the eye.
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EARLY SOLAR SYSTEM

Stellar origin of the 182Hf
cosmochronometer and the presolar
history of solar system matter
Maria Lugaro,1* Alexander Heger,1,2,3 Dean Osrin,1 Stephane Goriely,4 Kai Zuber,5

Amanda I. Karakas,6,7 Brad K. Gibson,8,9,10 Carolyn L. Doherty,1

John C. Lattanzio,1 Ulrich Ott11

Among the short-lived radioactive nuclei inferred to be present in the early solar system
via meteoritic analyses, there are several heavier than iron whose stellar origin has been
poorly understood. In particular, the abundances inferred for 182Hf (half-life = 8.9 million years)
and 129I (half-life = 15.7 million years) are in disagreement with each other if both nuclei
are produced by the rapid neutron-capture process. Here, we demonstrate that contrary to
previous assumption, the slow neutron-capture process in asymptotic giant branch
stars produces 182Hf. This has allowed us to date the last rapid and slow neutron-capture
events that contaminated the solar system material at ∼100 million years and ∼30 million
years, respectively, before the formation of the Sun.

R
adioactivity is a powerful clock for themea-
surement of cosmic times. It has provided
us the age of Earth (1), the ages of old stars
in the halo of our Galaxy (2), the age of the
solar system (3, 4), and a detailed chro-

nometry of planetary growth in the early solar
system (5). The exploitation of radioactivity to
measure time scales related to the presolar his-
tory of the solar system material, however, so far
has been hindered by our poor knowledge of
how radioactive nuclei are produced by stars. Of
particular interest are three radioactive isotopes
heavier than iron: 107Pd, 129I, and 182Hf, with half-
lives of 6.5million years (My), 15.7My, and 8.9My,
respectively, and initial abundances (relative to a
stable isotope of the same element) in the early
solar system of 107Pd/108Pd = 5.9 T 2.2 × 10−5 (6),
129I/127I = 1.19 T 0.20 × 10−4 (7), and 182Hf/180Hf =
9.72 T 0.44 × 10−5 (8). The current paradigm is
that 129I and 182Hf are mostly produced by rapid
neutron captures (the r process), in which the
neutron density is relatively high (>1020 cm−3),
resulting inmuch shorter time scales for neutron
capture than for b-decay (9). The r process is
believed to occur in neutron star mergers or pe-
culiar supernova environments (10, 11). In addi-
tion to the r process, 107Pd is also produced by
slow neutron captures (the s process), in which
the neutron density is relatively low (<1013 cm−3),
resulting in shorter time scales for b-decay than

for neutron capture, the details depending on
the b-decay rate of each unstable isotope and
the local neutron density (9). The main site of
production of the s process elements from Sr to
Pb in the Galaxy is in asymptotic giant branch
(AGB) stars (12), the final evolutionary phase of
stars with initialmass lower than∼10 solarmasses
(M⊙). Models of the s process in AGB stars have
predicted marginal production of 182Hf (13) be-
cause the b-decay rate of the unstable isotope
181Hf at stellar temperatures was estimated to be
much faster (14) than the rate of neutron capture
leading to the production of 182Hf (Fig. 1).
Uniform production of 182Hf and 129I by the

r process in the Galaxy, however, cannot self-
consistently explain their meteoritic abundances
(15–17). The simplest equation for uniform pro-
duction (UP) of the abundance of a radioactive
isotope in the Galaxy, relative to a stable isotope
of the same element produced by the same pro-
cess, is given by

Nradio

Nstable
¼ Pradio

Pstable
� t
T

ð1Þ

where Nradio and Nstable are the abundances of
the radioactive and stable isotopes, respec-
tively; Pradio/Pstable is the ratio of their stellar
production rates; t is the mean lifetime of the
radioactive isotope; and T ∼ 1010 years is the
time scale of the evolution of the Galaxy. Some
time during its presolar history, the solar
system matter became isolated from the inter-
stellar medium characterized by UP abun-
dance ratios. Assuming that both 129I and 182Hf
are primarily produced by the r process, one
obtains inconsistent isolation times using 129I/
127I or 182Hf/180Hf: 72 My or 15 My, respectively,
before the solar system formation (17). This
conundrum led Wasserburg et al. (15) to hy-
pothesize the existence of two types of r process
events. Another proposed solution is that the
107Pd, 129I, and 182Hf present in the early solar
systemwere produced by the neutron burst that
occurs during core-collapse supernovae (18–20).
This does not result in elemental production,
but the relative isotopic abundances of each ele-
ment are strongly modified because of relatively
high neutron densities with values between
those of the s and r processes.
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Materials and Methods

Sample fabrication

Origami samples for experimental mechanical testing and 3 dimensional (3D) imaging were

first prototyped with hand-folded sheets. While easy to generate, these samples have the

disadvantage of including additional “pre-creases” that are not used in the final structure,

but nonetheless are necessary to guide crease placement. The presence of pre-creases is

problematic as they add additional degrees of freedom. Thus, we employed a laser-cutter

to pattern only the essential creases (Fig. 1(A)) into a variety of materials including: 9,

17, 24, 28, 32, 36, 40, 48, 53, and 65 lb paper, 45 and 120 lb cardstock, and 0.001, 0.002,

and 0.003 mm thick mylar. Patterns of continuous lines were first designed in Adobe

Illustrator with a specified `1, `2, and α, and then converted to a generic vector format

for laser cutting. At the lowest power settings, the laser scored sheets, creating a joint that

was easily folded into a crease. However, scores frequently tear and exhibit anisotropic

bending properties. Thus, we replaced the continuous line patterns with dash-and-gap

perforations. These samples had durable creases that exhibited indistinguishable folding

stiffness whether mountain or valley. Geometries were designed with `1 = `2 ≡ ` = 25.4

mm. The angle α was varied from 35◦ to 65◦ in 5◦ increments. The number of unit cells

was varied according to the experiment. Laser power was set to 45% max output, with a

dwell time of 45%.

Laser scanner

To study the 3D structure of the Miura-ori, we constructed a custom laser scanner. This

apparatus consisted of a laser sheet light source and digital camera that were mounted

a fixed distance apart, but able to translate vertically along a guided rail track. The

laser/camera mount was driven by a digitally controlled electric motor and set to trans-
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late at a fixed rate. For each scan, an origami structure was oriented in front of the

apparatus to prevent and/or minimize self-shadowing. The laser/camera was then trans-

lated vertically, and video was acquired from the camera at 7.5 frames per second in

an otherwise unlit room. Experimenting with various materials, we found opaque mylar

provided high-quality reconstructions due to the light scattering properties of its surface.

Comparing Mylar and paper scan data revealed mutually consistent 3D structure.

Optical aberrations from a camera’s lens produces distortion of 2D images. To correct

for this, camera calibration software written for MATLAB (Camera Calibration Toolbox,

J.-Y. Bouguet) was used in conjunction with a 46 × 61 cm2 checkerboard pattern to

generate a lens-specific correction factor. These correction factors were applied to raw

camera data prior to the 3D reconstruction in MATLAB. To generate 3D topographic

maps, our custom code tracks the reflected laser sheet light and uses the known apparatus

geometry to calculate surface topography in a given plane. Translating the laser/camera

plane then provides a 3D map of the origami surface with a voxel resolution of 0.4×0.4×

0.96 mm3.

With the surface digitized and reconstructed, we were able to locally measure the

curvature (34) using a polynomial approximation method known as a Monge patch (22).

In this approach, a local patch of the measured surface approximately `/10× `/10 in size

was selected. These dimensions were chosen as they were found to smooth noise associated

with the discreteness of the surface, while optimizing spatial resolution. The patch was

then fit to a polynomial of the form z(x, y) = c0 + cxx+ cyy+ cxxx
2 + cyyy

2 + cxyxy, where

the coordinate system for the fit coincides with the center of the patch. From the best-fit

values of the polynomial coefficients, the mean curvature was calculated using

H =
(1 + c2y)cxx − 2cxcycxy + (1 + c2x)cyy

2(1 + c2x + c2y)
3/2

. (1)
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This procedure was iterated as the patch center point was rastered over the entire xy

surface at pixel resolution. In a similar fashion, spatial maps of the Gaussian curvature

were calculated using

K =
cxxcyy − c2xy

(1 + c2x + c2y)
2
, (2)

which while readily able to identify vertex locations, did not identify stretching associated

with facet bending.

Compression stage

A custom built compression stage was developed to measure the mechanical properties

of origami structures. This consisted of two smoothly polished aluminum compression

plates, one mounted to a Haydon-Kerk linear translation stage (PCM4826X-K IDEA

stepper motor), and the other to a Loadstar force measurement sensor (3 kg RSP1 load cell

with DI-1000U interface). In a typical experiment, the compression plate separation and

load cell force data was simultaneously recorded by a single custom MATLAB program.

Smooth lucite panels were mounted underneath the compression plates to provide a low-

friction surface for the origami structures to move on during compression. To further

reduce friction, one side of the lattice was slightly elevated with a small piece of adhesive

tape that simultaneously served to reduce contact area with the lucite panels, while also

leaving the folded structure able to freely deform during compression.

To determine the origami lattice compressive modulus, a compression routine was

developed that operated in the following manner. Initially, the plate separation was set

to a value slightly larger (≈ 5%) than the width of the origami lattice (Fig. S1, point

1). The compression cycle began, and the lattice was compressed 6.35 mm, during which

the load and plate separation were recorded. The system paused for two seconds at the

maximum compression (Fig. S1, point 2), reversed direction, and returned the plates to
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their initial separation. During decompression, the compression plate lost contact with

the origami lattice (Fig. S1, point 3). After one compression cycle, we found the origami

lattice width was reduced compared to its original state (Fig. S1, compare points 1 and

4), indicating plastic deformation of the mountain and valley creases. The load-unload

cycle was repeated 8 times. When the load-displacement curves were superimposed, we

found the first cycle was noticeably different from the remaining cycles, while the rest were

nearly indistinguishable (Fig. S1, red lines show runs 2 through 8). We then averaged

the load-displacement data for runs 3 through 8 producing a single load-displacement

curve associated with the compression amplitude (Fig. S1, black lines). The compression

amplitude was then increased by 6.35 mm, and the 8 load-unload cycles were repeated,

producing an averaged load-displacement curve for the new amplitude (Fig. S1, points 4,

5, 6, 7). This process was iterated until the lattice was compressed to a width of 12.7

mm, yielding load-displacement curves with amplitudes evenly spaced by 6.35 mm.

For mechanical testing, we found 24 lb paper was both representative and easiest to

work with. For example, the mechanical behavior reported in the main text concerning

PTDs and their interactions was qualitatively consistent across materials, though the

compressive moduli magnitude Ky depended on the material used.

In the main text, it was preferable to express the Miura-ori configuration in terms of

the vertex angle ε in order to have a single-valued representation of the energy diagram

for PTDs. However, pre-existing theory (15), which did not consider the existence of

PTDs, has been expressed in terms of a dihedral angles θ (Fig. S2(A)). Thus, to make

comparisons to existing theory for non-defected lattices we express our results in terms

of θ, which relates to ε by

sin
(ε

2

)
=

cos(α)[
1− sin2(α) sin2(θ/2)

]1/2 . (3)
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To determine the compressive modulus, we first transformed the plate separation data to

the lattice averaged dihedral angle θ. For a given instantaneous compression, this was

found by dividing the Miura-ori width by the number of unit cells across, and calculating

θ for the corresponding width of an ideal unit cell (15). Differentiating each curve to find

Ky(θ), we found the modulus at a given θ was largely insensitive to the equilibrium θ0 as

well as the maximum compression amplitude. This finding was fortuitous, as it allowed us

to simply average the values of Ky(θ) across compression amplitudes for a given θ. Small-

amplitude measurements of the modulus were extracted from data where the Miura-ori’s

compression was less than 6.35 mm.

Supplementary Text

Compressive modulus

To experimentally determine the range of mechanical properties exhibited by the Miura-ori

available for metamaterial design, samples were fabricated and tested in our compression

apparatus. Under loading, the equilibrium value of the dihedral angle, θ0, varies due to

plastic deformation at the crease. Thus, to measure the mechanical properties of the

Miura-ori, we systematically vary θ0 and make small amplitude measurements of the

uniaxial compressive modulus Ky(θ) (Fig. S2(B) dots). This measurement was repeated

for samples fabricated with each value of α (Fig. S2(B) different colors). Data sets were

then fit to a theoretical model based on the properties of a single Miura-ori unit cell

where Hookean elasticity was assumed for each crease (15) (Fig. S2(B) solid lines). We

found excellent agreement for α ≥ 45◦, and slightly larger deviations in the remaining two

samples. From the fits, we extracted the elastic spring constant characterizing a crease in

the origami structure k0, and compared this value to a measurement made on a sheet with

only a single fold (Fig. S2(B) inset; solid line). We found the fitted and measured values
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of k0 agree to better than a factor of 2. Such deviations from the theoretical prediction

may arise from heterogeneous deformations that occur in lattices made with more than

1 unit cell, as well as facet bending, which was not accounted for in the single-unit-cell

theory. Extending these measurements beyond the validity of the small strain theory, we

measured Ky(θ) over a larger range of compression (Fig. S2(B) shaded bands). For our

samples, these data show a factor of ≈ 2 difference between the least and most compliant

portions of the modulus for fixed α, and a factor of ≈ 3 between samples with different

α.

Poisson’s ratio

Miura-ori structures with α varied from 35◦ to 65◦ were marked with colored dots on the

vertices and compressed using the same set-up as that for the force measurements. 1080p

videos of the compression were filmed from overhead using a digital camera at 7.5 fps

(Canon Powershot). The colored markings were tracked using custom software written in

MATLAB, and the lengths L, widths W , and dihedral angle θ of all the unit cells except

those along the border were calculated by measuring the distances between pairs of valley

vertices within a unit cell. L, W , and θ were sampled every three frames, and a moving

average was computed to produce a smooth measurement of L(W ). dL/dW at each frame

was defined as the derivative of the quadratic function centered at that frame fit to the

values L(W ) for 13 frames. The Poisson’s ratio ν was then calculated using

ν = −W
L

dL

dW
(4)

and compared to a theoretical prediction (15):

ν = 1−
[

1

sin(α) sin(θ/2)

]
. (5)

The comparison between experiment and theory (Fig. S3) shows excellent agreement
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within measurement errors, and confirmed the wide range of negative Poisson ratio pos-

sible within the Miura-ori.

Lattice size effects and PTD localization

When examining the geometry of samples with a PTD, we found the induced lattice dis-

tortions rapidly decayed from the defect center. To study the extent of this distortion, we

superimposed mean curvature maps from normal lattices with those taken from a lattice

hosting 1 PTD (Fig. S4(A)). Comparing these data sets, we noted vertices immediately

adjacent to the PTD were marginally displaced and that the effect rapidly decayed within

a distance of one unit cell.

To check for finite-size effects on mechanical measurements, we also studied how the

compressive modulus Ky varied with lattice size for fixed α. We found Ky had a 1.2 to

2-fold increase between the 3 × 3 and 8 × 8 lattices (Fig. S4(B)). These differences were

most pronounced at the lowest compressions and small compared to the increase in Ky

at high compression when a PTD is introduced. Thus, these mechanical and geometric

findings indicate our main results regarding PTD stiffness and interactions are generally

insensitive to finite-size effects.

Details of Theoretical Calculations

Spherical geometry Traditional Miura-ori vertices consist of four creases (Fig. S5(A)).

To include the experimentally observed facet bending that occurs during formation of a

PTD, we require two additional creases whose equilibrium angle is π. In general, equi-

librium crease angles are determined by the plastic deformation induced during folding;

however, they are also related by geometric constraints. Assuming symmetric deforma-

tions of the unit cell, we choose ε and φ to specify the other fold angles (Fig. S5(B)).
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Spherical trigonometry then leads to the following intermediate relationships that deter-

mine the angles η,B+, B−, A+, A−:

cos η = sin2 α

2
+ cos2

α

2
cosφ, (6)

cosB+ = tan
α

2

√
1− cos η

1 + cos η
, (7)

cosB− =
cos ε− cosα cos η

sinα sin η
, (8)

cosA+ = cosB+, (9)

cosA− =
cosα− cos ε cos η

sin ε sin η
, (10)

cos
θ−
2

=
cos η − cos ε cosα

sin ε sinα
, (11)

where all angles are defined on the spherical polygon (Fig. S5(A,B)). With these relations,

we find the fold angles obey:

θ+ = A+ + A−, (12)

θ− = 2 cos−1

[
cos η − cos ε cosα

sin ε sinα

]
, (13)

β = B+ +B−. (14)

Energetics The energy of a Miura-ori vertex can be calculated if we assume that each

fold behaves as a linear torsional spring with a preferred rest angle. If all the folds have

the same spring constant k0 then the dimensionless energy is

U

k0`
=

1

2
(θ+ − θ0)2 +

1

2
(θ− + θ0 − 2π)2 + (β − β0)2 + (φ− π)2. (15)

Here we have assumed that the ground state has θ0 and β0 at commensurate values such

that there is a non-frustrated state where all the fold angles are at their preferred angle.

If we plot the energy as a function of ε, and φ (Fig. 2(E), main text) we see there is a

region of disconnection as ε passes through π, and above ε = π there is a local minimum

where φ > π; this is the pop-through defect (PTD).
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Scaling collapse of KPTD
y We now derive an expression for the compressive modulus

of a pop-through defect (PTD) embedded in a Miura-ori lattice. Our notation follows

that of Wei et. al. (15).

A Miura-ori unit cell has dimensions Lx and Ly given by

Lx = 2`ζ,

Ly = 2`ξ, where

ξ = sin(α) sin(θ/2), ζ = cos(α)(1− ξ2)−1/2, (16)

α is the folding angle, and all facet edges are of length `. For a wide range of parameters,

Ly of a normal unit cell is approximately equal to that of a PTD. The same however,

does not apply in the x direction where the equilibrium size of a PTD LPTD
x is larger than

that of a normal unit cell Lnormal
x . This induces a strain on the PTD to accommodate the

boundary conditions imposed by the lattice. The mechanical response to external loading

is therefore proportional to LPTD
x − Lnormal

x .

We may write the total response as a linear superposition of the bulk force response

and the effect of the PTD, as long as the defect density n is small enough that the defects

do not interact. The inhomogeneous effect of the PTD can be written as a multipole

expansion of the point force response, which we approximate using the homogeneous unit

cell result. Given a uniform compression along the y direction on a lattice with PTDs as

in our experiments, we can write the total force response in a multipole expansion:

fdefect
y = fnormal

y + nP
dfx
dζ
. (17)

The zeroth order term is simply the response of a normal lattice fnormal
y to loading on the y

direction. Because the PTD exerts no net force on the lattice, the first order correction in

Eq.(17) is a dipole term ∼ dfx/dζ of strength P , where fx is the force response along the x
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direction arising from strain of the LPTD
x −Lnormal

x . With the definition of the compressive

modulus Ky = dfy/dε, we differentiate both sides of Eq.(17) to find

d

dε
fdefect
y =

d

dε
fnormal
y + nP

d

dε

(
dfx
dζ

)
,

Kdefect
y = Knormal

y + nP
d

dε

(
dfx/dε

dζ/dε

)
. (18)

Rearranging this expression to match the scaling collapse form described in the main text,

we have

1

n

(
Kdefect

y

Knormal
y

− 1

)
=

P

Knormal
y

d

dε

(
dfx/dε

dζ/dε

)
=

KPTD
y

Knormal
y

. (19)

Here, P = (3 ± 1) × 10−3 is a fitting parameter for the strength of the dipole and an

analytic expression for fx(ε) is available elsewhere (15) assuming Hookean elasticity for

each crease in the unit cell. We note that because the force response along the x direction

arises from the strain LPTD
x − Lnormal

x , the right hand side is evaluated at the dihedral

angle ε∗ of the normal unit cells.

PTD localization length To understand how the spatial distortions induced by a PTD

on the rest of the Miura-ori are so strongly localized, we must first develop a framework to

describe vertex connectivity. We begin by constructing a full Miura-ori tessellation from

the angles for a single vertex and place a Cartesian coordinate system on the crease pattern

with indices for each vertex using (n,m) to denote the x and y coordinates of the creases.

At each vertex there are N folds, indicating N−3 degrees of freedom. Modeling a PTD as

a vertex with two extra folds to account for facet bending, we have N = 6, where the three

degrees of freedom per vertex are then given by the internal state vector s = {ε, φ+, φ−}.

Here, we accommodate the most general circumstance where the facet bending angle φ is

not symmetric on either side of the vertex, but rather, is allowed to take distinct values

φ+ and φ− on either side. This notation is consistent with that used above and in Fig. S5,
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where the angle marked φ is now φ+. Specifying s yields the solution for the dihedral

angles at each vertex, which we collect in the vector f(s) = {θ+, φ+, β+, θ−, β−, φ−}. To

enforce the connectivity of the vertices the following relationships must hold:

θn,m+ = θn+1,m
− ,

βn,m
− = βn,m−1

+ ,

βn,m
+ = βn,m+1

− ,

φn,m
+ = φn+1,m+1

− ,

φn,m
− = φn+1,m−1

+ . (20)

While the functions f(s) are generally nonlinear, we expand about a uniformly folded

state f = f0 + Jδs, where J ≡ ∂f/∂s|s0 is the Jacobian matrix for linearizing about the

internal state s0 ≡ {ε, π, π} (i.e., a Miura folded pattern where the extra folds are flat).

This relation allows us to solve for the angles in terms of the internal state s. The Miura

unit cell is composed of four vertices, and thus the matrix J is a block diagonal matrix,

i.e., J = diag{J0,−J0,J0,−J0} is a 24×12 rectangular matrix formed from four identical

blocks,

J0 =


A C C
0 1 0
B C 0
−A 0 0
B 0 C
0 0 1

 (21)

where

A = cosα csc(ε/2)/
√

sin2(ε/2)− cos2 α, (22)

B = sin2(ε/2) secαA, (23)

C = csc(α/2)/2. (24)
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Finally, since the Miura-ori is periodic in space, in analogy with crystalline materials

we decompose the Eq.(20) in a Fourier basis in terms of a wave vector, q, lying in the

first Brillouin zone of the lattice. This yields

Q(q)δs(q) = 0, (25)

with Q(q) ≡ D(q)J.

The matrix Q(q) is square such that Eq.(25) has a nontrivial solution whenever

det [Q(q)] = 0. This results in the dispersion

cos2 α

sin4(ε/2)
sin2(qx/2) + sin2(qy/2) = 0. (26)

For an infinite “origami crystal,” the only solution for q that is purely real is q ≡ 0,

indicating that only uniform deformations are allowed. If the tessellation has a bound-

ary, however, imaginary values of the wave vector q are allowed, indicating that there

are localized states near edges that decay over some natural length scale determined by

the crease pattern and fold angles. Assuming qx is real, Eq.(26) yields qy = ±ik(qx),

where k(qx) ≡ 2| sinh−1[cosα sin(qx/2)/ sin2(ε/2)]|: deformations decay away from the

boundaries of constant y with a length scale 1/k(qx).

The effect of a PTD on the distortion of the whole lattice can be quantified in terms

of this decay length. The PTD represents a disturbance localized to a single unit cell,

and thus qx ∼ π. If we choose a few representative values for ε, α we can calculate the

coherence length ` ≡ 1/k. For the reported experiments in Fig. 2 and 3 in the main

text, α = π/3 and ε ≈ π/2, which yields a value for ` ≈ 0.56 measured in unit cells.

This indicates that the deformations near a PTD should decay very quickly, as observed

experimentally.
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2-4 defect pairs and Maekawa’s theorem

As described in the main text, we find a Miura-ori with a 2-4 defect pair is flat-foldable,

and that this property occurs because the resultant crease pattern is compatible with

Maekawa’s theorem, i.e., the number of mountain folds minus the number of valley folds

at each vertex is ±2. Because this is a generic theorem about the crease topology, the 2-4

defect pair should be flat-foldable, independent of the lengths l1, l2 and plane angle α that

define the Miura-ori’s geometry. We experimentally verify this with folded paper models

where we sample combinations of l1/l2 = 1 or 1/17 and α = 20◦, 45◦, or 70◦ (Fig. S6).

By the same logic, an isolated PTD will never be flat-foldable as it violates Maekawa’s

theorem for any l1, l2, and α. Thus, at sufficiently high compressions, the total modulus

will always increase up to the limits set by tearing/crumpling of the underlying material.
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Figure S1: Schematic illustration of the loading protocol used to measure the compressive
modulus of origami structures. For clarity, this force-displacement data is a subset of the
complete data sets showing only 6 displacement amplitudes from the compression half of
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Figure S2: Experimental 3D scan and mechanical data of a normal Miura-ori demon-
strating metamaterial properties. (A) A 3D image of a 4× 4 Miura-ori with two in-plane
projections at equilibrium illustrates the folded structure. Color bar gives height in mm.
(B) Small strain measurements of the compressive modulus Ky(θ) (dots) are compared to
theoretical fits (thick lines) for various angles α (colors). Measurements extend beyond
the small strain limit (thin lines), and colored bands indicate error estimates. (Inset)
From the theoretical fits, we extract the elastic spring constant of a single crease k0 for
each α (points) and compare to a measurement made on a single crease (black line).
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Figure S3: The experimentally measured Poisson ratio ν as a function of compression is
shown in thin lines with error estimates as shaded bands. Thick lines are parameter-free
theoretical predictions, which agree favorably with the data. Colored bands correspond
to values of α.
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Figure S4: Experimental data showing spatial confinement of a PTD and finite lattice size
effects. (A) Data showing crease location for a normal (gold) and defected (cyan) lattice.
Crease’s locations are determined from mean curvature maps and defined as regions where
the absolute value of the mean curvature is greater than 0.05 mm−1. The background
shading is a surface map of the lattice with a PTD, where the color corresponds to the
height in mm. (B) The compressive modulus Ky as a function of dihedral angle θ for
lattice sizes ranging from 3× 3 to 8× 8 shows a weak variation with lattice size.
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Face4 = Graphics3D@Table@Polygon@8O9 + 82 S n, 2 L m, 0<, O8 + 82 S n, 2 L m, 0<,
O6 + 82 S n, 2 L m, 0<, O7 + 82 S n, 2 L m, 0<<D, 8n, 0, 5, 1<, 8m, 0, 5, 1<DD;
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Figure S5: Spherical trigonometric diagrams that illustrate and define angles used in
theoretical calculations. (A) A bounding sphere centered on a Miura-ori vertex illustrates
the crease and fold angles. (B) The spherical polygon made by unfolding the region
bounded by the sphere in (A) schematizes the relationship between the crease and fold
angles. In this representation, ε and η are angles in the folded structure that can be most
clearly seen by connecting their end-points in (A). By symmetry only the angles on half
of the vertex are shown.
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Normal Miura-ori 1 PTD 2-4 PTD pair

Figure S6: Photographs of hand folded Miura-ori’s with various geometric and PTD
configurations. In each case, the structures with 1 PTD are non-flat-foldable, while the
structures with 2-4 defect pairs are.
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Movie S1: Introduction of a 4 × 4 Miura-ori demonstrating its structure and com-

pressive behavior.

Movie S2: Compression of a 4 × 4 Miura-ori with a PTD showing its formation,

mechanical response, and restoration to a normal lattice.

Movie S3: Compression of a 4 × 4 Miura-ori with a 1-2 defect pair showing its

formation, mechanical response, and restoration to a normal lattice.

Movie S4: Compression of a 4 × 4 Miura-ori with a 2-4 defect pair showing the

formation, mechanical response, and restoration to a normal lattice.
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Origami structures with a critical transition to
bistability arising from hidden degrees of freedom
Jesse L. Silverberg1*, Jun-Hee Na2, Arthur A. Evans3, Bin Liu1, Thomas C. Hull4,
Christian D. Santangelo3, Robert J. Lang5, Ryan C. Hayward2 and Itai Cohen1

Origami is used beyond purely aesthetic pursuits to design
responsive and customizable mechanical metamaterials1–8.
However, a generalized physical understanding of origami
remains elusive, owing to the challengeof determiningwhether
local kinematic constraints are globally compatible and to an
incomplete understanding of how the folded sheet’s material
properties contribute to the overall mechanical response9–14.
Here, we show that the traditional square twist, whose crease
pattern has zero degrees of freedom (DOF) and therefore
should not be foldable, can nevertheless be folded by accessing
bending deformations that are not explicit in the crease
pattern. These hidden bending DOF are separated from the
crease DOF by an energy gap that gives rise to a geometrically
driven critical bifurcation between mono- and bistability.
Noting its potential utility for fabricatingmechanical switches,
we use a temperature-responsive polymer-gel version of the
square twist to demonstrate hysteretic folding dynamics at the
sub-millimetre scale.

A key theme unifying the study of biopolymer gels15,16, biological
tissues17, kinematic mechanisms18–21, granular media22–24, network
glasses25 and architectural elements26 is the competition between the
number of internal DOF,Nf, and the number of internal mechanical
constraints, Nc. The macroscopic behaviour of these systems in
the absence of self-stresses27,28 is said to be underconstrained when
Nf>Nc, overconstrained when Nf<Nc, and isostatic, or marginally
stable, when Nf=Nc. This framework, which was initially laid out
by J. C. Maxwell in 1864, has been instrumental in understanding
a diverse range of mechanical phenomena in constraint-based ma-
terials, including rigidity percolation16, topologically protected zero
energy modes19, nonlinear elasticity16 and shock waves24. A feature
intrinsic to real physical materials but often left out of simpler
models is the existence of a hierarchy of DOF, each with its own
associated energy scale. When the details of these internal features
are incorporated, systems can be overconstrained and rigid with
respect to low-energy loading, but underconstrained and compliant
as higher-energyDOF are accessed. Thus,Nf should be thought of as
a variable quantity that changes with the experimental energy scale.

Although these observations are fairly general, the emergent
mechanical phenomena that can be found in materials as the
DOF hierarchy is probed has not been well examined. Indeed, this
problem plays out in origami mechanics, where crease patterns
that are mathematically unfoldable because Nf ≤Nc nevertheless
easily fold when made by hand10,11,29,30. In essence, the discrepancy
originates when origami structures are modelled as a series of rigid
polyhedra connected by freely rotating torsional hinges. Although
rigid foldability appears to be a reasonable simplification for the

folding behaviour, the fact that real materials can bend is a critical
piece of missing phenomenology. In fact, there is at present no
general approach for understanding and predicting the mechanical
behaviour of origami structures when their material properties are
taken into account. Although numerous examples of unfoldable
crease patterns exist, we here investigate the mechanics of a single
unit from the square-twist origami tessellation1 (Fig. 1a,b; see also
Supplementary Movies 1 and 2 and Supplementary Fig. 1). Even in
this simple test case, we find a rich set of mechanical behaviours
that illuminate general principles applicable to any material with
measurably different energy scales separating overconstrained and
underconstrained states.

The square-twist pattern consists of alternating square and
rhombus facets, characterized by the length L and plane angle φ, in
which the internal edges are either allmountain or valley creases. An
analysis of the geometric constraints reveals the pattern is isostatic.
Essentially, this arises from the four-fold rotational symmetry of
the structure, which imposes a cyclic set of constraints on the
four creases that define the central square facet (Supplementary
Information). Although this observation indicates that the crease
pattern should not be foldable, a trigonometric analysis of the
normalized edge-to-edge distance x/L shows that the square twist
allows two isolated states corresponding to the fully unfolded
and folded configurations (Fig. 1c, upper and lower black lines,
respectively, and Supplementary Fig. 2).

Experiments measuring x/L on folded paper sheets without
external loading (Methods; Fig. 1c, red data points) indicate
qualitatively different behaviour than the crease geometry’s naive
prediction of rigidity. Instead, below a critical plane angle
φc=(25±2.5)◦, the distinction between folded and unfolded
configurations is not observed; the structure is monostable with
an intermediate value of x/L (for example, Fig. 1b, side views).
Above φc, both folded and unfolded configurations are observed;
the folded configuration exhibits x/L values that nearly match
the prediction, whereas the unfolded configuration exhibits x/L
values that are smaller than predicted for ideal sheets (Fig. 1b,
side view, and Fig. 1c). Although the crease pattern does not
admit solutions between folded and unfolded branches for any
φ>0◦, direct observations during the folding process reveal that
the facets bend by a finite amount rather than remaining flat.
These deformations are additional DOFhidden from the bare crease
pattern, and are essential for foldability as they enable the structure
to access otherwise geometrically forbidden configurations. It is the
combination of this facet bending and the non-zero rest angles of
the creases, which are plastically set when the sheet is fully folded,
that gives rise to the observed intermediate configurations.
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Figure 1 | Schematics and photographs introducing the square twist’s
essential geometric properties and mechanical characteristics. a, The
square-twist folding pattern is shown with the edges in black, mountain
creases in red, and valley creases in blue. The geometry is defined by the
length, L, and the plane angle, φ. The Euclidean distance, x, between the two
yellow stars quantifies the macroscopic configuration between folded and
unfolded states. b, Photographs of a square twist with φ=45◦ illustrate
out-of-plane deformations, and the stars define x when the square twist is
unfolded and folded. c, Comparison of geometric predictions to
experimental measurements for x/L as a function of φ based purely on the
crease pattern reveals qualitative disagreement. The former has bistable
solutions for all non-zero φ corresponding to folded and unfolded
configurations (black lines), and no permissible configurations between
these two states (lightly shaded region between lines). Experimental
measurements, however, exhibit regions with mono- and bistable solutions
depending on φ (red points, errors are shaded bands).

To study the unfolding behaviour, we measured the mechanical
response of the folded square twist to uniaxial tension. We observe
remarkably different behaviours for φ above and below the critical
plane angle φc. Below φc, the structure smoothly opens and closes,
as indicated by the folding order parameter δ (Fig. 2a inset and blue
line; Supplementary Movie 1), whereas above φc a rapid snapping
action between folded and unfolded states is observed, as indicated
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Figure 2 | Experimental strain-controlled mechanical data studying the
transition between mono- and bistability in square twists.
a, Measurements of the folding order parameter, δ, show smooth
continuous behaviour for φ= 10◦ and an abrupt discontinuous jump for
φ=45◦. The inset illustrates the definition of δ, and photographs show
points of interest on the red curve. b, Measurements of the tensile force F
as a function of the normalized extension,1x/L, reveal mechanical
bistability between folded and unfolded configurations for φ=45◦ and
monostability for φ= 10◦. The inset shows schematics of the experiment,
definition of1x, and location of the load cell. c, Measurements of the
tensile force, F(φ,1x/L), normalized by the sheet’s torsional bending
sti�ness, kb, show the transition between mono- and bistability. White
circles indicate mechanically stable values of1x/L, and black lines show
predicted solutions based on a crease geometry with rigid facets. Note that
these predictions do not permit solutions anywhere o� the lines.
Furthermore, these data closely correspond to the measurements in Fig. 1c,
where load-free stable values of x were plotted as red dots, and where the
predicted solutions based on a rigid-facet geometry were similarly shown
as black lines.

by a jump in δ (Fig. 2a, red line; Supplementary Movie 2). In the
latter case, where φ>φc, both folded and unfolded configurations
are stable to small external loading, whereas intermediate config-
urations are unstable and quickly snap to one state or the other.
Displacement-controlled measurements of the force F as a function
of φ and normalized extension 1x/L also showed qualitatively
different behaviour above and below φc (Fig. 2b and inset). Here, the
extension1x is the change in x at a given force F along the direction
of loading (Methods). For structures with φ <φc the force curves

390 NATUREMATERIALS | VOL 14 | APRIL 2015 | www.nature.com/naturematerials

© 2015 Macmillan Publishers Limited. All rights reserved

http://www.nature.com/doifinder/10.1038/nmat4232
www.nature.com/naturematerials


NATUREMATERIALS DOI: 10.1038/NMAT4232 LETTERS

d
12 14

12

10

8
6

4
2

0
0.0 0.5 1.51.0

10

8

6

4

2

0
0.0 0.5 1.0 1.5

Sc
al

ed
 b

en
di

ng
 e

ne
rg

y,
U

b/
k b
L 

+ 
off

se
t

Sc
al

ed
 c

re
as

e 
en

er
gy

,
U

c/
k b
L 

+ 
off

se
t

c

45
40
35
30
25
20
15
10
5
0

0.0 0.5 1.0 1.5 1,000
Energy ratio,

kb/kc

10010 1

kb/kc = 1
kb/kc = 10
kb/kc = 100
kb/kc = 1,000

  ctr

 sqr

ii

iiiiv

  rhomb
a b

i
Pl

an
e 

an
gl

e,
 

 (°
)

φ
ψ

ψ

ψ

Extension,  x/L Δ

Extension,  x/L Δ Extension,  x/L Δ

  = 10°φ   = 15°φ   = 20°φ   = 25°φ   = 30°φ   = 35°φ   = 40°φ   = 45°φ

Figure 3 | Simulation results for the square twist with non-rigid facets.
a, The square-twist crease diagram has been modified with ‘virtual creases’
that mimic the behaviour of facet bending, as indicated by thin lines. b, 3D
renderings from the simulation illustrate the unfolding sequence. Blue
arrows indicate the external load corresponding to strain-controlled
conditions. c, Simulation data where each line represents the mechanically
stable extensions as a function of geometry for various material properties.
The data reveal a critical angle φc (red dots) that varies with the
bending-to-crease energy ratio kb/kc. For kb/kc= 1, monostability is
observed for all φ, whereas for kb/kc= 103 bistability is found for all φ.
Between these limits, a bifurcation separating the monostable (φ<φc) and
bistable (φ>φc) limits of the phase transition can be found. d, Examining
the distribution of energy between crease and bending degrees of
freedom for kb/kc= 102 as a typical example, we see that the
contribution from bending has an energy barrier for intermediate values of
1x/L that increases in magnitude with φ. Conversely, the energetic
contribution from crease opening essentially increases monotonically with
1x/L for all φ. In both energy plots, the band thickness indicates the
simulation uncertainty.

increase monotonically, whereas structures with φ > φc exhibit
force curves with regions of negative slope, indicating mechanical
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Figure 4 | A sub-millimetre-scale self-folding polymer-gel version of the
square twist is used to verify the geometric nature of bistability in
stress-controlled conditions. a, Schematic of the trilayer structure
(dimensions not to scale). Folding is actuated by a temperature-dependent
swelling of the middle (pink) layer. Open slits patterned in the top and
bottom layers (blue) induce mountain and valley creases, respectively,
when viewed from above. b, Optical micrograph of a square twist released
in an aqueous medium at 60◦C. c, Measurements of square-twist opening
as a function of temperature demonstrate hysteretic folding/unfolding
behaviour for φ>φc and non-hysteretic folding/unfolding for φ<φc. In this
case, 15◦<φc<30◦. Solid lines (unfolding) correspond to heating, and
dashed lines (folding) to cooling. Inset micrographs show a structure with
φ=45◦ at the indicated measurement points. d, Measurements of opening
as a function of temperature for the standard square twist compared to a
version with creases added where bending would otherwise occur. The
additional DOF a�orded by setting kb/kc . 1 entirely remove hysteretic
folding behaviour.

instability. To determine the force landscape that drives transitions
from the folded to the unfolded state, we measured the tensile force
normalized by the sheet’s torsional bending stiffness, kb (Fig. 2c,
Supplementary Figs 3 and 4). We find that the force barrier between
these states increases in magnitude with φ, hinting at an underlying
mechanism for bistability. In particular, facet bending is localized to
the rhombi short diagonals, forming ‘virtual creases’ with a deflec-
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tion angle ψ and energy ∼Lkb sin(φ/2)ψ 2. Because the length of
these diagonals increases with φ, the force barrier increases as well.

To further investigate this facet-bending mechanism, we
developed a numerical simulation of the unfolding behaviour
under uniaxial tension that calculates the configurationminimizing
the facet-bending and crease-unfolding energies for a given φ and
1x/L (Fig. 3a,b, Methods). From these calculations, we determine
the energetic minima, which correspond to mechanically stable
states, for different ratios of the bending and crease torsional spring
constants, kb/kc (Fig. 3c). For kb/kc≤1, monostability was observed
for all geometries, whereas for kb/kc≥103, all geometries exhibited
bistability. Between these limits, we found a critical plane angle φc
marking a bifurcation between mono- and bistability that varied
with kb/kc. When compared with the experimental phase diagram
(Fig. 2c), these calculations predict 10 < kb/kc < 100, which is
consistent with measurements that found kb/kc' 36 for the paper
used in experiments (Supplementary Information).

Examining the internal distribution of energy by separating
the dimensionless bending energy Ub/kbL from the dimensionless
crease energy Uc/kbL sheds light on how different DOF are
interacting to tune the bifurcation (Fig. 3d). For example, taking
kb/kc= 102, where φc≈ 20◦, we see that the system’s total bending
energy has an energy barrier at intermediate values of1x/L whose
magnitude increases with φ. The total crease energy, on the other
hand, monotonically increases with 1x/L for all φ. Whether this
monotonic rise in crease energy is high enough to overcome the
energy barrier that arises from hidden bending DOF determines if
the system is mono- or bistable (Supplementary Fig. 5).

Collectively, these results provide a geometric understanding
for the mechanical bistability of the square twist and, as such,
should translate to any thin sheet folded according to this crease
pattern. Although our experiments were performed with strain-
controlled loading, we predict that the observed bifurcation will
give rise to a hysteretic behaviour under stress-controlled loading
that can be tuned by both φ and kb/kc. To test this prediction, we
used a micropatterned gel-trilayer version of the square twist with
L=200µm (Fig. 4a,b; Methods). Here, differential swelling between
gel layers is used to create internal stresses that fold and unfold
the structure as the temperature T is varied. For this system, we
estimate kb/kc ∼ 102 (Supplementary Information), and therefore
from simulationswe expectφc≈20◦ (Fig. 3c). Imaging a square twist
with φ=45◦ as the temperature is quasi-statically varied reveals the
expected hysteresis (Fig. 4c, dark green line). As predicted, when φ
is decreased to 30◦ the hysteresis is reduced (medium green line),
and ultimately vanishes for φ= 15◦ (light green line). Our results
with paper models and simulations also suggest that hysteretic
folding behaviour can be removed if kb/kc . 1. This scenario can
be realized in the gel sheets by modifying and fully triangulating
the crease pattern (for example, Fig. 3a), effectively placing creases
where bending would otherwise occur. Indeed, we find for φ=45◦
that the addition of these creases removes the hysteresis (Fig. 4d).
These experiments clearly illustrate the first-order properties of
the transition between folded and unfolded states that arises from
hidden bending DOF in the square twist (Supplementary Fig. 6).

Although this work shows howhiddenDOF can be used to create
non-trivial features in an origami structure’s configuration space,
we envisage that the tunable and scale-free nature of the square
twist’s bistability should make it a useful design for robotic grippers,
microfluidic devices and even wearable exoskeletons. Moreover,
because the square twist can form 2D tessellations, it should be
possible to spatially vary the unit-cell geometry to create origami
mechanical metamaterials. For example, in analogy with secondary
structures in polymers that provide hidden length31, the ability of the
pattern to resist deformation up to a predetermined force threshold
can be taken advantage of to make materials with extremely high
toughness. Such devices would be capable of large bulk strain

without fracture by absorbing energy in a predetermined pattern
of sequentially opening square-twist unit cells. More broadly, the
possibility of alternative geometries (Supplementary Fig. 7) and
additional hiddenDOF—such as facet stretching, facet shearing and
crease torquing—suggests that an even richer configuration space
may be hiddenwith thesemore energetically expensive deformation
modes. For example, these ideas are found in the mechanics of
thin shells, where bending and stretching energy barriers have been
shown to be modified by the introduction of creases32, leading to
a broad range of multistable behaviours. Thus, the geometry of
creased sheets offers a simple experimental platform to probe the
mechanical behaviour of a wider class of constraint-based materials
and the consequences of energy-scale dependent DOF.

Methods
Sample fabrication and characterization. Digital CAD software and a laser
cutter were used to fabricate square-twist structures from 120 lb paper (Radiance
120 lb super smooth card stock, Beckett Expressions). Creases were patterned by
cutting perforated lines with equal lengths of material and gaps, then folded by
hand with a Lineco bone scorer to be mountain or valley according to the crease
assignment (Fig. 1a). For these samples, we set L=2.54 cm and varied φ from 10◦
to 45◦ in increments of 5◦. The lower bound is the limit of what can be
reasonably folded from this material, although a theoretical limit of 0◦ is where
the crease pattern is no longer well defined owing to overlapping mountain and
valley curves. The upper bound is set by self-intersection, which prevents the
structure from folding flat for φ>45◦. Samples used throughout this work were
folded and unfolded before mechanical testing, thus the unfolded stable
configuration retains some folding along the creases owing to plastic deformation
and hence responds differently than a ‘pristine’ sheet that has never been folded.

To quantify a square twist’s configuration in the absence of load, each sample
was first folded flat, then held to a calliper ruler to measure the Euclidean
distance x (Fig. 1a). Subsequently, each sample was unfolded, flattened on a table
under 2 s of compression applied by hand, and the distance x remeasured.

A custom-built mechanical tester previously described5 was used to measure
the mechanical properties of square twists under tension. Samples were fixed to
the testing device and suspended in air with small tabs of gaffing tape. Although
this pre-loaded the samples with minor tension at zero extension (Fig. 2a), this
approach prevented any interactions with the lower surface of the testing
apparatus, which would otherwise interfere with the unfolding process. In a
typical experiment, the distance between loading plates and load cell force data
were simultaneously recorded by a single custom MATLAB program, and the
data stored for later analysis. Furthermore, the maximum experimental extension
was kept smaller than the theoretical limits (Fig. 2c black lines) to reduce risk of
tearing samples apart. Sample testing was video recorded with a Canon
Powershot camera filming at 7.5 FPS. Standard image analysis techniques were
used to measure the order parameter for folding, δ, as a function of the
normalized extension 1x/L, which as described in the main text is measured
from the mechanically equilibrated folded state (Fig. 1c lower branch of red data).

Simulated square twists. To explore how material properties, and in particular
finite bending stiffness of the flat facets, influences mechanical behaviour of the
system, we developed a numerical simulation of the square twist’s folding
behaviour. In it, we constrained each of the 16 facet corners to have a fixed
distance from their neighbouring corners according to the crease pattern. Crease
and facet bending deformations were then assigned an elastic energy given by:

Utotal = Ucrease+Ubend

=
L
2

kc 12∑
i=1

(θi−θ0)
2
+kb

9∑
j=1

λjψ
2
j

 (1)

where

λj=

{√
2 for square facets,

2sin(φ/2) for rhombus facets

In this expression, the first term is the crease energy, which is proportional to the
torsional elastic constant kc times the crease length L, and is a sum over the 12
individual creases. It is also a function of the crease angle θ , determined from a
dot product of two adjacent facet normals, minus an equilibrium value θ0. This
represents the fact that, once made, creases no longer lay flat. A value of θ0=10◦
was used here, which is consistent with our experimental samples. The second
term is the facet-bending energy, which is proportional to the torsional elastic
constant kb times the length of the bend λjL, and is a sum over the nine indicated
facet diagonals (Fig. 3a). It is a function of the bending angle ψj, which, unlike
creases, is zero in a stress free state. Like the crease DOF, these bending DOF are
also calculated from the dot product of the facet normals.
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Specifying φ and a target 1x/L, equation (1) was numerically minimized

using the Levenberg–Marquardt algorithm in MATLAB, where the target 1x/L
was incremented from 0 to its maximum value in 91 steps. This process was
repeated 20 times with initial conditions generated from a geometric
interpolation between the folded and unfolded states that did not preserve facet
areas. In each realization, the facet corners were perturbed along x ,y and z by an
amount that was uniformly distributed over the range given by ±L/10. In this
way, we used semi-random initial conditions to form an ensemble-averaged
solution that minimized equation (1) and satisfied the crease pattern’s geometric
constraints. We then averaged the facet bending angles of the ensemble-averaged
solution, producing an overall average rhombus bending angle ψrhomb, an overall
average square-facet bending angle ψsqr, and a centre square-facet bending angle
ψctr (Supplementary Information).

Self-folding gel fabrication and imaging. The self-folding version of the square
twist consists of a temperature-responsive hydrogel film capped on both the top
and bottom surfaces by rigid patterned layers. Although the method is described
elsewhere33, we provide a brief summary here. First, we spin-coated a layer of
ultraviolet-crosslinkable poly(p-methyl styrene) (PpMS) with a thickness of
50 nm. Using a maskless lithographic method, a pattern of stripes corresponding
to the valley creases was used to define regions where the PpMS layer was
crosslinked. Next, the temperature-responsive poly(N -isopropyl
acrylamide-co-sodium acrylate) (PNIPAM) polymer was deposited and
crosslinked on the PpMS layer with a thickness of 1.5 µm. Finally, a second layer
of PpMS with a thickness of 50 nm was deposited and crosslinked with a pattern
corresponding to the mountain creases. This trilayer structure then consisted of
two thin rigid outer layers encompassing a middle layer that swells with
temperature. To prevent adhesion between the hydrophobic PpMS panels in the
folded state, a 10-nm polyelectrolyte layer was coated on both outer surfaces of
PpMS by spin-coating a photo-crosslinkable poly(sulphopropyl methacrylate)
copolymer and crosslinking with ultraviolet light. On swelling in an aqueous
buffer, stresses are developed within the middle hydrogel layer, causing the
bilayer crease-like regions to bend to an angle programmed by the width of the
open stripe in the capping PpMS layer. Trilayer regions, on the other hand,
remain flat like facets. For the square-twist pattern, each crease segments is
programmed to fold to either ±π at room temperature, corresponding to the flat
folded state.

Full triangulation of the fold pattern was accomplished by patterning open
stripes in both the top and bottom rigid films where bending was observed in the
paper experiments and numerical simulations. Thus, these regions had only a
single layer gel film that was not programmed to fold, but instead offered much
lower bending resistance than the trilayer facet regions.

To measure the opening x , each sample was placed in an aqueous medium
and observed with epi-fluorescence microscopy through the temperature range 20
to 60 ◦C. A heat stage was used to control the temperature (Zeiss Tempcontrol
37-2 digital), which was varied in 5 ◦C increments. At least 30min at each
temperature was allowed for the gel to swell to equilibrium. The folding/unfolding
process, therefore, was under quasi-static stress-controlled conditions. 3D images
of polymer square twist were reconstructed using ImageJ from image stacks
collected using a laser scanning confocal fluorescence microscope (Zeiss LSM 510
META), with the refractive index of the aqueous medium corrected for.
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FIG. S1. These schematics show crease patterns for square
twists with various plane angles.

ADDITIONAL SCHEMATICS

To supplement the crease pattern shown in the main
text where the plane angle φ = 45◦, additional fold
patterns are shown here with different plane angles φ
(Fig. S1).

COUNTING SQUARE TWIST DOF

The number of DOF for a generic polyhedral surface in
3D with no holes can be derived from Euler’s polyhedral
formula and is expressed as1,2

DOF = NE,b − 3−
∑

Nf,i>3

(Nf,i − 3), (S1)

where NE,b is the number of edges on the boundary
and Nf,i is the number of edges of the ith facet. For
the generic square twist (Fig. 1(a) and S1), NE,b = 12,
Nf,i = 4 for i = 1, . . . , 9, giving zero DOF. This is con-
sistent with the observation that the generic quad mesh

is locked, and thus has no flexibility. As is well-known,
there are special non-generic quad meshes such as the
Miura-ori3 for which symmetry makes some constraints
redundant. For the Miura-ori this restores one DOF,
but in general, more DOF can be restored depending on
the specific symmetries. Along these lines, square twists
with modified mountain and valley crease assignments
are known to be rigidly foldable with one DOF4.

PREDICTED SOLUTIONS FOR RIGID FACETS

Given the crease pattern alone, a trigonometric anal-
ysis reveals the square twist should have two configu-
rations corresponding to the folded and unfolded states.
Defining the angle Θ to be any of the valley creases on the
interior square facet, we calculate the distance between
the two points that define the folding order parameter δ
and find the constraint cos2 Θ = 1. Thus, Θ = 0 or π,
which respectively, is the unfolded and folded configura-
tions. Taking a similar approach and calculating ∆x/L,
we find

∆x/L =
[(
1 + 2 cosφ± sinφ

)2

+
(
± 1 + 2 sinφ∓ cosφ

)2]1/2
, (S2)

which was used to plot the two black contours in Fig. 1(c)
of the main text.

MODIFIED SQUARE TWIST WITH 1 DOF

As a simple way to explore the role of bending DOF
in the square twist independent of the role played by en-
ergetics, we extend the rigid facet geometric model to
permit bending along the short diagonals of each rhom-
bus, effectively splitting them into two rigid isosceles tri-
angles. Imposing 4-fold rotational symmetry constrains
the crease pattern so that only 1 DOF is added to the
system. Using MATLAB, we sweep through φ from 0◦

to 45◦ in steps of 2.5◦ and solve for the folding order
parameter δ as the rhombus facet bending angle ψrhomb

is varied. We take a maximum deflection of ψrhomb to

Origami structures with a critical transition to bistability  
arising from hidden degrees of freedom
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Unfolded

Folded

FIG. S2. Bifurcation of the folding order parameter δ when
1 DOF is added from facet bending. For a rigid square twist,
δ = 0 when folded, 1 when unfolded, and due to geomet-
ric constraints forbidden from taking any intermediate value
(black lines). Introducing bending allows δ to take intermedi-
ate values (green dots) with a critical point at φc = (23± 2)◦

that separates a continuously connected region (φ < φc) from
a region with disconnected solutions (φ > φc). Green points
are uniformly spaced in the bending angle ψrhomb, and the
forbidden configurations (φ > φc, white space) corresponds
to the region with rapid unfolding dynamics (Fig. 2(a), main
text).

be 10◦ and plot the solutions in the (δ, φ) configuration
space (Fig. S2). In contrast to the experiments and de-
tailed mechanical simulation described in the main text,
each crease DOF here has a bending stiffness kc = 0,
and each bending DOF has kb = 0 for ψrhomb ≤ 10◦

and kb = ∞ for ψrhomb > 10◦. Though this constrained
bending DOF is a coarse model for how bending works
in real materials, it allows us to isolate kinetic properties
of the structure and their consequences for configuration
space. Indeed, similar to experimental observations, we
find a bifurcation at φc = (23±2)◦ with monostability for
φ < φc, and bistability for φ > φc. Evidently, the extra
DOF introduced by facet bending is a major factor that
enables both the φ-dependent bifurcation and foldability
of the square twist.

MEASURING FLEXURAL RIGIDITY

To normalize experimental force and energy data, the
flexural rigidity D was measured from a strip of 120 lb
paper whose dimensions were L×8.5L, with L = 2.54 cm.
To make this measurement, the strip was clamped hor-
izontally, allowing a controlled length to be suspended
under gravity. Digital photographs were taken from a
side view so that the strip could be seen edge-on and its
deflection determined (Fig. S3(a)). Thus, we captured a
series of images where the suspended arc length � varied
from L to 8L, and with standard image tracking tech-
niques, we extracted the vertical deflection y as a func-

tion of horizontal position x (Fig. S3(b), red line). This
coordinate data was fit to the expression5

y =

(
ρgt

24D

)(
x4 − 4�x3 + 6�2x2

)
, (S3)

where ρ is the measured paper density and t is the mea-
sured paper thickness (Fig. S3(c,d)). Eq. (S3) was de-
rived for the small deflection limit and allowed us to per-
form a one-parameter fit for D as � was varied from L
to 8L. Generally, measurements for � < 2L were domi-
nated by an intrinsic curvature in the paper. For � = 8L
there were also noticeable deviations from to the small-
deflection approximation used to derive Eq. (S3). For all
other values of �, the fits were tightly clustered around
the median measured D. Flipping the strip over and re-
peating the measurements on the opposite side produced
another set of values for D as a function of � that exhib-
ited the same trends. Averaging the median values from
each data set yielded the value used in the main text,
D = (15.6 ± 0.7) × 10−3 N·m, where t = 0.356 mm and
ρ = 871 kg/m3.

To convert the flexural rigidity D to the bending tor-
sional elastic constant kb, we note that bending is con-
strained by the crease pattern to occur over an area
of length L and width s. Here, s is the bending arc
length and, to a good approximation, is s � L/10 for
our experiments. Thus, the bending energy is Ub =
(D/2)

∫
R−2 dA, where the radius of curvature R = s/ψ

and the integral is evaluated over the area where bend-
ing occurs. Approximating R as constant over the bend,
we evaluate the integral and find Ub = (DL/2s)ψ2 ≡
(L/2)kbψ

2. Thus, kb = D/s � 6 N/rad.

SQUARE TWISTS WITH DIFFERENT
THICKNESS PAPER

In the main text data was presented on 120 lb paper
(Fig. 2(b)). Here, we provide measurements of the tensile
force F as a function of plane angle φ and normalized
extension ∆x/L for 53 lb (D = 2.1 × 10−3 N·m) and 28
lb (D = 0.53× 10−3 N·m) paper (Fig S4).

MEASURING CREASE TORSIONAL STIFFNESS

A single mountain crease 21.6 cm in length was made
in a sheet of 120 lb paper and loaded into our custom
mechanical testing device3. The crease was deflected by
0.94 rad and found to have two linear responses corre-
sponding to small (< 0.15 rad) and large (> 0.15 rad)
deflections. For the small deflections characteristic of an
elastic response, the torque was linearly proportional to
angular deflection by a constant kc = 170± 20 mN/rad,
which we take as the crease torsional stiffness.
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FIG. S3. Steps for measuring the flexural rigidity, D. (a)
A strip of paper is clamped horizontally and allowed to sag
under gravity. A photograph of the deflection is taken from
the edge view, which extends to the left of the mounting ar-
mature. (b) Standard image analysis techniques are used to
extract the vertical deflection, y, as a function of the hori-
zontal position, x. The red line is the automatically tracked
coordinate data superimposed on the corresponding photo-
graph. (c) The measured deflection y(x) is fit to Eq. (S3) and
is shown here in blue for comparison. (d) The process of fit-
ting the deflection to Eq. (S3) is repeated for various lengths
L of paper. This plot superimposes measured deflection for
one strip of 7 lengths (red) and best-fits (black). As the fits
are nearly indistinguishable from the data, we find this is a
highly reliable method to determine D.

SIMULATION AND EXPERIMENTAL ENERGY
PLOTS

In the main text, we examined the bifurcation be-
tween mono- and bistability in terms of mechanically sta-
ble equilibrium points. Here, we provide an alternative
and equivalent comparison presented in terms of the en-
ergy as a function of plane angle φ and extension ∆x/L
(Fig. S5). Specifically, the normalized total energy in
simulation and experiments both have a single local en-
ergy minimum below the critical plane angle and two en-
ergy minima above the critical plane angle. These min-
ima correspond to the mechanically stable equilibrium
points described in the main text.

ESTIMATION OF SELF-FOLDING GEL kb AND kc

For the self-folding gel sheets, considerations from con-
tinuum elasticity show the creases have an energy scale6

Ugel crease ∼ Ēgelt
3
gel, (S4)

while the facets have a bending energy scale

Ugel facet ∼ Ērigidtrigidt
2
gel. (S5)
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FIG. S4. Experimental strain-controlled mechanical data
studying the transition between mono- and bistability in
square twists. Measurements of the tensile force F (φ,∆x/L)
for (a) 120 lb paper, (b) 53 lb paper, and (c) 28 lb paper
show the transition between mono- and bistability is generic,
though the force barrier for φ > φc dramatically decreases as
the paper becomes thinner.

Taking the PNIPAM gel plane-strain modulus Ēgel ∼ 106

Pa, the gel’s thickness tgel ∼ 10−6 m, the plane-strain
modulus of the rigid PpMS layer Erigid ∼ 109 Pa, and
the PpMS layer thickness trigid ∼ 10−7 m, we find

Ugel facet

Ugel crease
∼ kb

kc
∼ 102, (S6)

as was used in the main text.

GLOBAL ENERGY MINIMA FOR
STRESS-CONTROLLED LOADING

The custom simulation developed in MATLAB and de-
scribed in the main text was designed to follow the kine-
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FIG. S2. Bifurcation of the folding order parameter δ when
1 DOF is added from facet bending. For a rigid square twist,
δ = 0 when folded, 1 when unfolded, and due to geomet-
ric constraints forbidden from taking any intermediate value
(black lines). Introducing bending allows δ to take intermedi-
ate values (green dots) with a critical point at φc = (23± 2)◦

that separates a continuously connected region (φ < φc) from
a region with disconnected solutions (φ > φc). Green points
are uniformly spaced in the bending angle ψrhomb, and the
forbidden configurations (φ > φc, white space) corresponds
to the region with rapid unfolding dynamics (Fig. 2(a), main
text).
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each crease DOF here has a bending stiffness kc = 0,
and each bending DOF has kb = 0 for ψrhomb ≤ 10◦

and kb = ∞ for ψrhomb > 10◦. Though this constrained
bending DOF is a coarse model for how bending works
in real materials, it allows us to isolate kinetic properties
of the structure and their consequences for configuration
space. Indeed, similar to experimental observations, we
find a bifurcation at φc = (23±2)◦ with monostability for
φ < φc, and bistability for φ > φc. Evidently, the extra
DOF introduced by facet bending is a major factor that
enables both the φ-dependent bifurcation and foldability
of the square twist.

MEASURING FLEXURAL RIGIDITY

To normalize experimental force and energy data, the
flexural rigidity D was measured from a strip of 120 lb
paper whose dimensions were L×8.5L, with L = 2.54 cm.
To make this measurement, the strip was clamped hor-
izontally, allowing a controlled length to be suspended
under gravity. Digital photographs were taken from a
side view so that the strip could be seen edge-on and its
deflection determined (Fig. S3(a)). Thus, we captured a
series of images where the suspended arc length � varied
from L to 8L, and with standard image tracking tech-
niques, we extracted the vertical deflection y as a func-

tion of horizontal position x (Fig. S3(b), red line). This
coordinate data was fit to the expression5
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(
ρgt

24D

)(
x4 − 4�x3 + 6�2x2

)
, (S3)
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our experiments. Thus, the bending energy is Ub =
(D/2)
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R−2 dA, where the radius of curvature R = s/ψ

and the integral is evaluated over the area where bend-
ing occurs. Approximating R as constant over the bend,
we evaluate the integral and find Ub = (DL/2s)ψ2 ≡
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2. Thus, kb = D/s � 6 N/rad.
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extension ∆x/L for 53 lb (D = 2.1 × 10−3 N·m) and 28
lb (D = 0.53× 10−3 N·m) paper (Fig S4).
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in a sheet of 120 lb paper and loaded into our custom
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FIG. S3. Steps for measuring the flexural rigidity, D. (a)
A strip of paper is clamped horizontally and allowed to sag
under gravity. A photograph of the deflection is taken from
the edge view, which extends to the left of the mounting ar-
mature. (b) Standard image analysis techniques are used to
extract the vertical deflection, y, as a function of the hori-
zontal position, x. The red line is the automatically tracked
coordinate data superimposed on the corresponding photo-
graph. (c) The measured deflection y(x) is fit to Eq. (S3) and
is shown here in blue for comparison. (d) The process of fit-
ting the deflection to Eq. (S3) is repeated for various lengths
L of paper. This plot superimposes measured deflection for
one strip of 7 lengths (red) and best-fits (black). As the fits
are nearly indistinguishable from the data, we find this is a
highly reliable method to determine D.
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In the main text, we examined the bifurcation be-
tween mono- and bistability in terms of mechanically sta-
ble equilibrium points. Here, we provide an alternative
and equivalent comparison presented in terms of the en-
ergy as a function of plane angle φ and extension ∆x/L
(Fig. S5). Specifically, the normalized total energy in
simulation and experiments both have a single local en-
ergy minimum below the critical plane angle and two en-
ergy minima above the critical plane angle. These min-
ima correspond to the mechanically stable equilibrium
points described in the main text.

ESTIMATION OF SELF-FOLDING GEL kb AND kc

For the self-folding gel sheets, considerations from con-
tinuum elasticity show the creases have an energy scale6

Ugel crease ∼ Ēgelt
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gel, (S4)

while the facets have a bending energy scale
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FIG. S4. Experimental strain-controlled mechanical data
studying the transition between mono- and bistability in
square twists. Measurements of the tensile force F (φ,∆x/L)
for (a) 120 lb paper, (b) 53 lb paper, and (c) 28 lb paper
show the transition between mono- and bistability is generic,
though the force barrier for φ > φc dramatically decreases as
the paper becomes thinner.

Taking the PNIPAM gel plane-strain modulus Ēgel ∼ 106

Pa, the gel’s thickness tgel ∼ 10−6 m, the plane-strain
modulus of the rigid PpMS layer Erigid ∼ 109 Pa, and
the PpMS layer thickness trigid ∼ 10−7 m, we find

Ugel facet

Ugel crease
∼ kb

kc
∼ 102, (S6)

as was used in the main text.

GLOBAL ENERGY MINIMA FOR
STRESS-CONTROLLED LOADING

The custom simulation developed in MATLAB and de-
scribed in the main text was designed to follow the kine-
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FIG. S5. Dimensionless square twist energy with local min-
ima corresponding to mechanical equilibrium. (a) The sum
of crease and bending energy from Fig. 3(d) of the main text
shows how the competition between these different deforma-
tions gives rise to mono- and bistable regimes. (b) Integrating
the experimentally measured force data produces a family of
energy curves shown here with an offset, which agrees favor-
able with simulations.

matics of the square twist along a strain-controlled path
in phase space. To determine the stress-controlled equiv-
alent and obtain an independent check of our results,
we utilized Tessellatica, a freely available Mathematica
package. To implement the folding of the square twist
in Tessellatica, we define the crease pattern by defining
coordinates for 2D vertices, and assign edges to pairs of
vertices with an associated mountain, valley, universal,
or boundary attribute (Fig. 6(a)).

Valid folding configurations must obey the Kawasaki
consistency conditions, which we briefly describe here.
We start by drawing a closed curve around any given
vertex and define the matrix Ai that rotates by the sec-
tor angle αi so that the ith crease lies along one of the
principal axes. Define the matrix Ci that rotates about
the crease by an angle π−γi. The entire folded form can
then be generated by applying the matrix χi = AiCiA

−1
i

to the ith sector; this matrix rotates the whole sector to
the crease, rotates the sector by the fold angle, and then
rotates back. The Kawasaki consistency condition states
that on a degree N vertex, the rigidity matrix R must
satisfy the following7,8:

R = χ1χ2 . . . χN−1χN = I, (S7)

where I is the identity matrix. This gives a system of
equations for the the fold angles of a vertex satisfying
consistency.

To model the self-folding gel experiments, we start
with a flat square twist where every crease angle is 0◦

at equilibrium, and define the 2D graph accordingly in
Tessellatica (Fig. 6(a)). We then set a reference angle for
each assigned crease, i.e. Θ0 for valley creases and −Θ0

for mountain creases. Facet bending is implemented by
setting the target fold angles to zero for these “creases”
in the 2D graph. The energy functional as given in the
main manuscript is minimized subject to the Kawasaki
vertex consistency constraint. The equilibrium opening
distance x/L is determined for the case where kb/kc = 50
as a function of plane angle φ and target reference crease
angle Θ (Fig. 6(b)). This data shows the existence of
a critical point φc ≈ (27.5 ± 2.5)◦, below which x/L
smoothly varies with Θ, and above which, has a discon-
tinuity. Because Tessellatica analytically solves for glob-
ally minimized energy structures, we do not recapitulate
the hysteresis curves seen in the experimental measure-
ments of self-folding square twists. The existence of the
discontinuity in the global energy minimum, however, is
precisely the signature that would be expected in light of
this software feature.

THE TRIANGLE TWIST

While the work presented here focuses on the square
twist, it is not the only crease pattern that exhibits
a geometrically-driven bifurcation between mono- and
bistability. For example, the modified triangle twist9

(Fig. S7) exhibits similar features. In this origami pat-
tern, the plane angle θ (Fig. S7(a)) has a critical point
at ≈ 67◦. This can be seen by varying θ and plotting the
folding angle a, which is 0◦ when unfolded and 180◦ when
entirely folded. For θ > θc, a continuum of values for a
is possible, whereas θ < θc has disconnected solutions
(Fig. S7(b)).

It’s interesting to note that this triangle twist is rigidly
foldable while the square twist is not. Thus, the con-
tinuum of solutions for folding angle a does not re-
quire bending, whereas solutions in the geometrically
forbidden region with do. This highlights an impor-
tant point: The bifurcation in both square and triangle
twists is a geometrically-driven phenomenon independent
of whether bending occurs or not during the folding pro-
cess. The path through this configuration space, how-
ever, depends sensitively on bending and crease DOF as
well as the separation of energy scales kb/kc.

SUPPLEMENTAL VIDEO CAPTIONS

SI Video 1: Demonstration of weak snapping between
folded and unfolded states of a square twist with φ ≈ φc.

SI Video 2: Demonstration of pronounced snapping
instability between folded and unfolded states of a square

5
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FIG. S6. Input and results from Tessellatica calculations of
the stress-controlled square twist. (a) The 2D graph defined
in Tessellatica that contains all the information about crease
placement and facet bending. (b) Solving for the equilibrium
structure as a function of plane angle φ, we determine the
square twist opening as the equilibrium value of the folding
angle Θ is varied from 0◦ to 180◦. This simulates stress-
controlled conditions and identifies the presence of a discon-
tinuity at a critical plane angle.

twist with φ > φc.
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ima corresponding to mechanical equilibrium. (a) The sum
of crease and bending energy from Fig. 3(d) of the main text
shows how the competition between these different deforma-
tions gives rise to mono- and bistable regimes. (b) Integrating
the experimentally measured force data produces a family of
energy curves shown here with an offset, which agrees favor-
able with simulations.
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in Tessellatica, we define the crease pattern by defining
coordinates for 2D vertices, and assign edges to pairs of
vertices with an associated mountain, valley, universal,
or boundary attribute (Fig. 6(a)).
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vertex and define the matrix Ai that rotates by the sec-
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FIG. S6. Input and results from Tessellatica calculations of
the stress-controlled square twist. (a) The 2D graph defined
in Tessellatica that contains all the information about crease
placement and facet bending. (b) Solving for the equilibrium
structure as a function of plane angle φ, we determine the
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TESSELLATICA CODE

Download and run Tessellatica from:

http://www.langorigami.com/science/computational/tessellatica/tessellatica.php

to predefine all the appropriate functions/objects/attributes. Using Mathematica 9, the following code calculates
energies of the facets, creases, as well as the value of the order parameter x/L.

TSquareTwistEnergy[φ ,Γ ,L ]:=TSquareTwistEnergy[φ ,Γ ,L ]:=TSquareTwistEnergy[φ ,Γ ,L ]:=
Module[{v1, v2, v1rot, v2rot, verts, edges, faces, types, tobj, tobjff,Module[{v1, v2, v1rot, v2rot, verts, edges, faces, types, tobj, tobjff,Module[{v1, v2, v1rot, v2rot, verts, edges, faces, types, tobj, tobjff,
faspecs, foldangles, α, getverts3d},faspecs, foldangles, α, getverts3d},faspecs, foldangles, α, getverts3d},
v1 = L{1, 1};v1 = L{1, 1};v1 = L{1, 1};
v1rot = L{−1, 1};v1rot = L{−1, 1};v1rot = L{−1, 1};
v2 = L{Sin[φ] + Cos[φ],Cos[φ]− Sin[φ]};v2 = L{Sin[φ] + Cos[φ],Cos[φ]− Sin[φ]};v2 = L{Sin[φ] + Cos[φ],Cos[φ]− Sin[φ]};
v2rot = L{Sin[φ]− Cos[φ],Cos[φ] + Sin[φ]};v2rot = L{Sin[φ]− Cos[φ],Cos[φ] + Sin[φ]};v2rot = L{Sin[φ]− Cos[φ],Cos[φ] + Sin[φ]};
verts = {{0, 0}, v1, v1 + v1rot, v1rot, v2, v2 + v1, v2 + v1 + v2rot,verts = {{0, 0}, v1, v1 + v1rot, v1rot, v2, v2 + v1, v2 + v1 + v2rot,verts = {{0, 0}, v1, v1 + v1rot, v1rot, v2, v2 + v1, v2 + v1 + v2rot,
v1 + v2rot, v1 + v2rot + v1rot, v1 + v2rot + v1rot− v2, v1 + v1rot− v2,v1 + v2rot, v1 + v2rot + v1rot, v1 + v2rot + v1rot− v2, v1 + v1rot− v2,v1 + v2rot, v1 + v2rot + v1rot, v1 + v2rot + v1rot− v2, v1 + v1rot− v2,
v1rot− v2, v1rot− v2− v2rot, v1rot− v2rot,−v2rot, v2− v2rot};v1rot− v2, v1rot− v2− v2rot, v1rot− v2rot,−v2rot, v2− v2rot};v1rot− v2, v1rot− v2− v2rot, v1rot− v2rot,−v2rot, v2− v2rot};
edges = {{1, 3}, {1, 16}, {2, 5}, {2, 7}, {3, 8}, {3, 10}, {4, 11}, {4, 13},edges = {{1, 3}, {1, 16}, {2, 5}, {2, 7}, {3, 8}, {3, 10}, {4, 11}, {4, 13},edges = {{1, 3}, {1, 16}, {2, 5}, {2, 7}, {3, 8}, {3, 10}, {4, 11}, {4, 13},
{1, 14}, {1, 2}, {1, 5}, {1, 15}, {1, 4}, {2, 3}, {2, 8}, {2, 6}, {3, 4},{1, 14}, {1, 2}, {1, 5}, {1, 15}, {1, 4}, {2, 3}, {2, 8}, {2, 6}, {3, 4},{1, 14}, {1, 2}, {1, 5}, {1, 15}, {1, 4}, {2, 3}, {2, 8}, {2, 6}, {3, 4},
{3, 11}, {3, 9}, {4, 14}, {4, 12}, {5, 6}, {6, 7}, {7, 8}, {8, 9},{3, 11}, {3, 9}, {4, 14}, {4, 12}, {5, 6}, {6, 7}, {7, 8}, {8, 9},{3, 11}, {3, 9}, {4, 14}, {4, 12}, {5, 6}, {6, 7}, {7, 8}, {8, 9},
{9, 10}, {10, 11}, {11, 12}, {12, 13}, {13, 14}, {14, 15}, {15, 16}, {16, 5}};{9, 10}, {10, 11}, {11, 12}, {12, 13}, {13, 14}, {14, 15}, {15, 16}, {16, 5}};{9, 10}, {10, 11}, {11, 12}, {12, 13}, {13, 14}, {14, 15}, {15, 16}, {16, 5}};
(*definedwithfacefoldsfirst, theninternalcreases, thenboundaries*)(*definedwithfacefoldsfirst, theninternalcreases, thenboundaries*)(*definedwithfacefoldsfirst, theninternalcreases, thenboundaries*)
faces = {};faces = {};faces = {};
types = {U,U, U, U, U, U, U, U, U,M, V,M,M,M, V,M,M, V,M, V,M,B,types = {U,U, U, U, U, U, U, U, U,M, V,M,M,M, V,M,M, V,M, V,M,B,types = {U,U, U, U, U, U, U, U, U,M, V,M,M,M, V,M,M, V,M, V,M,B,
B,B,B,B,B,B,B,B,B,B,B}; (*MMMM central face*)B,B,B,B,B,B,B,B,B,B,B}; (*MMMM central face*)B,B,B,B,B,B,B,B,B,B,B}; (*MMMM central face*)
tobj = MakeTGraph[verts, edges, faces]//AddTAssigned[types]//AddTPlaneGraph;tobj = MakeTGraph[verts, edges, faces]//AddTAssigned[types]//AddTPlaneGraph;tobj = MakeTGraph[verts, edges, faces]//AddTAssigned[types]//AddTPlaneGraph;
Do[Do[Do[
α = i ∗ .45 ∗ π/18.1;α = i ∗ .45 ∗ π/18.1;α = i ∗ .45 ∗ π/18.1;
faspecs =

{{√
2Γ, 0

}
,
{√

2Γ, 0
}
, {2ΓSin[φ/2], 0},

{√
2Γ, 0

}
,faspecs =

{{√
2Γ, 0

}
,
{√

2Γ, 0
}
, {2ΓSin[φ/2], 0},

{√
2Γ, 0

}
,faspecs =

{{√
2Γ, 0

}
,
{√

2Γ, 0
}
, {2ΓSin[φ/2], 0},

{√
2Γ, 0

}
,

{2ΓSin[φ/2], 0},
{√

2Γ, 0
}
, {2ΓSin[φ/2], 0},

{√
2Γ, 0

}
,{2ΓSin[φ/2], 0},

{√
2Γ, 0

}
, {2ΓSin[φ/2], 0},

{√
2Γ, 0

}
,{2ΓSin[φ/2], 0},

{√
2Γ, 0

}
, {2ΓSin[φ/2], 0},

{√
2Γ, 0

}
,

{2ΓSin[φ/2], 0}, {1,−α}, {1, α}, {1,−α}, {1,−α}, {1,−α},{2ΓSin[φ/2], 0}, {1,−α}, {1, α}, {1,−α}, {1,−α}, {1,−α},{2ΓSin[φ/2], 0}, {1,−α}, {1, α}, {1,−α}, {1,−α}, {1,−α},
{1, α}, {1,−α}, {1,−α}, {1, α}, {1,−α}, {1, α}, {1,−α}, {∞, 0},{1, α}, {1,−α}, {1,−α}, {1, α}, {1,−α}, {1, α}, {1,−α}, {∞, 0},{1, α}, {1,−α}, {1,−α}, {1, α}, {1,−α}, {1, α}, {1,−α}, {∞, 0},
{∞, 0}, {∞, 0}, {∞, 0}, {∞, 0}, {∞, 0}, {∞, 0}, {∞, 0}, {∞, 0},{∞, 0}, {∞, 0}, {∞, 0}, {∞, 0}, {∞, 0}, {∞, 0}, {∞, 0}, {∞, 0},{∞, 0}, {∞, 0}, {∞, 0}, {∞, 0}, {∞, 0}, {∞, 0}, {∞, 0}, {∞, 0},
{∞, 0}, {∞, 0}, {∞, 0}};{∞, 0}, {∞, 0}, {∞, 0}};{∞, 0}, {∞, 0}, {∞, 0}};
foldangles = MakeGraphFoldAngles[tobj, faspecs];foldangles = MakeGraphFoldAngles[tobj, faspecs];foldangles = MakeGraphFoldAngles[tobj, faspecs];
tobjff = FoldGraph3D[tobj, foldangles, StationaryFace → 1];tobjff = FoldGraph3D[tobj, foldangles, StationaryFace → 1];tobjff = FoldGraph3D[tobj, foldangles, StationaryFace → 1];
getverts3d = GetValues[tobjff, {Vertices3D}];getverts3d = GetValues[tobjff, {Vertices3D}];getverts3d = GetValues[tobjff, {Vertices3D}];
FaceEnergy[[i]] = Sum

[
faspecs[[j, 1]] ∗ foldangles[[j]]2, {j, 1, 9}

]
;FaceEnergy[[i]] = Sum

[
faspecs[[j, 1]] ∗ foldangles[[j]]2, {j, 1, 9}

]
;FaceEnergy[[i]] = Sum

[
faspecs[[j, 1]] ∗ foldangles[[j]]2, {j, 1, 9}

]
;

CreaseEnergy[[i]] = Sum
[
(foldangles[[j]]− faspecs[[j, 2]])2, {j, 10, 21}

]
;CreaseEnergy[[i]] = Sum

[
(foldangles[[j]]− faspecs[[j, 2]])2, {j, 10, 21}

]
;CreaseEnergy[[i]] = Sum

[
(foldangles[[j]]− faspecs[[j, 2]])2, {j, 10, 21}

]
;

ShapeList[[i]] = FoldedFormGraphics3D[tobjff]/.OrigamiStyle[];ShapeList[[i]] = FoldedFormGraphics3D[tobjff]/.OrigamiStyle[];ShapeList[[i]] = FoldedFormGraphics3D[tobjff]/.OrigamiStyle[];
Folds[[i]] = foldangles;Folds[[i]] = foldangles;Folds[[i]] = foldangles;
Deltas[[i]] =Deltas[[i]] =Deltas[[i]] =√
((getverts3d[[1, 14]]− getverts3d[[1, 8]]).

√
((getverts3d[[1, 14]]− getverts3d[[1, 8]]).

√
((getverts3d[[1, 14]]− getverts3d[[1, 8]]).

(getverts3d[[1, 14]]− getverts3d[[1, 8]])); ,(getverts3d[[1, 14]]− getverts3d[[1, 8]])); ,(getverts3d[[1, 14]]− getverts3d[[1, 8]])); ,
{i, 1, 40}]{i, 1, 40}]{i, 1, 40}]
]]]

© 2015 Macmillan Publishers Limited. All rights reserved
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Origami-based design holds promise for developing materials whose mechanical properties are tuned by crease
patterns introduced to thin sheets. Although there have been heuristic developments in constructing patterns with
desirable qualities, the bridge between origami and physics has yet to be fully developed. To truly consider
origami structures as a class of materials, methods akin to solid mechanics need to be developed to understand
their long-wavelength behavior. We introduce here a lattice theory for examining the mechanics of origami
tessellations in terms of the topology of their crease pattern and the relationship between the folds at each vertex.
This formulation provides a general method for associating mechanical properties with periodic folded structures
and allows for a concrete connection between more conventional materials and the mechanical metamaterials
constructed using origami-based design.

DOI: 10.1103/PhysRevE.92.013205 PACS number(s): 46.25.Cc, 05.50.+q, 62.20.−x, 81.05.Zx

I. INTRODUCTION

While for hundreds of years origami has existed as an
artistic endeavor, recent decades have seen the application of
folding thin materials to the fields of architecture, engineering,
and material science [1–7]. Controlled actuation of thin mate-
rials via patterned folds has led to a variety of self-assembly
strategies in polymer gels [8] and shape-memory materials [4],
as well elastocapillary self-assembly [9], leading to the design
of a new category of shape-transformable materials inspired
by origami design. The origami repertoire itself, buoyed by ad-
vances in the mathematics of folding and the burgeoning field
of computational geometry [10], is no longer limited to designs
of animals and children’s toys that dominate the art in popular
consciousness, but now includes tessellations, corrugations,
and other nonrepresentational structures whose mechanical
properties are of interest from a scientific perspective. These
properties originate from the confluence of geometry and
mechanical constraints that are an intrinsic part of origami and
ultimately allow for the construction of mechanical metamate-
rials using origami-based design [1–4,6,11–13]. In this paper
we formulate a general theory for periodic lattices of folds in
thin materials and combine the language of traditional lattice
solid mechanics with the geometric theory underlying origami.

A distinct characteristic of all thin materials is that geo-
metric constraints dominate the mechanical response of the
structure. Because of this strong coupling between shape and
mechanics, it is far more likely for a thin sheet to deform by
bending without stretching. Strategically weakening a material
with a crease or fold, and thus lowering the energetic cost of
stretching, allows complex deformations and reordering of
the material for negligible elastic energy cost. This vanishing
energy cost, especially combined with increased control over
microscopic and nanoscopic material systems, indicates great
promise for structures whose characteristics depend primarily
on geometry, rather than material composition.

By patterning creases, hinges, or folds into an otherwise
flat sheet (be it composed of paper, metal, or polymer gel), the

*artio.evans@gmail.com

bulk material is imbued with an effective mechanical response.
In contrast to conventional composites engineering, wherein
methods generally rely on designing response based on the
interaction between the constituent parts that compose the
material, origami-based design injects novelty at the atomic
level; even single vertices of origami behave as engineering
mechanisms [14], providing novel functionality such as com-
plicated bistability [15–17] and auxetic behavior [6,11–13].
This generic property inspires the identification of origami
tessellations with mechanical metamaterials or a composite
whose effective properties arise from the structure of the unit
cell. Although originally introduced to guide electromagnetic
waves [18], rationally designed mechanical metamaterials
have since been developed that control wave propagation
in acoustic media [19,20], thin elastic sheets, and curved
shells [21–24] and harness elastic instabilities to generate
auxetic behavior [25–29].

Traditional metamaterials invoke the theory of linear
response in wave systems, but currently there is no general
theory for predicting the properties of origami-inspired designs
on the basis of symmetry and structure. In the following we
propose a general framework for analyzing the kinematics and
mechanics of an origami tessellation as a crystalline material.
By treating a periodic crease pattern, we naturally connect the
geometric mathematics of origami to the more conventional
analysis of elasticity in solid state lattice structures. In Sec. II
we outline the general formalism required to find the kinematic
solutions for a single origami vertex. In Sec. III we discuss the
general formulation for a periodic lattice, including both the
kinematics of deformation modes and energetics for a periodic
crease pattern. In Sec. IV we examine the well-known case
study of the Miura-ori pattern. Our analysis here recovers
known aspects of the Miura-ori pattern and identifies key
features that have not been quantitatively discussed previously.

II. SINGLE ORIGAMI VERTEX

Many of the design strategies for self-folding materials
involves a single fold, an array of nonintersecting folds, or
an array of folds that intersect only at the boundary of the
material [9,30–33]. From a formal standpoint, we define a
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FIG. 1. (Color online) (a) Graph for a single vertex. This degree-6 vertex has its graph determined by the six sector angles αi . Each crease
has a dihedral angle fi associated with it. In the flat case every fi = π or, equivalently, every fold angle is identically zero, since the fold angle
is defined as the supplement of the dihedral angle. (b) By assigning fold angles to each crease, a three-dimensional embedding of the vertex (i.e.,
the folded form of the origami) is fully determined. Every face must rotate rigidly about the defined creases and the sector angles must remain
constant. There is a limited set of fold angles that will solve these conditions. (c) Schematic projection of the curve of intersection between
the unit sphere and the folded form origami. For an N -degree vertex this projection generates a spherical N -gon. To proceed, the N -gon is
divided into N − 2 spherical triangles and the interior angles (i.e., the fi) follow as a result of applying the rules of spherical trigonometry. All
three-dimensional origami structures are visualized using Tessellatica, a freely available online package for Mathematica [34].

fold as a straight line demarcating the boundary between two
flat sheets of unbendable, unstretchable material. These sheets,
in isolation, are allowed to rotate around the fold so that the
structure behaves mechanically like a simple hinge. If the fold
is produced by plastically deforming a piece of material, rather
than functioning as a hinge the fold has a preferred angle and
is more precisely called a crease. Herein we shall use the terms
interchangeably, since the kinematic motions of a fold and the
energetics involved for a crease can be described separately. An
important, and arguably defining, characteristic of an origami
structure is that it requires that more than one fold meet at
a vertex. While each fold individually allows for unrestricted
rigid body rotation of a sheet, geometrical constraints arise
when several folds coincide at a vertex. These constraints are
what provide origami structures with their mechanical novelty
and ultimately are why deployable structures and mechanical
metamaterials display exotic and tunable properties.

A vertex of degree N is defined as a point where N

straight creases meet. Figure 1(a) shows the crease pattern for
a schematic six-degree vertex, with sectors defined by planar
angles αi . The three-dimensional folded form of this vertex is
found by supplying fold angles to each of the creases, subject to
the constraints mentioned previously [35,36]. This procedure
is an exercise in spherical trigonometry.

One way to visualize the constraints is to surround each
vertex with a sphere and consider the intersection between it
and the surface [Fig. 1(b)]. In this construction, the side lengths
of the spherical polygon are the angles between adjacent folds,
which must remain fixed, and the dihedral fold angles are the
internal angles of the polygon on the sphere. Since an N -sided
polygon has N − 3 continuous degrees of freedom, each vertex
does as well. These N − 3 degrees of freedom can be thought
of, for example, as the angles between a fixed fold and the
remaining nonadjacent folds.

Starting with a general vertex containing dihedral angles
fi , we use spherical trigonometry to calculate these angles in
terms of the N − 3 degrees of freedom. To calculate f1 we

partition the angle into sectors by subdividing the spherical
N -gon into N − 2 triangles [Fig. 1(c)]. We label the angles
that lead from f1 to fi as �i , where �1 = α1 and �N−1 = αN are
sector angles. All the angles αi are spherical polygon edges and
since origami structures allow only isometric deformations,
these angles are constant. The �i are the angles subtended
by drawing a geodesic on the encapsulating sphere from f1

to fi+1; expressions for relating the �i to the fold angles fi

are found by using the spherical law of cosines around the
vertex [35]:

f1 =
N−2∑
i=1

cos−1

[
cos αi+1 − cos �i+1 cos �i

sin �i+1 sin �i

]
, (1)

f2 = cos−1

[
cos �2 − cos α1 cos α2

sin α1 sin α2

]
, (2)

fN = cos−1

[
cos �N−2 − cos αN−1 cos αN

sin αN−1 sin αN

]
, (3)

fi = cos−1

[
cos �i−2 − cos αi−1 cos �i−1

sin �i−1 sin αi−1

]

+ cos−1

[
cos �i − cos αi cos �i−1

sin �i−1 sin αi

]
. (4)

These expressions are essentially all that is required to deter-
mine the folding of a single vertex, although the associated
solutions are generically multivalued. These results imply that
there are multiple branches of configuration space for any
given spherical polygon.

To specify the internal state of each vertex we define an
N − 3 component vector s. Given the internal state of a vertex,
all N of the dihedral fold angles are determined, which we
collect in the vector f(s). In practice, computations are vastly
simplified by choosing the appropriate degrees of freedom;
for example, for a degree-6 vertex of the type displayed in
Fig. 1, we choose s = {�3,f2,f6} and the fold vector is given
by f = {f1,f2,f3,f4,f5,f6}.
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III. GENERAL LATTICE THEORY

To determine the mechanical properties of an origami
tessellation we begin by examining how many vertices are
connected together in a crease pattern. When constructing a
real piece of origami, artists and designers specify “mountain”
and “valley” creases in the pattern to encode instructions for
how the structure will fold. In our formulation we will treat the
crease pattern as a simple connected graph, where each unique
crease is an edge that connects two vertices to one another.

A. Kinematically allowed deformations

In addition to the origami constraints discussed above for
a single vertex, joining multiple vertices together generates
further constraints on the folds. Consider a crease pattern that
consists of P vertices. Each vertex vp, with p ∈ {1, . . . ,P },
has Np folds, collected in the vector fp = (f p

1 f
p

2 · · · f p

Np
)T . If

we collect all the folds into the vector F , given by

F =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f 1
1

f 1
2
...

f 1
N1

f 2
1
...

f 2
N2

...
f P

1
...

f P
NP

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (5)

then we have the following constraint equation for the folds:

DF = 0, (6)

where D is a sparse rectangular matrix that enforces the
condition that if two vertices vq,vp are adjacent and two
folds Fi ,Fj connect vq,vp, then Fi = Fj (see Fig. 2 for
an example). This constraint enforces the connectivity of the
graph, since each unique crease clearly must have a compatible
fold angle associated with the vertices that connect it. Each

f1
1

f1
2

f1
3

f1
4

f2
4

f2
3

f2
2

f2
1

f1
1

f1
2

f1
3

f1
4 f2

4

f2
3

f2
2

f2
1

(a) (b)

FIG. 2. (Color online) (a) Two degree-4 vertices with labeled
folds. (b) Graph for the crease pattern consisting of these two vertices
contains a single crease that is shared by both vertices. In this case the
constraint equation DF = 0 simply becomes the scalar relationship
f 1

1 = f 2
3 .

row of D corresponds to a fold connecting a pair of vertices
in the origami tessellation while each column corresponds
to a component of F . Analysis of this construction is the
essence of origami mechanics and lies at the heart of the
difficulty in determining general properties of tessellations and
corrugations. Finding the null vectors of D amounts to finding
all of the possible solutions for the fold angles and thus all of
the kinematically allowed motions of the rigid origami. While
computational methods have been developed for simulating
the kinematics of origami and linkage structures [2,6,11,12],
there has been no general analytical study that seeks to identify
mechanical properties based solely on the crease pattern.

The functions F (s) are, in general, nonlinear. To proceed
analytically, we expand s about a state s0 that solves the
constraint equations. That is, if F (s0) = F0 then DF0 ≡ 0.
A trivial choice for s0 has every entry identically equal to
π , indicating that the piece of origami is unfolded. The more
common, and more interesting, scenario involves a folded state
where the values of the internal vector s0 are known. Assuming
that such a state exists, we write s = s0 + δs, with δs a small
perturbation, and then have

DJδs ≡ Rδs = 0, (7)

where the Jacobian of the fold angles for each vertex J ≡
∂F/∂s|s0 is a block diagonal matrix defining the small
deviations from the ground state s0 and R is a rigidity matrix
that informs on the infinitesimal isometric deformations of
the origami structure [37,38]. This formulation is convenient
since it separates the effects of the crease pattern topology
(contained entirely in D) from the constrained motion of a
single vertex (contained entirely in J). We can thus solve for
each of these matrices individually.

To find D, we first exploit the periodicity of the lattice to
decompose the vector F and matrix D in a Fourier basis such
that F = ∑

n,m eiq·xFq + c.c. Here q is a two-dimensional
wave vector and x = na1 + ma2 is the two-dimensional
position vector of the fundamental unit cell on the crease
pattern lattice, where (n,m) indexes this position in terms of
the lattice vectors a1,2. Since F ≈ Jδs and J is independent
of the lattice position, we also have δs = ∑

n,m eiq·xδsq + c.c.,
where Fq = Jδsq . In this representation the constraints given
in Eq. (6) are

D(q)Fq = D(q)Jδsq = 0. (8)

Now, instead of a matrix operation over all the vertices,
the size of D(q) is vastly simplified. For a pattern with p

distinct vertices per unit cell, each of degree Np, D(q) is a∑p

i=1 (Ni/2) × ∑p

i=1 Ni matrix. In Fourier space, D(q) is the
complex-valued constraint matrix for the graph of the unit
cell vertices and folds. Specifically, each fold of the unit cell
is represented by a row in D(q) having only two nonzero
entries. Those entries all have the form ±eiq·a1 , ± eiq·a2 ,±1,
depending on whether the fold connects to an adjacent unit
cell along a1,2 or is internal to the unit cell.

The formulation in terms of the matrix R(q) is completely
general for any origami tessellation. The rectangular matrix
D(q) carries all of the topological information regarding the
fold network, while the Jacobian J carries the information
about the type of vertex that has been specified; J will be
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block diagonal with one block for each vertex of a unit cell,
but does not depend on q for a regular tessellation.

B. Origami energetics

While the R matrix determines the kinematically isometric
deformation to leading order, these constraints are generally
not the end of the story for real materials. Creases in folded
paper, thermoresponsive gels with programmed folding angles,
and elastocapillary hinges all balance energetic considerations
with geometric constraints. In many cases these creases and
hinges act as torsional springs, while the bending of faces have
additional elastic energy content [7,39,40].

The energy associated with the entire structure may be
written, to quadratic order in the dihedral vectors, as

E = 1
2 (F − F0)TA(F − F0), (9)

where A is a general stiffness matrix and F0 is a reference
fold angle. For linear response this is the most generic form
for the energy. In the simplest of cases A is constant over the
lattice and diagonal with respect to F ; this models each crease
as a torsional spring with uniform spring constant [7,13,40]. A
small amplitude response is found by examining the origami
structure near the ground state, that is, when F = F0. When
the energy is expanded about the ground state E0 we find

E = E0 + 1
2δsT JTAJδs, (10)

or in the Fourier decomposition

E = LW

2

∑
q

δs†qMδsq, (11)

where L is the length of the tessellation in the a1 direction,
W is the width in the a2 direction, and M = JTAJ is a
matrix operator that is independent of wave number. Since the
null space of R(q) will determine the modes of deformation,
the solution to this problem lies in finding the kinematically
allowed deformations and then any energetic description will
simply involve a change of basis to a system of deformations
that diagonalize the operator M.

IV. MIURA-ORI

As an example of this formulation, we consider inhomoge-
neous deformations of a particular origami metamaterial, the
Miura-ori. First introduced as a framework for a deployable
surface, the design appears often in nature, from plant
leaves [41] to animal viscera [42]. Additionally, theoretical
calculations and experiments have suggested the Miura-ori as
a canonical, origami-based, auxetic metamaterial [6,7,11–13].
Its ubiquity may be related to its simplicity: The Miura-ori is
determined from a single crease angle α and the mountain and
valley assignments of the pattern shown in Fig. 3. Conventional
origami mathematics considers that each Miura-ori vertex
is degree 4 and thus there is only one degree of freedom.
However, casual experimentation with a real Miura-ori quickly
demonstrates that it has far more than one degree of freedom,
indicating an array of soft modes enabled by the bending of
the individual faces. This breakdown of the assumptions of
mathematical origami is well known and there are many crease
patterns that are mathematically impossible to fold that can in

θ+θ−

φ+

φ−

β+

β−

θ+θ−

φ+

φ−

β+

β−

(b)(a)

α

FIG. 3. (Color online) (a) While the crease pattern of a Miura-ori
generally introduces only four folds per vertex, the bending of faces
acts to allow two extra folds per vertex, so the crease pattern we
consider is a triangulated lattice. At each vertex the dihedral angles
contained in f are determined by specifying the state vector s and
satisfying the geometric constraints. (b) Single-vertex origami with
enclosing sphere to visualize the constraints between f and s.

fact be done with little effort [43]. To incorporate these extra
degrees of freedom into Miura-ori, we assume that there are
two extra folds per vertex to account for face bending. While in
the extreme case of the creases being perfectly rigid these extra
folds would actually take the form of stretching ridges [44],
many real applications involve fabrication processes that will
allow the face to be well approximated as perfect bending.
Each unit cell in the tessellation has four six-valent vertices
(Fig. 3) so there are 12 degrees of freedom per unit cell. In this
example the fold vector for the ith vertex is given by fi =
(θ i

+,φi
+,βi

+,θ i
−,βi

−,φi
−)T and the vector F = (f1 f2 f3 f4)T .

There are three degrees of freedom per vertex that define the
internal state s, which we parametrize using three angles: ε,
the angle between folds labeled θ± in Fig. 3, and the angles
φ± representing the bending of the faces. Using the geometric
relationships between the angles [35], we find the general
nonlinear relationship for a single vertex and then expand about
the ground state s0 = {ε + δε,π + δφ+,π + δφ−} to find the
matrix J; here ε ∈ [π − 2α,π + 2α]. This expansion naturally
follows from assuming that the faces are nearly flat and that the
Miura-ori has been folded into the standard configuration. The
Jacobian J = diag(J0 −J0 J0 −J0) is a 24 × 12 diagonal
block matrix formed from four identical blocks

J0 =

⎛
⎜⎜⎜⎜⎜⎝

A C C

0 1 0
B C 0

−A 0 0
B 0 C

0 0 1

⎞
⎟⎟⎟⎟⎟⎠, (12)

where

A = cos α csc(ε/2)/
√

sin2(ε/2) − cos2 α, (13)

B = sin(ε/2)/
√

sin2(ε/2) − cos2 α, (14)

C = csc(α/2)/2. (15)
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(c) ei(qxa/2+qyb/2)
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3

1513
22

ei(qxa/2) ei(qyb/2)

FIG. 4. (Color online) (a) Miura-ori, without the assignment of mountain and valley folds, has a simple directed graph structure with a
unit cell composed of four vertices. By tessellating these four vertices, the entire pattern emerges. Note that the tessellation is rectangular,
with lattice vectors a1 = ax̂ and a2 = bŷ. (b) Each vertex has six folds, labeled in the fashion shown here. (c) In Fourier space, translations
associated with connecting these folds together throughout the tessellation merely amounts to a phase factor associated with the appropriate
wave number and lattice vector. Shown on the left is translating in the x direction. The middle shows translating in the y direction. The right
shows that connecting the extra folds involves a diagonal translation across the unit cell. Note that the five internal folds have a phase factor
identically equal to one.

To calculate the constraint matrix, we note that there are 12
unique folds per unit cell, so D(q) is a 12 × 24 rectangular
matrix. It has a row for each bond in Fig. 4 with two
nonzero columns indicating which folds of each vertex

are interconnected. For internal folds the constraint matrix has
a value of ±1, while folds that leave the unit cell have a phase
factor associated with it. For convenience of computation we
have symmetrized these phase factors, and the full matrix is
given by

DT (q) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0 0 0
0 eiqy/2 0 0 0 0 0 0 0 0 0 0
0 0 eiqy/2 0 0 0 0 0 0 0 0 0
0 0 0 −e−iqx/2 0 0 0 0 0 0 0 0
0 0 0 0 −1 0 0 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 0 0 0
0 0 0 eiqx/2 0 0 0 0 0 0 0 0
0 0 0 0 0 0 eiqx/2+iqy/2 0 0 0 0 0
0 0 0 0 0 0 0 eiqy/2 0 0 0 0

−1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0 0 eiq/2 0 0
0 0 0 0 0 0 0 0 0 0 −e−iq/2 0
0 0 0 0 0 0 −e−iqx/2−iqy/2 0 0 0 0 0
0 0 −e−iqy/2 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −e−iqx/2 0 0
0 0 0 0 0 0 0 0 0 0 0 −1
0 −e−iqy/2 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −e−iqy/2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 eiqx/2 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(16)

013205-5



EVANS, SILVERBERG, AND SANTANGELO PHYSICAL REVIEW E 92, 013205 (2015)

A. Bulk deformation

The combination D(q)J is square such that Eq. (7) has a
nontrivial solution whenever det[D(q)J] = 0. We nondimen-
sionalize the wave number by the physical lengths of the lattice
vectors such that qxa → qx and qyb → qy and the resulting
dispersion relation is

cos2 α

sin4(ε0/2)
sin2(qx/2) + sin2(qy/2) = 0. (17)

The only real solution to this equation is q = 0, indicating
that an infinite origami tessellation does not admit spatially
inhomogeneous solutions; only uniform deformations are
allowed. The null space of R is three dimensional here,
corresponding to three uniform deformation modes of the
Miura-ori. These zero modes are given by the vectors �i :

�I =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
0
0
1
0
0
1
0
0
1
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, �II =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
−1
1
0

−1
1
0

−1
1
0

−1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, �III =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2C
A

1
1
0
1
1

−2C
A

1
1
0
1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (18)

These infinitesimal deformations of the unit cell correspond
to a uniform contraction, a twisting mode, and a saddlelike
deformation, respectively (see Fig. 5). To describe the kine-
matics of deformation, all we require are the null vectors of
the constraint equations, but for examining energy associated
with the creases we need to calculate the eigenvalues of
the matrix M = JT AJ. In general, it is not unreasonable
to assume that a creased and folded Miura-ori will have a
crease stiffness k that is approximately equal for all patterned

I

II

III

λ

Γ

I

II

III

(b)(a)

0.01 0.1 1 10 100
0.001

0.01

0.1

1

10

100

1000

FIG. 5. (Color online) Shapes and energy eigenvalues for the
three uniform modes for ε = π/2 and α = π/3. (a) The three uniform
null vectors correspond to a uniform mode (I), a twisting mode (II),
and a saddle mode (III). These are identical to the modes determined
numerically in previous studies [6,12]. (b) Eigenvalues associated
with each of the three bulk modes as a function of face stiffness �.
Note that over a wide range the softest mode is the twisting mode
(II), since it involves purely face bending.

creases, but the energy scale for bending of the faces will
depend on the material properties of the structure [7]. The
energy for bending can be treated as an effective torsional
spring constant kb and thus the energy can be written in terms
of the ratio kb/k ≡ �. Nondimensionalizing the energy by
kLxLy , we find the energy eigenvalues λ in terms of the
null vectors. Decomposing the internal variable deformation
δs = ∑

i aiψi , where ψi = �i/|�i | is the normalized null
vector with i ∈ {I,II,III}, we write Eq. (11) as

E = LxLy

2
aT Ma, (19)

a =
⎛
⎝ aI

aII

aIII

⎞
⎠, (20)

M =

⎛
⎜⎝

ψT
I MψI ψT

I MψII ψT
I MψIII

ψT
II MψI ψT

II MψII ψT
II MψIII

ψT
IIIMψI ψT

IIIMψII ψT
IIIMψIII

⎞
⎟⎠. (21)

Each matrix element of M represents overlaps between the
null vectors ψi and the energy matrix M; only in exceptional
circumstances will M be diagonal in the null basis. In general
it is given by

M =

⎛
⎜⎜⎜⎝

2(A2 + B2) 0
√

2(A−B)BC√
C2+A2

0 C2 + � 0√
2(A−B)BC√

C2+A2 0 �A2+(3A2−2BA+2B2)C2

A2+C2

⎞
⎟⎟⎟⎠.

(22)

An example for when M is diagonal is given by α = π/3,ε =
π/2 (see Fig. 5), for which M becomes

M =
⎛
⎝8 0 0

0 1 + � 0
0 0 2

3 (3 + �)

⎞
⎠. (23)

Note that for this particular combination of parameters the
uniform expansion mode has a flat stiffness over all ranges of
� since there is no face bending for this deformation. In the
regime where face bending is relatively inexpensive (� � 1),
the out-of-plane deformation modes are correspondingly softer
than the uniform deformation. These results are in agreement
with previous numerical research done on the structural
mechanics of Miura-ori [6,11,12]. Should other values of (α,ε)
be chosen, the energy matrix is not necessarily diagonal and
thus eigensolutions mix the null vectors.

B. Inhomogeneous deformation

For a finite tessellation, the deformation is fundamen-
tally different, since some folds reach the boundary and,
consequently, do not yield constraints. Since the tessellation
mechanics are determined by the allowable deformations,
which are determined by the constraint equations, the presence
of free boundaries allows much more flexibility and the
Miura-ori develops additional degrees of freedom. These
localized edge states are reminiscent of evanescent waves
in electromagnetism, boundary layers in elastic lattices [45],
and Rayleigh surface waves [46]. Letting qx ≡ q (where q is
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FIG. 6. (Color online) Experimental observations of deformation localization in an 8 × 8 Miura-ori tessellation. (a) An undeformed
Miura-ori shows a regular periodic pattern. Under (b) small deformations, (c) large deformations, and (d) in the presence of a pop-through
defect (PTD) [7], the lattice distorts to accommodate the induced strain. (e) Qualitatively, the amount of deformation localization can be easily
seen by a simple image subtraction between the deformed and undeformed state. (f) Measuring strain along the horizontal axis as a function of
unit cell position n relative to the location of the disturbance shows a rapid decay for all three scenarios (points). For small and large amplitudes,
the decays can be readily fit to an exponential function with decay length � [upper (red) and lower (black) lines], whereas for a PTD, the decay
length can be estimated to within 100%. Because the PTD induces an extensional distortion rather than a compression, the strain is oppositely
signed. The inset is a plot of the decay length against an approximate measure of the distortion wave vector q showing that the larger wave
vector decays much more rapidly than the shorter wave vectors. Within error bars, this measurement is consistent with an inverse relationship
between decay length and wave vector. The solid line is the theoretical prediction from Eq. (24) for ε = π/2 and α = π/3.

real), Eq. (17) yields qy = ±iκ(q), where deformations decay
away from the boundaries of constant y with a length scale
� ≡ 1/κ(q), with

�(q) = 1

2|sinh−1[cos α sin(q/2)/(sin2 ε/2)]| . (24)

This localization length is readily observed in deformation
experiments on Miura-ori sheets (see Fig. 6). Using laser-cut
sheets of paper, an 8 × 8 Miura-ori is constructed by folding
the whole sheet using a planar angle of α = π/3 into the
ground state given by ε = π/2 [Fig. 6(a)]. Inhomogeneous
deformations are created using both an external indenter to
apply a displacement [Figs. 6(b) and 6(c)] and by placing
reversible pop-through defects [Fig. 6(d)] [7]. The strain γn

at each unit cell n is measured such that γn = �wn/w̄, where
�ww is the change in width of the nth cell and w̄ is the average
width for an undisturbed cell. As shown in Fig. 6, the strain
decays exponentially away from the indenter with a decay
length that is consistent (within error) with our theoretical
predictions.

To examine these deformation modes more quantitatively,
we return to the dispersion relation given by Eq. (17). There are
two possible solutions to Eq. (17), corresponding to different
decay directions, and thus the null space of R corresponding
to each of these branches is two dimensional. We decompose

δs(x) into a sum of upward (in y) decaying and downward
decaying modes

δs = eiqx[(u1χ1e
−k(q)y + u2χ2e

−k(q)y)

+ (d1η1e
k(q)y + d2η2e

k(q)y)] + c.c. (25)

The vectors χ1,2 correspond to the upward decaying modes
and η1,2 the downward decaying modes. Note that, since the
values of the angles must be real, η1,2(q) = χ̄1,2(−q). In the
long-wavelength limit, i.e., q � 1, we have

χ1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−CAq+CB(q−2i)
AB

0
2q

−CAq+CB(q+2i)
AB

0
0

CAq−CB(q−2i)
AB

0
0

CAq+CB(q+2i)
AB

0
2q

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, χ2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 2C
A

0
0

− 2C
A

−2iq

0

− 2C
A

−2iq

0

− 2C
A

0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (26)
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FIG. 7. (Color online) Eigenvalues and mode shapes as a function of wave number for a given �. (a) Shown on the left is the mode structure
for � = 0.1, 1, and 10, with ε = π/2 and α = π/3. At long wavelengths the saddle mode I is the stiffest for a wide range of q, since it involves
both bending of the faces and deformation of the angles away from the reference state. Shown on the right is the mode structure for � = 0.1, 1,
and 10, with ε = π/2 and α = 9π/20. The labeled modes are in ascending order from largest eigenvalue (mode I) to lowest eigenvalue (mode
IV). (b) Visualization of the basic modes for q = π/6.

The null space, and thus the number of elementary excitations,
for a finite-size Miura-ori is actually different than for the
limit q → 0. While this may seem counterintuitive, the nature
of the null vectors is inherently chiral, as indicated by the
decomposition into upward and downward decaying solutions.
At q = 0, the dimensionality of the null space is smaller
because there is no distinction between handedness for uniform
deformation.

C. Miura-ori’s soft modes

The vectors χ1,2 govern the kinematic deformations of
Miura-ori, giving the possible solutions to the constraint
equations. For a tessellation with an associated torsional spring
energy at each crease, the energy density per mode may be
written in Fourier space as

E = LxLy

2
c†(q)H(q)c(q), (27)

where

c(q) =

⎛
⎜⎜⎜⎝

u1(q)

u2(q)

d1(q)

d2(q)

⎞
⎟⎟⎟⎠ (28)

and H is the 2 × 2 Hermitian block matrix

H =
(

H0 H1

H†
1 H†

0

)
. (29)

The two independent blocks of H are given by

H0 =
(

χ
†
1Mχ1 χ

†
1Mχ2

χ
†
2Mχ1 χ

†
2Mχ2

)
(30)

and

H1 =
(

χ
†
1Mη1 χ

†
1Mη2

χ
†
2Mη1 χ

†
2Mη2

)
. (31)

For finite wave number there are four modes of deformation.
Typical eigenvalues of H(q) are shown in Fig. 7. The largest
two eigenvalues are typically associated with changing ε,
since there is an energetic cost even for very small �. The
typically smallest two eigenvalues correspond to twisting
mode and a fourth mode that has no analog in the zero
wave number case. This mode has a qualitative shape that
is similar to the twisting mode and an energy that vanishes
as q → 0, much like an acoustic mode in a crystal. Previous
analyses of inhomogeneous deformations have not found this
mode, which we identify here as arising from the breaking
of continuous symmetry when a boundary is added to one
side of the tessellation. The acoustic mode corresponds to
an antisymmetric combination of upward and downward
decaying modes; consequently, as q becomes smaller, the
change in fold angles associated with the combination cancels
and only three modes appear at q = 0.

The modes that are softest depend not only on the
stiffness of face bending, but on the ground state defined
by ε0 (see Fig. 7). This stiffness dependence is in accord
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with the previously predicted anisotropic in-plane stiffness
response [6,13]. Additionally, since our analysis allows for
arbitrary size and wave number, we are able to capture the
response of the previously unidentified acoustic mode.

V. DISCUSSION

While there has been numerical analysis of tessellations
in the past, our theoretical formulation provides several
key insights into the design and understanding of origami
mechanics. We not only analytically calculated expressions
for first-order inhomogeneous deformations, but we found
an additional acoustic mode of deformation that has not
been identified using numerics. Moreover, we have found an
analytical expression for a decay length that arises in Miura-ori
and identified that these soft modes are edge states that cannot
occur in an infinite tessellation. Indeed, the appearance of
a single decay length and the ability to fully quantify the
deformation modes using a single wave number indicates that
the boundaries of Miura-ori fully define the deformation state.
We can directly conclude from this that, unlike normal solids,
the number of degrees of freedom scales with the perimeter of
a finite tessellation, rather than the area. This result suggests
that there are surface boundary states that can be used to
probe the full deformation of the material and hints at the
connection between our work and recent studies on topological
mechanics [38]. In fact, our mathematical formalism shares
many parallels with the topological mechanics of linkages
[47–49], as well as the more conventional literature concerning
topological insulators and semimetals [50–52]. It remains to
be seen exactly how the symmetry and topology of the crease
pattern affect the nature of chiral modes in origami, but there
is evidence to suggest that even slight modifications of the

crease pattern symmetry may lead to preferentially directed
chiral states.

A great deal of this analysis can be carried through to
other origami fold patterns. What is less clear, however, is
how the number of degrees of freedom, the null space of
R(q), changes for different fold patterns. At the outset it may
seem coincidental that the matrix R(q) is square. In fact, this
behavior is likely more generic. In particular, the Miura-ori,
with additional folds across the faces, is composed of triangular
subunits. In any triangulated origami fold pattern, vertices will
tend to have, on average, six folds. Hence, for V vertices (with
V very large), we have 3V unique folds and 3V degrees of
freedom per vertex. Consequently, R(q) will be a 3V × 3V

square matrix for sufficiently large V .
Finally, a great advantage to this approach is the ability

to separate the topological nature of the crease pattern from
the geometry of the vertex. The ability to isolate mechanical
deformations or elementary excitations in exotic materials is
of great interest in quantum condensed matter [38], amorphous
solids [53–55], and complex fluids [56]. Our theoretical
framework for origami tessellations bridges the gap between
the origami mechanics literature and a theory of origami
metamaterials by identifying the constraint-based nature of
the folding mechanisms and applying well-known methods of
analysis from solid state physics and lattice mechanics.
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A defining feature of mechanical metamaterials is that their prop-
erties are determined by the organization of internal structure
instead of the raw fabrication materials. This shift of atten-
tion to engineering internal degrees of freedom has coaxed
relatively simple materials into exhibiting a wide range of remark-
able mechanical properties. For practical applications to be real-
ized, however, this nascent understanding of metamaterial design
must be translated into a capacity for engineering large-scale
structures with prescribed mechanical functionality. Thus, the
challenge is to systematically map desired functionality of large-
scale structures backward into a design scheme while using finite
parameter domains. Such “inverse design” is often complicated
by the deep coupling between large-scale structure and local
mechanical function, which limits the available design space.
Here, we introduce a design strategy for constructing 1D, 2D,
and 3D mechanical metamaterials inspired by modular origami
and kirigami. Our approach is to assemble a number of modules
into a voxelized large-scale structure, where the module’s design
has a greater number of mechanical design parameters than the
number of constraints imposed by bulk assembly. This inequality
allows each voxel in the bulk structure to be uniquely assigned
mechanical properties independent from its ability to connect
and deform with its neighbors. In studying specific examples of
large-scale metamaterial structures we show that a decoupling of
global structure from local mechanical function allows for a vari-
ety of mechanically and topologically complex designs.

mechanical metamaterials | modular origami | kirigami | forward design |
inverse design

Recent experiments with mechanical metamaterials (1–3)
have demonstrated constitutive relations including penta-

mode behavior (4), negative effective bulk modulus (5), and
negative Poisson ratio (6). As a design motif, origami, the art
of paper folding, offers interesting possibilities to realize these
properties in a wide range of contexts. Because origami is
grounded in a centuries-old art form, this approach to creating
complex 3D structures benefits from a large body of established
techniques. Indeed, from simple flat sheets, studies have doc-
umented structures with negative Poisson ratio (7–10), repro-
grammable stiffness (11), multistability (12–14), curved meta-
surfaces (15–17), topologically protected modes (18), tunable
low-energy deformations (19), and multiple degrees of freedom
(DOF) (20). These examples generally involve relatively sim-
ple repeated folding patterns where creasing DOF compete with
local and global geometric constraints. As such, collective inter-
actions lead to the observed macroscopic constitutive relations.
However, to apply origami design motifs to next-generation
devices we must address the challenge of creating folding dia-
grams for an arbitrarily prescribed large-scale structure, indepen-
dently from the structure’s desired metamaterial properties.

In most quantitative studies of tessellated origami metama-
terials the folding pattern is deeply coupled to the structure’s
mechanics. Consequently, the design space for large-scale bulk
structure is tightly constrained by the selection of metamate-
rial properties. Here, we overcome this difficulty with inspiration

from two distinct branches of origami. One of these branches
specifically explores structures constructed with two or more
pieces of folded paper. These modular origami structures can
incorporate hundreds of folded sheets connected together by
inserting flaps from one module, which are created during the
folding process, into pockets of adjacent modules. The bulk
structure is then held together through a tensegrity-like pat-
tern of stresses and friction (21). Our second source of inspi-
ration is the branch of origami that intersects with paper cut-
ting known as kirigami. In this art form, elaborate structures
are designed by combining folding and cutting. Mechanically
speaking, the removal of material by cutting provides opportuni-
ties to introduce additional design parameters and DOF. Com-
bining modular origami with kirigami leads to a metamaterial
design strategy that takes mechanically distinct kirigami mod-
ules and treats them as voxels in a larger structure. When the
kirigami module has more design parameters Np than constraints
imposed by bulk assembly of multiple units Nc , each voxel
can have its mechanical properties independently prescribed
from their adjacent neighbors. In essence, this approach where
Np −Nc > 0 solves the inverse-design problem (22) and enables
a decoupling of large-scale structure from local mechanical
function.

Results and Discussion
It is possible to conceive innumerable structures for metamate-
rial assembly that illustrate the general Np −Nc > 0 design strat-
egy. To focus our efforts on a specific example, we designed a

Significance

The forward-design approach to mechanical metamaterials
determines a structure’s properties after it is designed. In
contrast, the inverse-design approach specifies parameter
domains then optimizes a cost function to achieve a desired
property. The former approach guarantees a structure will exist
but lacks the ability to prescribe function. The latter approach
has prescribed function, but existence is not guaranteed. Here,
we trivialize these design challenges for metamaterials by
decoupling local mechanical properties from the bulk structure,
allowing both to be specified independently. This work intro-
duces a design strategy that substantially advances the capac-
ity to engineer mechanical metamaterials by specifically using
modular units with more free design parameters than con-
straints. The fundamental strategy is explicitly demonstrated
with an origami- and kirigami-inspired structure.
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kirigami-inspired lantern-like pattern formed by cutting a thin
sheet (Fig. 1A, black outline), folding along the prescribed lines
to form hinge-like creases (Fig. 1A, pink dashed and solid lines),
and bonding adjacent edges to form crease-like hinges (Fig.
1A, e.g., BCD bonds BC ′D ′; 3D rendering shows the module’s
assembled form, SI Appendix, Fig. S1). The cutting and fold-
ing geometry is determined by angles α, γ, and lengths m,n,
and q so that Np =5. Each assembled module has only a sin-
gle kinematic DOF represented here by the dihedral angle θ
measured between planes BCFG and BCF ′G ′. Although this
choice for the DOF is not unique, θ conveniently varies from
0◦ to 360◦ when the module is designed with parameters that
avoid self-intersection during folding (Fig. 1B and Materials and
Methods).

When constructed from rigid sheets that neither bend nor
stretch the kirigami module’s kinematics are fully determined
by geometry. As θ varies the structure simultaneously under-
goes longitudinal and transverse deformations in its dimensions
X (θ),Y (θ), and Z (θ) (Fig. 1 A and B). From these quantities we
can calculate the Poisson ratios νZX and νZY , which are essen-
tially the ratios of strain (Materials and Methods). In addition to
taking values well beyond the 0 to 0.5 range found in most com-
mon materials, we found wide regions of parameter space for α
and γ as well as wide regions in configuration space θ that sup-
ports two simultaneously negative Poisson ratios (Fig. 1 C–F and
SI Appendix, Figs. S2 and S3). Combining the kinematic equa-
tions with a linear elastic energy expression reveals further useful
properties for bulk metamaterial design (Materials and Methods).
Specifically, we find the kirigami module can exhibit monostabil-
ity or bistability depending on the parameter values for α and γ
(Fig. 1 G and H and SI Appendix, Fig. S4), which were exper-
imentally confirmed in hand-folded models (SI Appendix, Figs.
S4–S6). Having shown the basic lantern-like kirigami module has
a wide range of mechanical features, we shift to the more acute
challenge of designing large-scale metamaterials with prescribed
mechanical properties.

Insights from modular origami art suggest large-scale meta-
materials can be assembled by voxelizing the desired large-scale
shape into cuboids and assembling the voxelized geometry from
a collection of kirigami-inspired modules. As mechanical build-
ing blocks, we require each module to be geometrically com-
patible with its neighbors within design tolerances. In the gen-
eral case, this condition means voxels are able to freely deform
without (i) colliding into their neighbors, (ii) separating from
their neighbors, or (iii) experiencing geometric frustration. In
the specific example of the lantern-like kirigami module studied
here, these conditions impose Nc =4 constraints for all θ in the
prescribed folding domain [θa , θb ]: The dimensions X (θ),Y (θ),
Z (θ), and the angle ∠EDE ′ must match for all voxels. The
first three constraints ensure voxels do not intersect during fold-
ing, and the fourth constraint ensures structures can be rigidly
connected along the ẑ -axis. Because the basic module has five
independent design parameters, these four constraints imposed
by bulk assembly leave Np −Nc =5− 4=1 free parameter to
choose mechanical properties of each voxel. As an example, we
picked a set of parameters for a target module (Fig. 2 A–C, gray
module) and constructed two additional geometrically compati-
ble modules with independently prescribed α (Fig. 2 A–C, orange
and red modules). The remaining parameter values for these
additional modules were found by calculating an error function
ε(θ) between the target and candidate geometries (Materials and
Methods) and searching for optimal parameter values that min-
imize the integrated error s =

∫ θb
θa
ε dθ over the design inter-

val, which in this case was chosen to be [300◦, 360◦]. A subspace
projection of the parameter landscape helps visualize the opti-
mization and shows a local minimum representing optimal val-
ues for the dimensionless lengths m/q and n/q (Fig. 2D, red

A

B

C D

FE

HG

Fig. 1. Geometry-driven metamaterial properties of a kirigami lantern-like
module. (A) The design pattern of one module (Left) involves cutting a thin
sheet along the thick black lines, then folding along the mountain (dashed)
and valley (solid) creases. Edges BCD and BC′D′ are bonded to create crease-
like hinges in each of the four symmetric quadrants. Similarly, F′E′ is bonded
to F′′E′′, along with the symmetric edges in the module’s upper half. The
plane angle parameters α and γ and lengths m, n, q determine the 3D
structure shown in the 1/4 (Middle) and full (Right) unit module. The dihe-
dral angle θ is chosen to quantify the module’s configuration. Parame-
ters φ and β are useful for the mathematical description of the geometry
(Materials and Methods). (B) The module takes various forms determined
by the configuration angle θ= 0◦, 90◦,180◦, 270◦, and 360◦. Poisson ratios
(C) νZY and (D) νZX as functions of folding configuration for α= 60◦ and
γ= 20◦, 30◦, 40◦, and 50◦. Poisson ratios (E) νZY and (F) νZX as functions
of folding configuration for γ= 40◦ and α= 50◦, 89◦, 110◦, and 140◦. Cal-
culations in C–F use m/q = n/q = 1.5. (G) The normalized elastic energy Ũ
as a function of γ and θ for parameter values α= 100◦, m/q = n/q = 1,
k2/k1 = 1.5, and θ0 = 10◦. Arrow indicates the module undergoes a bistable
transition between two energetic minima during folding. (H) The module’s
configuration for the two mechanically stable states in G. Reading left to
right in B and H corresponds to compression along ẑ, whereas right to left
corresponds to tension along ẑ.

star). Varying α to other prescribed values shifts this local min-
imum within the subspace, leading to different values for the
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Fig. 2. Geometric compatibility of modular kirigami voxels. (A) Design pat-
terns and (B) structure for three geometrically compatible voxels where the
first structure (gray: α= 100◦, γ= 62.4◦ and m/q = n/q = 2) is the target,
and the second (orange: α= 110◦, γ= 57.7◦, m/q = 1.55, and n/q = 1.77)
and third (red: α= 120◦, γ= 51.2◦, m/q = 1.33, and n/q = 1.64) are deter-
mined by parameter optimization over a prescribed folding domain.
(C) Overlapping the three voxels shows how different design patterns can
simultaneously satisfy the Nc = 4 conditions for geometric compatibility in
X, Y , Z, and ∠EDE′ (e.g., Xgray = Xorange = Xred and Ygray = Yorange = Yred, etc.).
This mutual consistency allows geometrically compatible voxels to be inter-
changeable within a large-scale structure assembled from a mechanically
heterogeneous collection of modules. (D) Identifying geometric compatibil-
ity requires minimizing the integrated error s over the design parameters.
This projection of parameter space shows the local minimum of s (red star) as
a function of dimensionless lengths n/q and m/q. (E) Varying folding angle
α changes the optimal values of n/q and m/q that minimize error between
the target structure and the structure being optimized for geometric com-
patibility. (Inset) The error function from which we calculate and minimize
the integrated error s.

optimized parameters (Fig. 2E, points). Generally, we found
our method reliably produced geometric compatibility satisfy-
ing tight error tolerances within the prescribed folding domain
(Fig. 2E, Inset, ε for 300≤ θ≤ 360◦) but that these same designs
become incompatible outside the prescribed bounds (Fig. 2E,
Inset, ε for θ < 300◦). With this approach for designing geomet-
rically compatible and mechanically distinct building blocks we
now focus on voxelizing and assembling 1D, 2D, and 3D large-
scale metamaterials.

A simple metamaterial for experimentally validating geomet-
ric and mechanical predictions is a 1D chain of voxels aligned on
the ẑ -axis (SI Appendix, Figs. S5 and S6). We fabricated these
structures with one, two, and three voxels from thin sheets and
measured their force–displacement relation. These data com-
pared favorably with the simple energetic model predictions
(Materials and Methods), and we generally found the results to be
reproducible up to material-specific plastic deformations arising
from multiple cycles of testing. A notable exception between the
model and data was observed when one voxel with large m , which
was predicted to undergo a bistable transition, instead underwent
two bistable transitions (SI Appendix, Figs. S5 and S6). In these
data, we found the lower portion of the voxel hopped between
bistable states as the strain increased, while the upper portion
hopped between bistable states as further strain was applied.

Because the energetic model is symmetric with respect to inver-
sion along ẑ , the transitions of a voxel’s upper and lower sections
between states 1 and 2 are predicted to occur simultaneously
(Fig. 1 G and H). Real materials and practical fabrication meth-
ods, however, introduce heterogeneities that break this symme-
try. As a whole, these experiments generally show mechanical
properties in voxelized 1D metamaterials can be predicted, pre-
scribed, and designed, but nevertheless, experimental validation
is still important.

Next, we use the Np −Nc > 0 design strategy to construct 2D
bulk metamaterials, which by scaling up in dimension allows for
greater mechanical and topological complexity. The two exam-
ples we study mask bulk deformations of a large-scale struc-
ture using a target module with prescribed properties (Fig. 3A)
and geometrically compatible modules optimized to (i) neutral-
ize bulk strain in the x̂ direction (Fig. 3B) and (ii) “cloak” a
structural hole (Fig. 3C). In our first example, the 2D structure
is voxelized into a series of 1D stripes alternating target and
geometrically compatible modules (Fig. 3D). When compressed
along the ẑ -axis, the target module’s θ-dependent Poisson ratio
νZX is compensated for by the compatible module, whose Pois-
son ratio is optimized to be equal and opposite (Fig. 3E, pink
and gray lines). The collective effect is to allow for deformations
along the ẑ -axis while neutralizing bulk strain along the x̂ -axis
(Fig. 3E, Inset). Interestingly, the zero bulk Poisson ratio engi-
neered into this structure is what makes cork useful as a bot-
tle stopper; cork stoppers provide a tight transverse seal while
still allowing for longitudinal motion in or out of the bottle’s
opening (23). In our second example, a homogeneous 2D struc-
ture composed from the target module (Fig. 3F) is structurally
weakened with a hole (Fig. 3G) and then reinforced with geo-
metrically compatible modules (Fig. 3H). In terms of the bulk
properties, the original and reinforced structures have Young’s
moduli of 8.1 kPa, whereas the weakened structure has a Young’s
modulus ≈ 53% lower at 3.8 kPa. In this example, we optimized
the free parameter of the reinforcing module to restore the ini-
tially prescribed bulk force–displacement relation to its origi-
nal form (Fig. 3I and Materials and Methods). When probed
with external loads, this new heterogeneous structure can func-
tion as a mechanical cloak by obscuring any contents placed in
the hole.

Topological complexity can be greatly increased in large-scale
3D metamaterials. To construct such structures, we voxelize the
x̂ ŷ-plane (Fig. 4A) and stack along the ẑ -axis to create a cuboidal
structure with all modules in the same orientation (Fig. 4B). As
with the 1D and 2D structures, this 3D voxelization of space is
independent from the prescribed mechanical properties of the
modules as long as geometric compatibility and Np −Nc > 0 are
satisfied. For a demonstrative example of what can be achieved
with the same 4× 7× 4 cuboidal volume (Fig. 4B), we chose
three sets of parameters and calculated the respective Poisson
ratios (Fig. 4 C and D). These data illustrate how the same large-
scale structure can have distinct mechanical properties. For prac-
tical purposes, it is important to note the accuracy between a tar-
get 3D structure and a structure fabricated from finite-size voxels
will be tunable. These differences, quantified by an error met-
ric such as ε3D (Methods and Materials), can be reduced by scal-
ing down the voxel size relative to the target structure (Fig. 4D,
Inset), which produces a practical trade-off between structural
accuracy and the total number of voxels needed for an appli-
cation. To fully demonstrate the potential of the Np −Nc > 0
design strategy, we chose five large-scale 3D target structures
including a sphere, three triply periodic minimal surfaces, and
a micro-CT volumetric scan of mouse femur bone (Fig. 4E, first
row). We voxelized these structures, arbitrarily prescribed one
set of mechanical properties on all modules involved, and cal-
culated the various configurations as a function of θ (Fig. 4E,
second and third rows). Although all of these 3D structures

Yang and Silverberg PNAS Early Edition | 3 of 6

http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1620714114/-/DCSupplemental/pnas.1620714114.sapp.pdf
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1620714114/-/DCSupplemental/pnas.1620714114.sapp.pdf


A B C

D E

HGF

I

Fig. 3. Assembly of kirigami modules into voxelized 2D mechanical meta-
materials. Starting with the (A) target voxel (gray; α= 100◦, γ= 62.4◦

and m/q = n/q = 1), we generate a (B) geometrically compatible strain-
neutralizing voxel (pink; α= 80◦, γ= 62.4◦, m/q = 1, and n/q = 1.77) and
a (C) geometrically compatible mechanically reinforcing voxel (orange;
α= 96.9◦, γ= 63.3◦, m/q = 0.24, and n/q = 0.71). (D) Forming a striped
pattern of the target (gray) and strain-neutralizing (pink) voxels leads to
a structure where the (E) θ-dependent Poisson ratio of the two voxel types
cancels out to create a large-scale metamaterial with zero strain along the
x̂-axis during compression. (F) Forming a homogeneous 2D bulk metama-
terial from target voxels leads to a structure with prescribed mechanical
properties. (G) By removing target voxels, we create a cavity that intro-
duces topological complexity, but the structure as a whole deviates from
the prescribed mechanical properties. (H) By replacing a subset of target
voxels (gray) with reinforcing voxels (orange) that were optimized to match
the mechanical response over the prescribed folding domain, we are able
to restore the original structure’s target properties. (I) Calculations for the
normalized force response F̃(θ) demonstrates the ability to have indepen-
dent structural and mechanical properties. Deviations between the origi-
nal and hole-cloaking structure are constrained by the optimization error
tolerance.

have identical kinematics, we see the decoupling of large-scale
structure from local mechanical properties trivializes the design
challenge of simultaneously achieving prescribed mechanical and
topological complexity.

Conclusion
The design principle for decoupling local mechanics and bulk
structure in 1D, 2D, and 3D metamaterials introduced here
broadly applies to all classes of metamaterials. Nevertheless,
by working with a specific example of the lantern-like kirigami
module we found a number of insights useful for any practi-
cal realization of the Np −Nc > 0 design strategy. For exam-
ple, if the fabrication material is brittle, it may be advantageous
to design structures using a homogeneous set of modules. By
ensuring all voxels in the metamaterial are identical the com-
pressive behavior is always geometrically compatible and the
risk of failure reduced. However, if the fabrication material is
pliable, then heterogeneous structures can activate additional
bending or stretching DOF, offering greater design flexibility
with less restrictive design tolerances. Another consideration is
what manufacturing approaches are practical for the structures
introduced here. Hand-crafted devices have an obviously lim-
ited throughput, but technologies such as 3D-printed self-folding
polymers seem viable in light of recent demonstrations (24). At
much smaller scales, DNA self-assembly has been used to create
folding structures where oligo hybridization is a means to form
both thin sheets and hinge-like crease patterns (25, 26). Thus,
at the nanoscale, there are opportunities to mass-produce self-
assembled biocompatible mechanical metamaterials with these
uniquely addressable building blocks (27).

Throughput aside, the strategy of decoupling large-scale struc-
ture from mechanical function by modular design reduces coop-
erative and collective effects, greatly simplifying the inverse-
design problem. By taking a tolerance-defined approach with
finite parameter domains, we are able to generate geometric
diagrams for bulk metamaterial structures using the lantern-like
module (Materials and Methods and SI Appendix, Fig. S7). These
designs can be optimized to minimize failure, cost, or complex-
ity while still faithfully reproducing the desired function in spe-
cific applications. As such, the future for this design strategy
where the number of parameters for each module is greater
than the number of constraints imposed by bulk assembly seems
well-suited for a variety of applications in next-generation smart
materials, tissue engineering scaffolds, or even deployable archi-
tectural elements (SI Appendix, Fig. S8).

Materials and Methods
Geometry and Mechanics of Kirigami Lantern-Like Module. Given a cutting
and folding pattern (Fig. 1A), where by definition β=π−α− γ > 0, the
kirigami module fits into a cuboidal volume of size X(θ)×Y(θ)× Z(θ),
where X = 2 [q · cos(φ/2) + m · sin(ψ)] , Y = 2q · sin(φ/2) and Z = 2[2n−m ·
cos(ψ) + q · cot(α)]. Here, we express all angles in radians and
have used φ= 2 arcsin[sin(θ/2) · sin(γ)/ sin(α)], which can be inter-
preted as the angle ∠EDE′, and ψ, which can be interpreted as
the angle ∠BCD. To express ψ in terms of the geometry’s defin-
ing parameters, we assume α>γ to arrive at the piecewise expres-
sion ψ=ψ1 +ψ2 for π/2≥α>γ and ψ=π−ψ1 +ψ2 for α>π/2>γ,

where ψ1 = arcsin[sin(α) cos(φ/2)
(

cos (α)2 + (sin(α) cos(φ/2))2
)−1/2

] and

ψ2 = arcsin[sin(γ) cos(θ/2)
(

cos (γ)2 + (sin(γ) cos(θ/2))2
)−1/2

]. Analogous

expressions can be written for α < γ.
To prevent self-intersection, the kirigami module must obey n−m ·

cos(α − γ)> 0 and n−m · cos(α− γ) + q · cot(α) > 0. The first condition
can be interpreted as avoiding collisions between the points F and F′ with
their symmetric points on the upper half of the module, and the second
condition avoids collisions between C and C′ with their symmetric points
on the upper half of the module (Fig. 1 A and B). For parameters α,γ,m,n,
and q, which violate these inequalities, the geometrically permitted values
of θ that avoid self-intersection are bounded by a hypersurface in the five-
dimensional parameter space that can be directly calculated from the struc-
ture’s kinematics.

From the definitions of X(θ), Y(θ), and Z(θ) we calculated the Pois-
son ratios νZY =−(Z/Y)(dY/dZ) and νZX =−(Z/X)(dX/dZ). In these cal-
culations, increasing θ corresponds to macroscopic deformations under
compression along ẑ, whereas decreasing θ corresponds to macroscopic
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Fig. 4. Assembly of kirigami modules into voxelized 3D mechanical metamaterials. (A) Tessellating voxels in the x̂ŷ-plane leads to metamaterials that are
(B) stackable along the ẑ-axis. These structures have mechanical properties independent of their ability to tessellate 3D space. Plots of the Poisson ratios (C)
νZX and (D) νZY as a function of deformation angle θ show a wide range of allowable behaviors for the same 4× 7× 4 cuboid bulk structure in B, but with
variable parameters for α and γ. For the plots shown here, we chose γ= arcsin[(9/10) sin(α)] to obtain a wide variety of behavior in νZX . D, Inset shows
the error ε3D between target 3D structure and voxelized 3D structure as a function of the product of scaling factors ξx , ξy , and ξz (Materials and Methods).
Larger values of ξ lead to larger voxels with a coarser approximation of the target structure, whereas lower values of ξ have smaller voxels and a more
fine approximation. (E) The top row shows five target 3D structures representing a sphere, three triply-periodic minimal surfaces, and a digitized micro-CT
scan of a mouse femur bone. The second and third rows are renderings of the different voxelized 3D metamaterials with folding configurations given by
θ= 90◦, 180◦, and 270◦. Increasing θ corresponds to compression along ẑ, whereas decreasing θ corresponds to tension along ẑ. Although all structures
have identical compressive properties (α= 60◦, γ= 51◦, and m/q = n/q = 1), the scaling factor triplets 〈ξx , ξy , ξz〉 are 〈0.37, 0.21, 0.26〉 for the sphere
and triply-periodic minimal surfaces, whereas the micro-CT scan has 〈ξx , ξy , ξz〉= 〈8, 9, 5〉× 10−3. These large-scale metamaterials highlight the complex
topology that can be achieved independent from the prescribed mechanical properties using the Np−Nc > 0 design strategy.

deformations under tension along ẑ. Mechanical properties of the kirigami
module were calculated by modeling creases as torsional springs with spring
constant k1 that rest at a preferred angle θ0. Joined edges, such as BCD and
BC′D′, are similarly treated as torsional springs with the same rest angle but
with a different spring constant k2. Using a common rest angle for creases
and crease-like joined edges while assigning two different spring con-
stants reflects the details of how experimental samples were fabricated (SI
Appendix). These choices can be easily modified according to the context of
how modules are assembled. For the case considered here, the energy func-
tion takes the form U = 1

2 [4k1 ·AB·(φ− θ0)2 + 2k1 ·EF ·(π − φ− θ0)2 + 16k1 ·
BG · (θABGH,CBGF − θ0)2 + 2k2 ·E′F′ · (π − φ− θ0)2 +4k2 ·CD · (φ− θ0)2 +4k2 ·
BC · (θ − θ0)2]. Here, we use overlines to denote length between two points.
Specifically, AB = EF = E′F′ = n + q · cot(α), BG = q/ sin(α), CD = n, and
BC = m. Dividing U by qk1 leads to the normalized energy Ũ = U/qk1

(Fig. 1G), which we find exhibits parameter domains with monostability
and bistability (SI Appendix, Fig. S4). Note that this stability landscape is
not driven by the competition between creasing and bending DOF, as has
been shown with other origami structures (11), nor is it driven by a topo-
logical discontinuity in configuration space. Instead, the stability landscape
found here arises strictly from geometry, which forces some creases to move
away from their rest angle (e.g., BG, BC, and CF) while allowing others to

return to their rest angle (e.g., AB, CD, and EF). In this idealized model, the
transition between bistable states is a symmetric process where the top and
bottom portions of the kirigmi module simultaneously hop between stable
configurations. In real materials, small heterogeneities can lead to sequen-
tial hopping (SI Appendix, Figs. S5 and S6). As a consequence, a 1D structure
with N voxels is capable of supporting up to 4N distinct stable configurations
(SI Appendix, Fig. S4).

Optimizing Voxels for Geometric Compatibility. As described in the text, geo-
metrically compatible metamaterials are constructed in a two-step process.
Step one is to analyze the number of available design parameters Np and
pick a set of values that produces the desired properties. For the specific
example of the lantern-like module, these chosen parameters are denoted
α0, γ0, m0, n0, and q0. Step two is to assemble the bulk metamaterial either
from (i) identical voxels, which are by definition geometrically compatible
for all folding configurations, or from (ii) dissimilar voxels, which are
designed to be geometrically compatible by optimizing parameters to
satisfy the design tolerances over the folding interval [θa,θb].

For geometric compatibility, there are Nc constraints imposed on each
voxel in the bulk structure. In the specific example discussed in the text
of the lantern-like module, Nc = 4. The constraint on ∠EDE′, which is the
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angle φ(θ;α,γ) (Fig. 1A), ensures voxels have matching φ(θ) over [θa, θb] and
sin(γ) ∝ sin(α). In light of these observations, the constraint that Y(θ) also
match between voxels implies q ≡ q0 for every voxel. Our error function
used to match a candidate voxel to a target voxel is then simply defined as

ε(θ) = [
X(θ;α,γ,m,n,φ)−X(θ;α0 ,γ0 ,m0 ,n0 ,φ0)

q0
]
2
+[

Z(θ;α,γ,m,n,φ)−Z(θ;α0 ,γ0 ,m0 ,n0 ,φ0)
q0

]
2
,

where φ is a function of θ parametrized by α and γ. The parameters
α, γ, m, and n, along with the already set value of q = q0, define the geom-
etry of the voxel being optimized for compatibility. To find the optimal

set of parameters, we calculate the integrated error s =
∫ θb
θa
ε(θ) dθ and

seek a set of parameters that satisfy [ε(θa), ε(θb)] < δ, where δ is our
design tolerance. Typically, the solution that minimizes s satisfies this con-
dition, but pathological situations can be constructed where near-minimum
values of s can satisfy the overall design tolerances with more desirable
results.

When constructing the large-scale 2D metamaterial with zero Poisson
ratio (Fig. 3 D and E) our error function used for calculating geometri-
cally compatible design patterns was adapted to penalize nonzero νZX .

Specifically, we used ε2D(θ) = [
ZO (2π−θ;α,γ,m,n,φ)−ZT (θ;α0 ,γ0 ,m0 ,n0 ,φ0)

q0
]
2

+

[
∂[XO (2π−θ;α,γ,m,n,φ)+XT (θ;α0 ,γ0 ,m0 ,n0 ,φ0)]/∂θ

∂ZT (θ;α0 ,γ0 ,m0 ,n0 ,φ0)/∂θ ]
2
. The first term penalizes dif-

ferences between the target module’s height ZT and the optimized mod-
ule’s height ZO. The second term penalizes Poisson effects, which are cal-
culated using the sum of target and optimized module widths. To more
easily find a set of parameters that satisfy the zero bulk Poisson ratio
along the x̂-direction, we set the optimized functions to depend on 2π − θ
whereas the target function depends on θ. This ensures solutions are sym-
metric about θ = π and is similar in principle to an expression of the form
sin(θ) + sin(2π − θ) = 0. In calculating the bulk strain (Fig. 3E, Inset) we
defined X0 = X(θ = 0) and ∆X = X(θ)− X0.

For the mechanical cloak (Fig. 3 F–I) we performed a similar optimiza-
tion with structures that consist of a 15 × 15 lattice. The original struc-
ture contains 225 voxels (Fig. 3F), the structure with the hole contains 104
voxels (Fig. 3G), and the cloaking structure contains 60 gray voxels and
44 orange voxels (Fig. 3H). Force-extension relations were calculated with

Foriginal(θ) =
∂[225·U(θ;α0 ,γ0 ,m0 ,n0)]/∂θ
∂[15·Z(θ;α0 ,γ0 ,m0 ,n0)]/∂θ

,Fhole(θ) =
∂[104·U(θ;α0 ,γ0 ,m0 ,n0)]/∂θ
∂[15·Z(θ;α0 ,γ0 ,m0 ,n0)]/∂θ

,

Fcloak(θ;α, γ, m, n) =
∂[60·U(θ;α0 ,γ0 ,m0 ,n0)+44·U(θ;α,γ,m,n)]/∂θ
∂[4·Z(θ;α0 ,γ0 ,m0 ,n0)+11·Z(θ;α,γ,m,n)]/∂θ

, where U and

Z denote the energy and height of a voxel, α0,γ0,m0,n0, and q0 are
the geometric parameters of the gray target voxel. Parameters for
the orange reinforcing voxels were obtained by minimizing the inte-
grated error s over the design interval with the error function εcloak(θ) =

[
Fcloak (θ;α,γ,m,n)−Foriginal (θ)

Foriginal (θ=π) ]
2

+ [
Z(θ;α,γ,m,n)−Z(θ;α0 ,γ0 ,m0 ,n0)

q0
]
2
, where we set

sin(γ) ∝ sin(α) to ensure the constraints imposed on φ(θ; α, γ) were
obeyed throughout the structure’s heterogeneous columns. Thus, we
obtain values for α, γ, m, and n for the orange voxels that allow
us to reconstitute the mechanical properties of the original structure.
For the force-extension calculations, we chose θ0 = 10◦, k1 = 0.02 N/mm,
k2 = 0, and q = 1 cm, then calculated F̃(θ) = dŨ/d(Z/q). These values
were chosen to approximate our experimental materials (SI Appendix).
We note that for this structure the error function being optimized
only generates geometric compatibility along Z and allows for gaps
along X. For this particular application, the extra constraint on X is
unnecessary.

To quantify differences between large-scale target 3D metamaterial
structures, and approximate voxelized structures, we define ε3D = 1 −
Vvoxel/Vtarget. Here, Vtarget is the volume of the desired 3D shape and
Vvoxel = N · (ξxX) · (ξyY) · (ξzZ) is the volume of the structure assembled
from metamaterial voxels. In this expression, N is the total number of voxels,
X, Y, Z are dimensions of a single module, and the scaling factors ξx , ξy , ξz

control how small the voxels are in the structure. That is, ξxX = Xvoxel,
ξyY = Yvoxel, and ξzZ = Zvoxel. As such, smaller values for ξx , ξy , and ξz lead
to a greater number N of smaller voxels, which, in turn, better approximates
the target structure. In the limit where the ξx , ξy , ξz→ 0, we have N → ∞
in such a way that Vvoxel → Vtarget and ε3D vanishes.

Design Patterns. Design patterns for 1D and 2D metamaterials are typically
straightforward to generate from a voxelized structure. For example, fold-
ing diagrams for the 1D and both 2D metamaterials are essentially the
structure split into a “front” and “back” connected along one edge (SI
Appendix, Fig. S7). Folding patterns for 3D metamaterials, however, can be
substantially more difficult to generate. Fortunately, methods for continu-
ously transforming 3D objects is an active field of research in computational
geometry, and the existing body of work offers potential solutions (28, 29).
Alternatively, multisheet assembly methods are also possible and have been
described in detail elsewhere (30, 31).
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RENDERINGS OF EXAMPLE STRUCTURES

In the main text, we showed snap-shots of a lantern-
like kirigami module at various folding configurations as
a function of θ for a single set of parameters (Fig. 1B).
To the best of our knowledge, this structure has not
been previously described elsewhere. Therefore, to ex-
pand on these illustrations, we calculated and rendered
three more examples with different parameters, which
provides a broader grasp of how these modules change
with θ (Fig. S1).

ADDITIONAL POISSON RATIO DATA

In the main text, we provided data on the Poisson ra-
tios νZY and νZX for a variety of geometries (Fig. 1C-F).
While these data illustrated mechanical properties poten-
tially useful for constructing various bulk metamaterials,
we include here νY X for completeness (Fig. S2).

As discussed in the main text, the kirigami mod-
ule supports two simultaneously negative Poisson ratios
(Fig. 1 C-F). To further show how the geometric design
parameters influence the Poisson ratios, we calculated
domains where νZX and νZY were less than zero and
plotted them in the (θ, γ) plane for various α (Fig. S3).
We find the design space exhibits non-trivial complexity
and offers a wide range of options for specific metamate-
rial properties. In particular, νZY < 0 for all θ > 180◦

and any γ. Conversely, the sign of νZX is sensitive to
θ, α, and γ.

STABILITY OF THE LANTERN-LIKE KIRIGAMI
MODULE

In the main text we provided data on the energetic
landscape of a single lantern-like kirigami module. Here,
we show additional energy plots as a function of θ as
the parameters α, γ, θ0, and k2/k1 are varied (Fig. S4 A-
D). While these data are for idealized models with fully
symmetric structure, we note that real materials can be
subject to symmetry-breaking heterogeneities. For ex-
ample, we show with a half-module that 4 distinct sta-
ble states are possible (Fig. S4E). This finding also ap-

plies to the full module, which in turn implies a chain
of N voxels in a 1D metamaterial supports up to 4N

stable configurations. This high degree of multistability
presents an opportunity for engineering non-trivial force-
extension relationships with piece-wise smooth behavior,
as well as other features not readily achievable with a
single module.

MECHANICAL EXPERIMENTS

Kinematic and mechanical designs were prototyped us-
ing Mathematica 10.2. This software was used to produce
2D design patterns that were printed and cut from pa-
per sheets (70 g/m2). Structures were then hand-folded
and edges were bonded using cellophane tape. Each
structure was then placed inside a closed book and sub-
ject to ≈ 10 kg of weight overnight. This process pro-
duced structures with an equilibrium configuration angle
of θ0 ≈ 0◦, and with creased hinges that were generally
stiffer than the cellophane-bonded edges. Modules were
assembled with q = 10 mm, while m and n were chosen
as described in the figure captions.

Force-extension measurements on individual voxels
and 1D chains (Fig. S5A-C) were conducted with a load-
ing speed set to 2 mm/min while the boundaries were
mounted with long cellophane strips (Fig. S5B and C).
These loading conditions allowed for φ, which quantifies
the configuration of the module in the regions closest to
the testing apparatus, to smoothly vary during the exper-
iments while still maintaining tension. In our idealized
mathematical model, we find the upper and lower por-
tions of the lantern-like module always undergo simulta-
neous bistability transitions. However, the experiments
did not undergo the anticipated simultaneous transitions
(Fig. S5B and C, insets). Instead, upper and lower por-
tions of the structure underwent sequential bistability
transitions. For the simplest case of one voxel (Fig. S5C,
insets), the two photographs illustrate a typical example
taken after the lower portion had transitioned between
bistable states, but show the upper portion before-and-
after bistable transitions. As can be seen, deformations
are almost entirely localized to the upper region of bista-
bility while the lower region maintains its configuration.
To facilitate comparison with theory, we converted the
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A

B

C

Fig. S1. Example illustrations of lantern-like kirigami module’s folding behavior. To elaborate on the main text (Fig. 1B)
we show additional example modules at various points in the folding sequence. Geometric parameters are (A) α = 60◦, γ =
30◦,m/q = n/q = 1, (B) α = 60◦, γ = 50◦,m/q = n/q = 1, and (C) α = 110◦, γ = 40◦,m/q = n/q = 1. The columns
correspond to θ = 0◦, 90◦, 180◦, 270◦, and 360◦. Reading left-to-right corresponds to compression along ẑ, while reading
right-to-left corresponds to tension along ẑ.

A B

Fig. S2. Poisson ratio νY X . (A) Poisson ratio for γ = 40◦ and
α = 50◦, 89◦, 110◦, and 140◦. (B) Poisson ratio for α = 60◦

and γ = 20◦, 30◦, 40◦, and 50◦. Calculations usem/q = n/q =
1.5.

measured height Z(θ) at each moment during testing to
the corresponding value of θ that would be anticipated in
an idealized case (see equation for Z(θ) in Materials and
Methods). This value θ̄ is the expected deformation angle
in an idealized model, and corresponds to a structure-
wide average in the experimental measurements.

To validate the mechanical model for various designs,
we fit force-extension measurements to the calculated
force-extension relationship F̃ (θ) = dŨ/d(Z/q). To
obtain robust results, we performed a simultaneous fit
to three consecutive force-displacement measurements
of each design, minimizing the difference between com-
puted and experimental data. The fits have three free
parameters corresponding to the rest angle θ0 and the

two torsional spring constants k1 and k2. We found
for the α = 120◦ module (Fig. S5B, red dashed line)
θ0 = (9 ± 2)◦, k1 = (14.7 ± 0.2) × 10−3 N/mm, and k2
was bounded to the interval [10−8, 10−4] N/mm. Be-
cause the 2-voxel (Fig. S5B, blue dashed line) and 3-
voxel (Fig. S5B, black dashed line) structures are assem-
bled from modules that have the same geometry as the
1-voxel module, we expect the fits to identify commensu-
rate parameter values. We found for the 2-voxel structure
θ0 = (9± 2)◦, k1 = (6.3± 0.1)× 10−3 N/mm, and k2 was
bounded to the interval [10−8, 10−4] N/mm. For the 3-
voxel structure, θ0 = (9 ± 2)◦, k1 = (3.5 ± 0.1) × 10−3

N/mm, and k2 was bounded to the interval [10−8, 10−4]
N/mm. Taken together, we see the fits consistently agree
on the value for θ0 and that it is reasonably close to
the estimated value of 0◦. Moreover, we see k2/k1 � 1,
suggesting k1 dominates the mechanical properties. If
the system were a series of Hookean springs in series,
we would expect k2−voxel = k1−voxel/2 and k3−voxel =
k1−voxel/3. Interestingly, we see the 2-voxel value is
slightly less than half the 1-voxel case, while the 3-voxel
value is about 1/5 the 1-voxel case. Finally, we note that
k2 was not precisely fit, but the bounded values for k2
compared to the fitted values for k1 are consistent with
expectation that k2 � k1, which was qualitatively ob-
served during sample fabrication.

Our second batch of mechanical experiments com-
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A B
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Fig. S3. Regions of negative Poisson ratio. Here, we show
domains where νZX < 0 (light blue) and νZY < 0 (light
orange) in the (θ, γ) plane for various values of α. Specifically,
(A) α = 60◦, (B) α = 90◦, (C) α = 100◦, and (D) α =
120◦. Regions of overlapping blue and orange correspond to
both Poisson ratios being simultaneously negative, while non-
shaded regions correspond to positive Poisson ratios. In all
plots, m/q = n/q = 2.

pared the predicted force-displacement relationships for
the three geometries. The first sample (Fig. S5C, red
data) is the same as the 1-voxel sample from the previ-
ous measurements (Fig. S5B, red data). For the α = 110◦

module (Fig. S5C, orange dashed line), θ0 was bounded
to the interval [0.01◦, 3◦], k1 = (18.4±0.4)×10−3 N/mm,
and k2 was bounded to the interval [10−7, 10−4] N/mm.
For the α = 100◦ module (Fig. S5C, gray dashed line),
θ0 was bounded to the interval [(10−3)◦, 11◦], k1 = (19±
2) × 10−3 N/mm, and k2 was bounded to the interval
[10−7, 10−4] N/mm. Broadly, we find the fits are again
consistent with qualitative expectations. In all cases, θ0
is close to the expected value of 0◦, and the values for
k1 are self-consistent across all measurements as well as
with previous work[1]. While some parameters are poorly
bounded by the fits, the “non-stiff” nature of these vari-
ables serves to indicate their weakness in determining
the overall fit quality relative to the tightly bounded, or
“stiff,” parameters.

We also note that all experiments were conducted un-
der tension in order to avoid the complex non-linear
buckling instabilities often found in compression. For
example, a failure mode leading to out-of-plane deforma-
tions is analogous to Euler buckling found in compressed

A B

C D

E

Fig. S4. Stability of the kirigami module. Normalized en-
ergy landscapes as a function of θ and various parameters.
Specifically, (A) varying α with γ = 60◦,m/q = n/q =
1, k2/k1 = 1.5 and θ0 = 10◦. (B) Varying γ with α =
100◦,m/q = n/q = 1, k2/k1 = 1.5, and θ0 = 10◦. (C) Vary-
ing θ0 with α = 120◦, γ = 51.2◦,m/q = 1.33, n/q = 1.64,
and k2/k1 = 1.5. (D) Varying k2/k1 with α = 120◦, γ =
51.2◦,m/q = 1.33, n/q = 1.64, and θ0 = 10◦. (E) A half-
module is used to show four distinct stable states accessible
under no external loads.

rods[2]. Additionally, localized bistability transitions or
“collapses” can also lead to broken symmetry, as has been
observed in origami-inspired bellows[3].

To supplement the experimental force measurements
described above (Fig. S5 B and C), we also show the same
data presented as a function of displacement along the ẑ-
axis (Fig. S6), which may be a more intuitive functional
form for certain applications. Notably, this presentation
of the measurements does not utilize a back-calculated
value for θ corresponding to a given height Z. As can be
seen, the theoretical model still fits the measured data
quite well.

1D AND 2D DESIGN PATTERNS

We show here design patterns for the 1D and 2D meta-
materials (Fig. S7). Essentially, the structures are split
along the x̂ẑ mid-plane and “opened” so that their edges
are connected. This connected edge becomes the vertical
line of left-right symmetry in the middle of the folding
diagram.

3
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Fig. S5. Assembly of kirigami modules into voxelized 1D me-
chanical metamaterials. (A) A repeated pattern along the ẑ-
axis of a single voxel (gray) leads to a 1D chain of voxels (gray
and pink). (B) Mechanical tests of experimentally fabricated
structures (solid lines; geometry based on red voxel in Fig. 2
A-C, α = 120◦, γ = 51.2◦,m/q = 1.33, and n/q = 1.64) show
good agreement with theoretical predictions (dashed lines)
for 1, 2, and 3 connected voxels. We show three consecu-
tive force-displacement measurements for each structure in-
dicating reproducibility with physical engineering materials.
(C) We fabricated and mechanically tested the three gray, or-
ange, and red voxels (Fig. 2 A-C) demonstrating each unit has
unique mechanical properties. This ability to have geometri-
cally compatible voxels with independently assigned mechan-
ical properties is a key advantage of the Np −Nc > 0 design
strategy. Each sample was measured three consecutive times
(solid lines) and compared to theory (dashed lines). An em-
pirical phenomenon not predicted by our idealized model are
the double-peaks in the α = 100◦ (gray curves) data. These
arise from an asymmetric transition between stable points
(Fig. 1 G-H) associated with the upper and lower halves of
each voxel (inset). In (B) and (C), the expected deformation
angle θ̄ is the value of θ calculated from the total measured
length of the structure along ẑ.

LATTICE KIRIGAMI, AUXETIC HONEYCOMBS
AND RIGID ROD NETWORK DESIGNS

While various auxetic structures have long been stud-
ied for their geometrically-driven properties, lattice based
kirigami and honeycomb-like patterns are two areas of
contemporary interest for their applications in biomedi-
cal devices, graphene-based materials, and as a general
mechanical design motif[4–12]. In these designs, a fam-
ily of mechanical properties including negative Poisson

A

B

Measurement    - - - - - Theory

Measurement     - - - - - Theory

Fig. S6. Experimental measurements presented as a func-
tion of voxel height Z. (A) Force-displacement curves for 1,
2, and 3 voxels strung together in a 1D metamaterial. (B)
Force-displacement curves for a single voxel with various pa-
rameter values. In all plots, solid lines are experimental mea-
surements, dashed lines are fits to theoretical calculations.

A

C

B

Fig. S7. Metamaterial design patterns. (A) 1D metamaterial
design pattern. 2D metamaterial design pattern for the (B)
zero bulk Poisson ratio and (C) mechanical cloak structure.
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ratio and tunable stiffness has emerged as a generic set
of qualities that can be expected from these structures.
Nevertheless, when these structures are fabricated, there
is a deep coupling of mechanical response between neigh-
boring unit cells that limits the available design space and
potential for modularity, especially for 3D structures. A
potentially impactful area of research, therefore, would
be in developing a modular design strategy similar to
the one proposed in the main text specifically for these
lattice kirigami and honeycomb-like structures. The ben-
efits over the lantern-like kirigami structure proposed in
the main text could include an easier 1-step manufactur-
ing processes as well as rapid deployment in commercially
useful materials such as graphene.

Continuing to think about how the ideas proposed in
the main text could be realized in practical situations, we
turn our attention to network based structures formed
from rigid rods (Fig. S8). These lattices have a one-
to-one mapping where creases become rods and vertices
become joints. Structures similar to the example ren-
derings shown here have been engineered and found to
possess a variety of interesting metamaterial properties
such as pentamode structure[13, 14] and topologically
protected deformations[15, 16]. While such rod-and-stick
like structures may be easier to fabricate in practical con-
texts, it remains unknown whether metamaterial prop-
erties can be translated between these two design mo-
tifs. In particular, the origami facets typically provide
a bending rigidity that resists deformation. For these
rod-and-stick structures, the equivalent bending stiffness
goes to zero, leading to a different constraint network.
Nevertheless, the similarities may still be worth explor-
ing given the opportunities to employ alternative fabri-
cation technologies. A potentially useful analogy from
crystallography is the notion of a real space lattice and
the corresponding reciprocal lattice in dual space. In the
same way solid state physics has established techniques
to map frequency-domain phenomena in the dual space
to physical properties in real space, there may be a simi-
lar connection between the origami-inspired mechanisms
and rod-lattice mechanisms. Whether this metaphor of-
fers practical insights would be a subject worth further
investigation, since it may lead to a generic method for
mapping between two different metamaterial structures
with related properties.

POROUS AND BIPHASIC METAMATERIALS

In terms of applications, porous mechanical metama-
terials present interesting opportunities for the frame-
work proposed in the main text. For example, many
mechanically-responsive biological materials such as car-
tilage, muscle, lung tissue, and skin are biphasic. That
is, they consist of water-saturated solid structures. Along
these lines, we can conceive of a biologically-inspired class

A B

C D

Fig. S8. Rigid rod network materials. Here, we show that a
rigid-rod material can be generated by taking (A) the crease
pattern of a voxelized kirigami metamaterial, and (B) con-
verting the creases to rods and vertices to joints. A similar
mapping (C,D) shows another example structure.

of biphasic mechanical metamaterials. As an example,
we propose that voxelized 3D structures assembled from
kirigami modules would form the solid phase, while fluid
saturating the structure would form the liquid phase.
The structures discussed in the main text are particularly
well-suited for these applications since they are highly
porous, which would allow fluids to rapidly equilibrate.
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Origami and kirigami have emerged as potential tools for the design of mechanical metamaterials whose
properties such as curvature, Poisson ratio, and existence of metastable states can be tuned using purely
geometric criteria. A major obstacle to exploiting this property is the scarcity of tools to identify and
program the flexibility of fold patterns. We exploit a recent connection between spring networks and
quantum topological states to design origami with localized folding motions at boundaries and study them
both experimentally and theoretically. These folding motions exist due to an underlying topological
invariant rather than a local imbalance between constraints and degrees of freedom. We give a simple
example of a quasi-1D folding pattern that realizes such topological states. We also demonstrate how to
generalize these topological design principles to two dimensions. A striking consequence is that a domain
wall between two topologically distinct, mechanically rigid structures is deformable even when constraints
locally match the degrees of freedom.

DOI: 10.1103/PhysRevLett.116.135501

Recent interest in origami mechanisms has been spurred
by advances in fabrication and manufacturing [1–3], as
well as a realization that folded structures can form the basis
of mechanical metamaterials [4–8]. The ability to identify
kinematic mechanisms—allowable folding motions of a
crease pattern—is critical to the use of origami to design
new deployable structures and mechanical metamaterials.
For example, the mechanism in the celebrated Miura ori
that allows it to furl and unfurl in a single motion [9,10] is
also the primary determinant of the fold pattern’s negative
Poisson ratio [4,5]. Identifying these mechanisms becomes
more challenging when the number of apparent constraints
matches the number of degrees of freedom (DOF).
When there is an exact balance between DOF and

constraints in a periodic structure, the structure is margin-
ally rigid [11,12]. In such a case, new mechanical proper-
ties such as nonlinear response to small perturbations
emerge [13–16]. A recent realization is that the flexibility
of such solids may be influenced by nontrivial topology in
the phonon band structure [17,18]. Here, we show how to
extend these topological ideas to origami and kirigami. We
show that periodically folded sheets may exhibit distinct
mechanical “phases” characterized by a topological invari-
ant called the topological polarization, recently introduced
by Kane and Lubensky [17] using a mapping of mechan-
ically marginal structures to topological insulators [19].
The importance of this invariant has emerged in the study of
the soft modes of spring networks [18], and the nonlinear
mechanics of linkages [20] and buckling [21]. As in these
examples, the phases in our origami and kirigami structures
exhibit localized vibrational modes on certain boundaries,

and transitions from between topological phases are char-
acterized by the appearance of bulk modes that cost zero
energy. These are the hallmarks of topologically protected
behavior in classical mechanical systems [22–29].
Topology provides a new knob to tune how materials
and, as we show here, origami and kirigami structures,
respond to external perturbations.
We denote by origami, mechanical structures consisting

of rigid flat polygonal plates joined by hinges. We will
first discuss origami with no missing plates or “holes,” and
then generalize to kirigami, defined to be origami where
such holes are allowed. We will consider the mechanics
of origami in the geometrical limit—folds will cost zero
energy and faces do not stretch or bend.
To demonstrate the power of our approach, we introduce

an example of a 1D strip of origami analogous to the
Su-Schrieffer-Heeger polyacetylene model [17,30]. It
admits localized modes and stresses determined and pro-
tected by topology, which we realize and characterize in
experiments. Additionally, we show how to generalize this
to 2D periodic origami sheets, where we have observed a
striking property that causes origami without holes to have
zero topological polarization. We give examples of hinged
structures with holes (kirigami) that do admit distinct
polarizations and thus can be used as building blocks for
metasheets with programmable local flexibility.
Quasi-1D origami strip.—We start with a simple

quasi-1D origami structure. Consider an origami strip of
zig-zagging rigid quadrilateral plates, depicted in Fig. 1,
consisting of a periodically repeating unit cell of two
fourfold vertices. Each vertex in a cell (labeled by
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n ¼ 1, 2) has four creases [Fig. 1(a)], and one DOF [31]
that we track with the dihedral angles of the bolded crease,
fnðjÞ, where j indexes the unit cell [Fig. 1(b)]. Each
adjacent pair of dihedral angles is coupled by the kinemat-
ics of the intervening vertex. As each vertex contributes a
DOF and a constraint, this origami structure has marginal
rigidity.
We analyze the mechanical response of the origami strip

by determining its configurations analytically as functions of
the fold pattern angles β1,β2, γ1, and γ2 [defined in Fig. 1(a)].
We define a generalized displacement uðjÞ ¼ cos f2ðjÞ þ 1.
The function uðjÞ encodes the dihedral angle f2 of the
rightmost fold of unit cell j, and satisfies

uðjþ 1Þ ¼ κðα; β1; β2; γ1; γ2ÞuðjÞ; ð1Þ
where

κ ¼
�
sinðα − β1Þ sinðα − γ1Þ
sinðαþ β1Þ sinðαþ γ1Þ

��
sinðα − β2Þ sinðα − γ2Þ
sinðαþ β2Þ sinðαþ γ2Þ

�
:

ð2Þ

The derivation is an application of the spherical law of
cosines and is given in the Supplemental Material [32]. The
fact that uðjÞ determines uðjþ 1Þ implies that the strip has
1 degree of freedom, globally. Equation (1) is solved by
an exponential uðjÞ ¼ uð0Þ exp½j lnðκÞ� with deformation
localized to one side or the other, following the sign of the
inverse decay length l−1 ¼ ln κ.
The mechanical “phase diagram” in Fig. 1(c) shows the

values of l−1 for patterns with γ1 ¼ γ2 ≡ γ, β1 ¼ β2 ≡ β.
There are two phases distinguished by the sign of ln κ,
which is determined here by the sign of γ þ β, a quantity
not obviously related to any symmetry breaking. When
γ þ β > ð<Þ0, κ < ð>Þ1, and by Eq. (1), the mechanical
response is localized to the left (right) of the origami strip.
A special role is played by fold patterns with κ ¼ 1, where
the decay length diverges and uðjÞ neither grows nor
shrinks (denoted by the dashed line). This is precisely
the condition for which a global kinematic mechanism
exists and the fold pattern is deployable [33]. As an
example, when γ ¼ β ¼ 0, the strip realizes a row of the
Miura ori fold pattern, which has a single collapse motion.
More generically, however, as long as ln κ never changes
sign, the deformation in a strip, uðjÞ, is localized even if the
values of α; βj; γj vary due to disorder or imperfections, i.e.,
as long as the material remains within the same phase. The
existence of phases of robust, boundary-localized zero-
energy deformations separated by critical configurations
with bulk zero modes suggests that the origami strip has
topologically protected properties.
To make the topology explicit, we calculate a topological

invariant of the above phases. Unlike in periodic spring
networks with marginal rigidity [17,34,35], a linear analysis
is inadequate to capture the topology of the origami strip.
Coplanar hinges in the flat state are redundant constraints,
and this results in extra zero modes at linear order which
do not extend to higher order. In the Supplemental Material
[32], we derive a rigidity matrix capturing the second-order
deformations of this structure and show that it has the same
pattern of entries as the Hamiltonian of the Su-Schrieffer-
Heeger chain of Refs. [17,30]. Therefore, phases of the
origami strip are characterized by their topological polari-
zation ~PT [17,18], defined as a winding number of the
determinant of the rigidity matrix [36]. Indeed, the sign of
ln κ is precisely correlated with the topological polarization,
and thus the fact that different edges are soft or stiff in
different phases is a manifestation of the bulk-boundary
correspondence [19] in this system.While topologicalmodes
in 1D linkages have been found to lead to propagating
domain walls [20,37], this is not possible for our 1D strip.
In Eq. (2), κ depends only on the fold pattern angles α; βj; γj,
not the dihedral angles fj—this means that the topological
polarization of the unit cell cannot changevia the zero-energy
deformations, which would be necessary for propagation.
To test the consequences of Eq. (1) away from the ideal

limit, in a structure where faces can bend and hinges can

βγ

γ

α
α

β

1 2

21

(a)

(c)

(b)

FIG. 1. A quasi-1D origami strip. (a) A unit cell of the fold
pattern corresponding to the origami mechanism with planar
angles labeled. Red (blue) creases are mountain (valley) folds,
respectively. (b) A 3D depiction of a part of the strip with folding
angles fiðnÞ labeled. (c) The phase diagram where α ¼ π=3,
β≡ β1 ¼ β2, and γ ≡ γ1 ¼ γ2. The colors indicate the phase
(blue for right-localized, red for left-localized); the contours and
intensity of color follow the inverse decay length 1=l (see legend).
Configurations where folds at a vertex become collinear lie on
γ ¼ β, and the green points along that line were constructed in
experiment [along this line, ðγ; βÞ and ð−γ;−βÞ are related by a
rotation in three dimensions].
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twist, a mylar sheet (200 μm thick) is perforated by a laser
cutter into the desired crease pattern, rendering it foldable
along lines of perforations. We strengthen the facets by
sandwiching the mylar sheet between pairs of 1 mm thick,
plastic plates made of polylactic acid (PLA) on a 3D
printer. To mount the plastic plates onto the mylar sheet, we
use a pushed-in clip design: one facet has clips and the
corresponding facet has holes. Equivalent holes are cut on
the mylar sheet so that the clips can be pushed through to
meet the holes on the plate on the other side of the mylar.
An example of the assembled origami structure is shown in
Fig. 2(a). Here, we fixed the angle α ¼ π=3 and varied
γ ≡ β1 ¼ γ1 ¼ β2 ¼ γ2 to explore the localization of the
deformation within one phase (with κ < 1) [38]. A video
camera captured the deformation of the strip from above as
it was symmetrically compressed. The position of each
vertex was obtained via image analysis, and fit with a 3D
model to reconstruct the complete morphology of the
origami strip, as shown in Fig. 2(b). Finally, the folding
angles along the interior creases were extracted from the 3D
shape and were used to compute the generalized strain u.
Figure 2(c) shows the strain as a function of distance along

the strip for samples with different values of the pattern
parameter γ. Observe that there is a “soft” edge (cell index
0), where the deformation is high, and on the other end a
“stiff” edge, with low deformation.
As shown by a semilog fit [dashed lines in Fig. 2(c)], the

strains decay exponentially at small distances from the soft
edge. For small γ, the folding angles level off to a roughly
constant value at larger distances, which violates Eq. (1).
The constant folding angle background corresponds to the
activation of a mode with uniform deformation. This mode
is easy to excite as it is the zero energy mode at γ ¼ 0
and thus remains very low energy for small γ. A deviation
from the ideal geometrical limit is possible due to the finite
flexibility of the facets and the finite crease thicknesses.
Despite the nonideality of the experimental origami strip,
the decay lengths extracted from the fit are in good
agreement with 1=l ¼ ln κ [Fig. 2(d)], confirming the
robustness of our topological design principle.
Two-dimensional origami.—Having established that

marginally rigid 1D periodic origami can exhibit topologi-
cal phases, we now ask whether marginality also leads to
similar phases in 2D origami. We first characterize the
class of marginally rigid 2D periodic origami and show
that they must have a triangulated crease pattern. To avoid
trigonometric complexity inherent to a folding angle
representation, we model the kinematics of triangulated
origami as a central-force spring network with vertices as
joints and hinges as springs. Triangles in such a network
automatically enforce the no-bending constraint on the
facets. Arbitrary origami can be modeled with spring
networks, but nontriangular faces require additional inter-
nal springs to remain rigid.
In this framework, each joint has 3 degrees of freedom

and each spring adds one constraint, so marginal structures
satisfy E ¼ 3V where E is the number of bonds and V is
the number of joints. In a triangulated surface without a
boundary, each of the F faces is a triangle, so 3F ¼ 2E.
The Euler characteristic χ is defined as χ ¼ V − Eþ F;
thus we obtain E ¼ 3ðV − χÞ.
Periodic origami structures in two dimensions have the

topology of the torus and thus χ ¼ 0, which shows that
triangulations are marginally rigid. While achieving margin-
ality in granular packings and glassy networks requires
some fine-tuning in pressure or coordination, the analogous
origami triangulations arise naturally. Any nontriangular
plate in an origami pattern can be triangulated by adding
diagonals, and the bending of nontriangular plates in real
origami can be modeled as the addition of new creases [4,6].
One might now expect a variety of topological phases

upon changing the angles and lengths of a triangulated
crease pattern, by analogy with the 1D strip. Surprisingly,
our calculations indicate otherwise. As discussed above, an
analysis of the rigidity of flat origami must go beyond
linear order. To bypass this complication, we consider
periodic triangulated origami where we break the flat-state

(a) (b)

(c) (d)

FIG. 2. (a) Localized deformations in an experimental realiza-
tion of the origami strip (α ¼ π=3, γ1 ¼ γ2 ¼ β1 ¼ β2 ¼ 0.062).
(b) 3D reconstruction of the configuration of the strip from a flat
image (γ ¼ 0.124). (c) Normalized generalized strain u=u0 as a
function of distance from the deformable boundary (measured in
number of unit cells) from experiments (shaded curves) with fits
to an exponential decay (dashed lines). Each curve shows the
average of data from 6 to 30 experimental images and has a width
equal to the standard error. Folding angles f2ð1Þ [related to u0 via
u0 ¼ 1þ cos f2ð1Þ] at cell 1 varied from 1.06 to 1.45. (d) Inverse
decay lengths (1=l) versus γ, where data points are averages
over the fitting coefficients of all images for each γ and error bars
show 95% confidence bounds. The analytical result for l−1 ¼ ln κ
[Eq. (2)] is plotted as a solid red line. The deviations for small γ
arise from a “uniform bending mode” (see text).
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degeneracy by introducing small vertical displacements to
the vertices. The linear rigidity and topological properties
of such a structure can then be expressed in terms of the
(Fourier-transformed) rigidity matrix R for its associated
spring network [17,18]. However, for all triangulated
periodic fold patterns we have considered, the function
detRðqÞ, a priori a complex-valued function, is in fact real
valued for all q in the Brillouin zone [39]. Though a proof
of this statement for all triangulated origami eludes us,
extensive numerical tests on a large number of distinct fold
patterns bear out this conjecture. We give details and partial
results in the Supplemental Material [32].
A consequence of the “reality” property is that the

winding numbers of Arg detRðqÞ along any closed curves
in the Brillouin zone must be zero (when defined), and,
hence, the topological polarization ~PT must vanish.
Localized boundary modes for such origami still exist,
but must be isotropically distributed. Even if the hinges in a
unit cell break left-right symmetry, the number of boundary
modes per unit cell on each edge of a finite patch is left-
right and up-down symmetric. If in fact all triangulated
periodic origami structures have this property, the only way
to get an imbalance in the number of zero modes at the
boundary of origami is by locally adding or removing
constraints. This behavior contrasts with that of the 1D strip
of origami studied above as well as 3D periodic networks
and marginal spring networks confined to 2D.
Topological kirigami.—Thus the question remains: do

there even exist 2D periodic hinged structures with a
nonzero topological polarization? The answer is yes, but
we must go beyond origami to kirigami, folded structures
with holes. There is a simple way to generate marginal
kirigami from triangulated origami. Cutting out an adjacent
pair of triangles removes one bond from the associated
spring network, eliminating a constraint. Likewise, merg-
ing two triangles into a rigid quadrilateral plate adds a
constraint. We therefore modify a triangular lattice by
cutting and merging twice, resulting in a structure with
two quadrilateral plates and two quadrilateral holes per unit
cell (top center of Fig. 3). Now detRðqÞ is complex-
valued, and by randomly perturbing a flat realization, we
find the “green” (left) and “blue” (right) structures depicted
in Fig. 3, which have ~PT ¼ ð1; 0Þ and (0,0), respectively
(see Supplemental Material [32] for more details). With
free boundary conditions, the boundary soft modes in the
green kirigami are polarized to the þx edge (analogous to
the 1D strip and in contrast to the blue kirigami and all
triangulated origami structures we tested).
Finding the green kirigami answers the question above

positively, and we leave a determination of the possible
phases that can occur in the modified triangular lattice to
future work. A full characterization will likely be difficult
due to the high dimensionality of the realization space
(cf. Ref. [40], which shows the complexity of the phase
diagram in a simpler mechanical system). We thus switch

gears and present an example of localized modes designed
into a kirigami “heterostructure” to illustrate the power of
our techniques. In Fig. 3, we show a kirigami structure that
exhibits zero modes localized at a domain wall (one per unit
cell) between the two kirigami structures described above.
The zero modes render the heterostructure flexible in
the vicinity of the domain wall (the mode depicted leads
to out-of-plane wrinkling), while keeping it rigid further
away. By contrast, a domain wall between distinct patterns
with equal polarization has no such localized modes (see
Supplemental Material [32]). In general, domain walls
between structures with different polarizations create either
soft lines along which the system easily deforms, or
“stressed” lines which first bear the loads under applied
strains [21]. Similar effects may arise at point defects in
otherwise uniform polarized structures [41].
Outlook.—We have demonstrated that origami and

kirigami structures are characterized by a topological
polarization that classifies the ways that a marginally rigid
fold pattern can be floppy close to its boundaries. Our
results give strong constraints on the types of boundary
modes that can be created in origami and will guide the
design of fold patterns that achieve a targeted mechanical
response. In the design space of geometric realizations, two

FIG. 3. Topologically protected zero mode (red) in a kirigami

heterostructure [left green with topological polarization ~PT ¼
ð1; 0Þ / right blue with ~PT ¼ ð0; 0Þ]. Numerically the mode
depicted has energy nearly indistinguishable from the translation
modes. This is a close-up of a larger periodic 50 × 5 system,
divided into two 25 × 5 domains (two copies in the shorter
direction are shown). The magnifying glass insets show the
fine structure of four unit cells of each type, and between them
is a schematic showing how the quadrilateral plates, strips of
triangles, and quadrilateral holes are joined by hinges. The
schematic shows four unit cells, with the lower left cell high-
lighted in green.

PRL 116, 135501 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending
1 APRIL 2016

135501-4



structures with different polarizations must be separated by
globally flexible, i.e., deployable, realizations. Thus not
only can structures with distinct phases be combined in real
space to form domain walls with useful functionality, but
also they can be used to find deployable patterns in design
space. These realization spaces are high dimensional in
general, so the problem of determining simple rules to
create a given polarization remains open.
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FIG. SI-1: Spherical polygons for a four-fold vertex. Angle
variables are different from those used in the main text.

Supplementary Information

Appendix A: Vertex kinematics and spherical
polygons

The intersection between an origami vertex and a
sphere traces out a spherical polygon on the sphere sur-
face [1] (Fig. SI-1). For a four-fold vertex, this poly-
gon is a quadrilateral whose side lengths are inherited
from the angles between adjacent folds in the fold pat-
tern (the unlabeled fourth angle in Fig. SI-1 is γ− =
2π − β+ − β− − γ+). The relationship between dihedral
angles f± is

cosβ+ cos γ+ + sinβ+ sin γ+ cos f+ = (S1)

cosβ− cos γ− + sinβ− sin γ− cos f−.

Since β+ + γ+ = 2π − β− − γ−, Eq. (S1) becomes

sinβ+ sin γ+
(
cos f+ + 1

)
= sinβ− sin γ−

(
cos f− + 1

)
.(S2)

A similar relationship between θ+ and θ− can be de-
rived as

sin γ+ sin γ−(cos θ+ + 1) = sinβ+ sinβ−(cos θ− + 1).(S3)

The relationship between f+ and θ+, however, is more
complex (Fig. SI-2). Define ε to be the angle between θ+

and θ− given by

cos ε = cosβ+ cos θ+ + sinβ+ sin θ+ cos f+. (S4)

and such that ε = β+ + γ+ when the vertex is flat. Then

θ+ = cos−1

(
cosβ+ − cos ε cos γ+

sin ε sin γ+

)
(S5)

± cos−1

(
cosβ− − cos ε cos γ−

sin ε sin γ−

)
.

FIG. SI-2: The angle θ+ versus f+ for two cases: (solid) β+ =
β− = π/3, γ+ = γ− = 2π/3 and (dashed) β+ = π/3− π/10,
β− = π/3 + π/10, γ+ = γ− = 2π/3. In each case, there are
two distinct branches joined only at the flat state. Note that
one of the branches for the solid curves lies along f+ = 0.

Either sign in Eq. (S5) satisfies the geometric con-
straint equations; this ambiguity arises from the differ-
ent branches of cos−1. Yet, the branches are physical,
and correspond to different ways of choosing which folds
are “mountain” and which folds are “valley” folds. In
particular, there is a branch in which f+ and f− are
both either mountain or valley folds and one in which
they have the opposite sense [2]. In either case, however,
cos f± remains the same and the exponential solution for
u = 1 + cos f in Eqs. 1 and 2 of the main text is valid.

One special case bears additional analysis. When the
vertex has γ±+β± = π, the folds θ+ and θ− are collinear.
In that case, one branch of the vertex has both f+ and
f− as mountain (valley) folds. For the other branch,
however, f+ = f− = π is strictly satisfied and θ+ =
θ−. That is simply the case that a vertex is folded along
the line shared by θ+ and θ−, and this prevents the two
adjacent folds f± from folding at all. This motivates the
choice of variables discussed in the main text, for which
β± = α∓ β and γ± = 2π − α∓ γ. Then β = γ precisely
when θ± are collinear.

Appendix B: Second-order rigidity matrix for 1D
strip

We label each unit cell with an index j and the two ver-
tices within a unit cell with n = 1, 2. For convenience,
we also express the dihedral angles in terms of their dif-
ference from π, δf±n (j) = f±n (j) − π for the folds f± of
vertex n within unit cell j. Each vertex has one DOF,
which we will parameterize with δθ+n (j). Since there is
a two vertex unit cell, we combine these parameters into
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two vectors,

f(j) =


f−1 (j)
f+1 (j)
f−2 (j)
f+2 (j))

 , (S6)

and

s(j) =

(
θ+1 (j)
θ+2 (j)

)
. (S7)

Using spherical trigonometry, we compute f(j) = Js(j),
where

J =


A−

1 + σ1B
−
1 0

A+
1 + σ1B

+
1 0

0 A−
2 + σ2B

−
2

0 A+
2 + σ2B

+
2

 , (S8)

σn = ±1 is an arbitrary choice of branch in configuration
space the vertex should be folded,

A±
n =

sin(α∓ γn)

sin(2α)
, (S9)

and

B±
n =

1

sin(2α)

√
sin(α− γn) sin(α+ γn) sin(α∓ βn)

sin(α± βn)
.

(S10)
For this paper, we have always assumed that σn = 1.

To complete our description, we must enforce the lin-
ear constraints δf−1 (j + 1) − δf+2 (j) = 0 and δf−2 (j) −
δf+1 (j) = 0. In Fourier space, these constraints lead to
an equation of the form

R(q)s(q) = 0. (S11)

for the infinitesimal deformations of the origami strip,
where

R(q) =

(
(A−

1 +B−
1 )eiq −(A+

2 +B+
2 )

A−
2 +B−

2 (A+
1 +B+

1 )

)
. (S12)

Appendix C: Real-valuedness of the determinant:
a hidden symmetry

We will restate the observed “reality” property here
more formally. For all periodic triangulations we have
checked, there exists a choice of unit cell so that the de-
terminant of the rigidity matrix detR(~q) is real valued for
all ~q in the Brillouin zone. The consequence of this is that
with such a choice of unit cell, the phase of detR(~q) can-
not wind and so the topological polarization must vanish.
There are also obvious consequences for the set of bulk
zero modes which we will not discuss here. In Fig. SI-3
we display a sample calculation and visualization of this
propety for a small periodic triangulated origami, repre-
sented by a spring network.

This real-valuedness can be expressed in the following
equivalent way. First, define z1 = eiq1a1 and z2 = eiq2a2 ,

(a)

(c)

(d)
-2 -1 0 1 2

-2

-1

0

1

2

(b)

(e)

FIG. SI-3: Illustration of the reality property for triangulated
origami. (a) A periodic triangulation based on the triangular
lattice with four vertices, 12 edges and 8 triangles. The vertex
coordinates are (0, 0, 0), (0, 1, 1/5), (1, 1/7, 0), (3/4, 1,−1/7)
and the lattice primitive vectors are (2, 0, 0) and (0, 2, 0).
Above is a side view and below is a top view. Four unit cells
are shown, with one highlighted in green. (b) The Fourier
transformed rigidity matrix R(z1, z2), where z1 = eiq1a1 and
z2 = eiq2a2 . Every row corresponds to an edge in the trian-
gulation. (c) The Laurent polynomial detR(z1, z2). (d) The
table of coefficients of detR(z1, z2), organized by powers of z1
and z2. The number 3/3764768000 has been factored out of
all entries. (e) A graphical representation of the coefficients
of detR(z1, z2). Red dots are positive coefficients, blue dots
are negative, and the area of the disks is propoertional to the
absolute value of the coefficients (with a minimum disk size
imposed for visibility).

and observe that detR(z1, z2) is a Laurent polynomial in
those variables. Next, note that detR(~q) is real if and
only if:

detR(~q) = detR(~q)

detR(z1, z2) = detR(z1, z2)

= detR(z̄1, z̄2)

= detR(z−1
1 , z̄−1

2 ).

In the third line, we use the fact that the coefficients of
this polynomial are real, and in the final line, we use the
fact that all ~q in the Brillouin zone, z1 and z2 lie on the
unit circle and so z̄i = z−1

i . This shows that for all p, q,

the coefficients of the zp1z
q
2 and z−p

1 z−q
2 terms must be

equal in order for this polynomial to be real-valued on
the unit circle.
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A change of unit cell merely changes detR by a factor
zm1 z

n
2 where m and n are integers related to the change

in the number of bonds crossing unit cell boundaries [3].
If one imagines the coefficients of detR as a table (Fig.
SI-3(d)), then such a factor does not change the values
in the table, but merely shifts the positions of the entries
in the table by a vector (m,n). Therefore, the “reality
property” is equivalent to the polynomial detR(z1, z2)
being “2D palindromic”, i.e.

detR(z−1
1 , z−1

2 ) = zk1z
l
2 detR(z−1

1 , z−1
2 ), (S13)

for some integers k, l. Equivalently, the table of co-
efficients of detR(z1, z2) is symmetric under inversion
through some point (k/2, l/2).
Examples and tests performed: We generated small trian-
gulations of a torus via flipping edges from the triangular
lattice and in all cases checked found that the the polyno-
mial detR(z1, z2) was a palindrome. To ensure that the
loss of precision from floating-point operations did not
become an issue, we did these computations in rational
arithmetic in the Mathematica computer algebra system.

Specifically, we began with periodic triangulation
“seeds” displayed in Fig. SI-4 and performed random
edge flips (transforming two adjacent triangles into two
different triangles on the same four vertices) repeatedly
onto randomly chosen edges. This procedure is illus-
trated in Fig. SI-4(a).

For every such crease pattern generated, we used ver-
tex coordinates made by randomly perturbing a flat em-
bedding of the seed triangulation. These were rounded
to the nearest rational number with denominator lower
than 10. The Laurent polynomial detR(z1, z2) was then
calculated exactly and the coefficients of different terms
were compared to check whether the polynomial was in-
deed palindromic as in Eq. (S13). In some cases, a flip
would cause this polynomial to vanish (due e.g. to a de-
generate edge connecting a vertex to itself). Afterwards,
it is quite likely that further flips would produce trian-
gulations with zero determinant. While the zero polyno-
mial is of course real-valued, if this occurred, in order to
get more substantive tests, we rejected this triangulation
and flipped another edge instead. Regardless, for all tri-
angulated origami checked we found that Eq. (S13) was
always satisfied. In Table I we show a summary of the
tests performed.
Partial result: We can show that subdividing a trian-
gle in triangulated origami preserves the property that
detR(~q) remains real. To see this, note that such a sub-
division creates one new vertex and three edges. With
an appropriate choice of unit cell we can ensure that this
vertex is not on the boundary and thus does not pick up
factors of eiq1a1 or eiq2a2 .

The new vertex introduces three columns into R(~q)
whose only nonzero entries can be in the rows corre-
sponding to the three new edges. By reordering the ver-
tices and columns, one finds that the determinant takes
a block upper-triangular form with a 3 × 3 block on the
diagonal from the new additions (which we call Rn(~q))

(a)

(b) (c) (d)

one edge flip
29 edge 

flips
4 x 4 seed

6 x 4 seed
6 x 6 seed 8 x 8 seed

FIG. SI-4: Seed triangulations and edge flips. In each im-
age, four unit cells are shown, with one highlighted in green.
The triangulations are only shown with planar embeddings for
clarity, the actual tested triangulations were deformed into 3D
with random perturbations. (a) left: The 4 by 4 seed trian-
gulation with one highlighted edge, center: the triangulation
resulting from the edge flip of the red edge, right: a triangula-
tion resulting from 29 random edge flips on the seed. (b) The
6 by 4 seed triangulation. (c) The 6 by 6 seed triangulation.
(d) The 8 by 8 seed triangulation.

seed |V | |E| |T | (runs, flips)
4 by 4 16 48 32 (100, 1000)
6 by 4 24 72 48 (50, 500)
6 by 6 36 108 72 (20, 200)
8 by 8 64 192 128 (10, 100)

TABLE I: Summary of tests performed of the “reality” prop-
erty on different families of periodic triangulated origami.
Each line of the table corresponds to a different seed (de-
picted in Fig. SI-4), and displays the number of vertices |V |,
edges |E| and triangles |T | in the seed and shows the number
of runs started as well as the number of random flip opera-
tions performed. Note that a flip preserves |V |, |E| and |T |,
and that the computations require computing determinants
of symbolic |E| × 3|V | matrices. In all runs, every single tri-
angulation generated had the reality property, as described in
the text.

as well as R0(~q) as another block on the diagonal. By
a well-known property of the determinant, this implies
that detR(~q) = detRn(~q) detR0(~q).

If we were able to prove an analogous result for edge
flips, then we would have shown that the palindromic
property holds for all triangulations.

Appendix D: On the design of topological
kirigami

We found topologically polarized kirigami via the fol-
lowing steps. We first constructed the pattern of plates
and hinges as follows. As in Appendix C, we began with
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FIG. SI-5: Schematics of some structures created while de-
signing the kirigami. In each image, four unit cells are shown,
with one highlighted in green. These images only show the
pattern of hinges and plates, and do not represent 3D em-
beddings. (a) A triangulated origami based on the triangular
lattice. Two families of creases are highlighted in red and
blue which are moved to create the next structure. (b) The
checkerboard lattice of tetrahedra. This structure consists of
tetrahedra joined by universal joints at their vertices. (c) The
final kirigami structure. Created by placing rows and columns
of additional triangles between tetrahedra, and then replacing
the tetrahedra with flat quadrilateral plates.

a periodic spring network with the combinatorics of the
standard triangular lattice (drawn in Fig. SI-5(a) as a
square lattice with all NE diagonals added). This pattern
models a triangulated origami structure, which seems to
have a real determinant. To try to break this symmetry
we attempted to add holes in the unit cell.

To add holes without changing the marginal rigid-
ity property, we removed one NE diagonal bond from a
square A and placed it in an adjacent (already occupied)
square B as a NW diagonal bond. This yields a hole
in A and a new tetrahedron in B. If one does this for
all squares in a checkerboard pattern, one ends up with
the so-called checkerboard lattice of tetrahedra (Fig. SI-
5(b)). This is the simplest 2D periodic structure in 3D
which admits geometric realizations with distinct topo-
logical polarizations. However, the tetrahedra are joined
at vertices, not along hinges, so it is neither origami nor
kirigami.

To remedy this, we may add rows and columns of trian-
gulated strips between the holes and the tetrahedra. Now
we do have a structure made of solid bodies joined along
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FIG. SI-6: Three kirigami unit cells with different topologi-
cal polarizations. A top view and side view of the 3D unit
cells are shown above exploded versions that have been cut
into strips and then flattened into the plane. The dashed lines
indicate how the strips are to be joined to create the 3D struc-
ture shown above and the faces labeled by letters indicate the
periodicity of the structure.

hinges, but the bodies are tetrahedra and not yet flat
plates. Flat plates can be modeled by a marginal spring
network with pyramids over two coplanar triangles. By
adding an additional vertex above the two triangles and
attaching it to the four vertices of the plate, we create a
minimally rigid body which is attached to the rest of the
structure by four coplanar hinges. The final pattern of
hinges and plates is shown in Fig. SI-5(c) (pyramids not
shown for clarity).

Given this design, we still have to find a suitable re-
alization of this structure as a 3D object. We did this
by beginning with a flat embedding of a unit cell and
perturbing the vertices randomly, subject to the condi-
tion that the quadrilateral plates remain planar. These
randomly generated unit cells were then checked to deter-
mine if they had a topological polarization by (1) exam-
ining the contours where Re detR and Im detR vanish
to ensure that they did not cross and create a “Weyl
point” [4] and (2) computing the winding numbers of
Arg detR to find the polarization vector. We found in
general that Weyl points did occur frequently. However
we also found many “gapped” examples as well. Fig. SI-
6 shows the unit cells of three kirigami structures with
this crease pattern but with differing topological polar-
izations: kirigami I has polaarization (1, 0), and kirigami
II and III have polarization (0, 0). Their 3D structures
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are also displayed in an “exploded” view, where they have
been cut apart into flattened strips which must be bent
in space and then glued together to form the kirigami
structures. Unit cells I and II were used to construct the
domain wall in Fig. 3 in the main text.

In Fig. SI-7 we show kirigami structures consisting of
pairs of unit cells from Fig. SI-6. The domain walls do
not contain any extra or missing bonds, so there are
no differences in the local counting of degrees of free-
dom. These kirigami structures are rectangular sheets
with periodic boundary conditions in both directions, so
one might expect the lowest energy vibrational modes to

be bulk bending modes. This is indeed the case when
the two unit cells used have the same polarization vec-
tor (Fig. SI-7(a)). However, when a structure is made
of unit cells with two distinct polarizations, one of the
domain walls carries localized very low-energy modes
(Fig. SI-7(b) and Fig. 3 in the main text). The eigen-
value corresponding to the energy of the topological mode
is ω2 = 1.42× 10−16 (comparable to the eigenvalues cor-
responding to the translational zero modes), whereas the
eigenvalue corresponding to the bending mode is much
larger, ω2 = 1.82 × 10−9.
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matics (CRC Press, 2012).

[2] S. Waitukaitis, R. Menaut, B. G. Chen, and M. van Hecke,
Phys. Rev. Lett. 114, 055503 (2015).

[3] C. Kane and T. Lubensky, Nature Physics 10, 39 (2014).
[4] D. Z. Rocklin, B. G. Chen, M. Falk, V. Vitelli, and

T. Lubensky, arXiv preprint (2015), 1510.04970.
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(a) (b)

kirigami II

kirigami III
kirigami II

kirigami I

FIG. SI-7: Composite kirigami systems constructed from unit cells I, II and III from Fig. SI-6 and their lowest energy eigenmodes.
Both structures depicted consist of 50 unit cells (along the x-direction) by 5 unit cells (along the y-direction), which are divided
into two domains each of size 25 by 5. Two copies in the shorter direction are shown in the upper figures, and the displacements
in the mode are overlaid as red lines. The structures are periodic in both directions, so there are domain walls at x = 0 = 200
and x = 100. The domain wall at x = 100 is marked with dashed lines. The lower plots show the x-, y- and z-components (in
blue, green, and red, respectively) of the displacement vectors of all vertices as a function of the x-positions. (a) Composite
structure of kirigami II and III, both of which have polarization (0,0). The lowest eigenmode has eigenvalue ω2 = 1.82× 10−9

and resembles a bulk bending mode. (b) Composite structure of kirigami I (polarization (1,0)) and II (polarization (0,0)). The
lowest eigenmode has eigenvalue ω2 = 1.42× 10−16 and is highly localized near the domain wall at x = 100.
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We present a theory of flexural wave propagation on elastic shells having nontrivial geometry and

develop an analogy to geometric optics. The transport of momentum within the shell itself is anisotropic

due to the curvature, and as such complex classical effects such as birefringence are generically found. We

determine the equations of reflection and refraction of such waves at boundaries between different local

geometries, showing that waves are totally internally reflected, especially at boundaries between regions

of positive and negative Gaussian curvature. We verify these effects by using finite element simulations

and discuss the ramifications of these effects for the statistical mechanics of thin curved materials.
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Curved shells appear in nature over a vast range of
length scales from carbon nanotubes [1] to continental
plates [2]. Understanding their mechanics and, in some
cases, equilibrium fluctuations plays a key role in a variety
of systems of interest in biological physics and material
science such as viral capsids [3,4], cellular membranes
[5–7], plant morphogenesis [8], and self-assembled ori-
gami [9–11]. In spite of the large range of length scales
and material properties, the mechanics of these shells are
unified by the constraints imposed by the coupling of
elasticity and geometry in materials whose lateral extent
is much larger than their thickness.

This geometric property leads to a dramatic separation
of the energy scales associated with bending and stretch-
ing. Generically, thin sheets and filaments are significantly
softer to bending, allowing a unified treatment of wrin-
kling, crumpling, and a host of other morphological tran-
sitions under external forces or confinement [12–18].
Shells having a more complex geometry in their unstrained
state, however, develop an inherent resistance to bending
from the geometric coupling of the soft bending mode to
the stiffer stretching one [19,20], as a consequence of
Gauss’s theorema egregium, which relates changes in
Gaussian curvature to stretching of the surface. Recently,
an analysis of curved shell indentation by Vaziri and
Mahadevan [21] of the response to static locally imposed
forces has shown that the linear response of the deforma-
tion field depends qualitatively on the sign of the Gaussian
curvature.

Motivated by this analysis, we examine in this Letter the
propagation of flexural waves in shallow shells of constant
curvature. We show that there is a useful analogy between
this problem and the more familiar analysis of the propa-
gation of light with the local curvature playing the role of
the index of refraction. We derive an analog of Snell’s law
for refraction between two interfaces with differing optical
properties; in our case, the material is identical across the

interface, but only the local geometry changes. We find that
curved shells are generically birefringent and may exhibit
total internal reflection. Additionally, waves within regions
of negative curvature propagate primarily along certain
directions, and interfaces separating positive and negative
Gaussian curvature regions lead generically to a range of
incident angles that exhibit total internal reflection. The
combination of these two effects indicates that curved
elastic manifolds may act as barriers causally disconnect-
ing regions of differing Gaussian curvature, leading to
anomalously slow phonon equilibration, with potential
implications for the statistical mechanics of such surfaces.
Even with a linear constitutive relation for the material’s

elasticity, the equations governing elasticity of thin sur-
faces are nonlinear due to geometry. For certain cases,
however, they may be linearized and useful expressions
coaxed from the more general ones. The energy functional
that describes a thin, elastic shell is given by F ¼R
SðN��E�� þM��K��Þ, where E�� and K�� are the

deformation tensors associated with strain and bending
of a surface, respectively. A linearly elastic material
allows us to write the local stress tensor as N�� ¼
Yh½ð1� �ÞE�� þ �E�

�� and the bending moment tensor

as M�� ¼ �½ð1� �ÞK�� þ �K�
��; these linear functionals

of the curvature and deformation tensors of the surface
introduce Young’s Y and bending � moduli, the shell
thickness h, and Poisson ratio �. The details are standard
and can be found in Refs. [22,23].
The Euler-Lagrange equations that result from this

expression are nonlinear in both geometry and deforma-
tion. In only a few situations are there known analytic
solutions that take into account the nonlinearities of geo-
metric origin [24,25]. Conversely, by considering a flat
shell but retaining the nonlinearities in the deformation
state, one arrives at the Föppl–von Kármán equations,
which are notoriously difficult to solve [26]. We will
consider the intermediate asymptotic limit of the
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Donnell-Mushtari-Vlasov equations [21,22], where non-
linearities in the deformation field are neglected but
stresses introduced by leading order curvature terms are
retained. In this case the deformation tensors may be
written in terms of the in-plane displacements v�, the
normal displacement � , and the curvature tensor of the
undeformed shell d�� as

K�� � D�D��; (1)

E�� � 1

2
ðD�v� þD�v�Þ � d���; (2)

with D� the covariant derivative on the surface. These
approximations neglect terms higher order than Oðd��Þ
in the stress. This results in neglecting terms of the form

d��d
�
�M

�� and D�ðd��M��Þ in the force balance, substan-

tially simplifying the analysis. In the absence of d��, these

deformation tensors reduce to the flat case and the equa-
tions of plate elasticity are recovered. In anticipation of
examining a ‘‘shallow’’ shell, we assume that the spatial
extent of the deformations is small compared to the shell’s
radii of curvature, so we may replace covariant derivatives
by partial derivatives: D� ! @�. In the same limit we may
simplify the in-plane stresses by introducing the Airy stress
function �, defined by N�� ¼ ��	��
@	@
� (��� is the

2D alternating tensor). We are immediately led to the
following equations of undulatory dynamics (in vacuum)
and compatibility of the surface [22]:

�r4� �L½�� ¼ ��h
@2�

@t2
; (3)

1

Yh
r4�þL½�� ¼ 0; (4)

where � is the shell’s mass density. The linear operator
L ¼ ��	��
d��@	@
 is a measure of the incompatibility

of the surface with the flat space solution [27] and couples
bending and stretching through the local curvature.
In analogy to the standard development of Snell’s law, in

which one considers the propagation of light across an
interface separating two regions with differing but spatially
uniform dielectric constants, we consider flexural waves
propagating from one region of constant curvature to an-
other—see Fig. 1(a). A continuously varying local geome-
try may later be accounted for by a succession of such
interfaces between regions of constant curvature. A flexu-
ral wave propagates through one region, with a given
(possibly anisotropic) dispersion relation, impinges upon
a region of differing geometry, and must conserve momen-
tum at the interface due to translational invariance; hence,
momentum conservation requires refraction [28]. Unlike in
classical optics, where any two dielectric constants may, in
principle, be in contact, the continuity of the surface and its
local slopes forces the principal curvature along the inter-
face to remain constant. Consequently, there are only four
possible combinations of curvature mismatch allowed at an
interface—see Fig. 1(b). In all cases, we choose a coordi-
nate system aligned with the principal axes of curvature; it
will be useful to further parameterize their geometry by
defining � ¼ Rx=Ry to be the ratio of these principal

curvatures.
To examine the dispersion relation for traveling plane

waves in regions of constant geometry, we look for

solutions of Eqs. (3) and (4) of the form �ðx; tÞ ¼
eiq�x�i!t�̂ðq; !Þ, �ðx; tÞ ¼ eiq�x�i!t�̂ðq; !Þ, obtaining a
dispersion relation !ðqÞ as the solution to [29,30]

�h!2 ¼ �q4 þ Yh

q4
L2

q; (5)

L q ¼
q2y
Rx

þ q2x
Ry

; (6)

From this solution we determine the group velocity vg ¼
@!=@q of flexural waves to be

!ðqÞ@!
@q

¼2q3q̂þð1��Þsin2�
q

ðsin2�þ�cos2�Þq̂?; (7)

where � is the angle between q and the x axis, and we have
nondimensionalized times and lengths by ! ! !=!R and
q ! q‘, where !2

R ¼ Y=ðR2
x�Þ is the radial ‘‘ringing fre-

quency’’ of a cylinder of radius Rx, and ‘
4 ¼ �R2

x=Yh. For
q‘ � 1 the shell can be considered in the ‘‘membrane’’
limit, where bending terms can be completely neglected.
For q‘ � 1 the shell is essentially flat. Our analysis
focuses on q‘� 1. The first term in Eq. (7) reproduces
the usual flexural wave dispersion relation for thin plates

(a) (b)

FIG. 1 (color online). (a) Schematic of flexural waves refract-
ing upon passage from one region of curvature to another,
separated by the black line. Two refracted waves are produced
in the birefringent (cylindrical) region on the right.
(b) Prototypical interface types for traveling flexural waves on
curved surfaces. Along the interface, kinematic constraints re-
quire the curvature to be continuous, leaving only a small
number of possible choices.
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�h!2 ¼ �q4, while the second term carries momentum
perpendicular to the wave vector and depends on curvature.
The magnitude of the group velocity is also anisotropic as
shown in Fig. 2 for saddle, ellipsoidal, and cylindrical
surfaces.

For a generic anisotropic surface, a flexural ray will
bend with respect to the principal axes. In order to
address this, consider the anisotropic term in Eq. (7):
ð1� �Þ sinð2�Þðsin2�þ �cos2�Þ. Except for a sphere
(� ¼ 1), this term is generally nonvanishing, so that the
group and phase velocities are not collinear, unless the
waves propagate along the principal curvature directions
�� ¼ 0, 
=2. When not along one of these special direc-
tions where they do not bend, rays bend towards the
direction of smallest curvature for �> 0 [31]. For �<0,
there is a new special direction �� ¼ tan�1

ffiffiffiffiffiffiffiffi��
p

: If �<��,
the rays bend towards the x axis; otherwise, they bend
towards the y axis. These results can be understood in
terms of Fermat’s principle [29,31,32].

We now turn to the refraction and reflection at the
boundary between two different geometries. A ray with
wave vector q making an angle of �i with respect to the x
axis is injected into a region with principal curvature ratio
�i and encounters a boundary along the y axis (see Fig. 1)
with a different geometry, parameterized by �t, and wave
number k. Matching the undeformed surface at the bound-
ary requires Ry to be continuous through the interface,

resulting in four allowed configurations—see Fig. 1(b).

We calculate the transmitted angle �t with respect to the
boundary normal—see Fig. 1—in terms of the incident
angle �i by imposing conservation of the momentum tan-
gent to the interface, i.e., jqj sin�i ¼ jkj sin�t, resulting in
the Snell’s law analog

½!2 �Að�i; �iÞ�1=4 sin�i ¼ ½!2 �Að�t; �tÞ�1=4 sin�t;
(8)

whereAð�; �Þ ¼ ð�cos2�þ sin2�Þ2 contains the geomet-
ric information. The simplest forms of these results are for
a plate, cylinder, sphere, and saddle, where A ¼ 0, sin4�,
1, and cos2ð2�Þ, respectively.
Several representative curves of �t as a function of �i are

shown in Fig. 3(a) (for simplicity, we use only � ¼ 0,	1).
The dashed and solid curves show the transmitted ray
angles—two solutions are possible in birefringent cases.
There are no solutions in the gray regions indicating total
internal reflection (TIR). We do not show results for the
sphere-cylinder interface, since we wish to highlight the
effects of anisotropy on birefringence and TIR; these ef-
fects are far more pronounced in the other prototypical
interfaces. Consider as an example the plate-cylinder inter-
face (see Supplemental Material [33] for numerical tests of
this case), where the incident region hasA ¼ 0, while the
cylindrical region has Að0; �tÞ ¼ sin4�t. Because the cy-
lindrical region has an anisotropic dispersion relation, the
phase velocity can be multivalued, and, in order to

(b)(a) (c)
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1.0 0.5 0.5 1.0
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2

1

1

2

FIG. 2 (color online). Examples of anisotropic flexural wave group velocities for different values of �. Figures show group velocities
on a polar plot, with � measured from the positive x axis. Black symbols show group velocity measurements from finite element
simulations—see Supplemental Material—[33] to be compared to the (solid blue line) predictions of the linearized theory. (a) For
saddles �< 0, the velocity has at least four lobes of maximum speed (compare to the static deformation characteristics in Ref. [21]) as
seen for � ¼ �1, �3 [solid (blue) and dashed (red) lines, respectively], with q ¼ 1. (b) Group velocities at q ¼ 1 for ellipsoidal
surfaces for � ¼ 1 (solid blue line), a sphere, and � ¼ 2 (dashed red line) show smaller variations with direction. (c) Cylinders are
more pathological because � ¼ 0 and the Gaussian curvature is zero. As a result, the anisotropy depends solely on the wave number:
q ¼ 0:5, 0.75 [solid (blue) and dashed (red) lines, respectively]. This pathology is seen most clearly in the magnitude of disagreement
between the linearized theory and the finite element simulations; see Supplemental Material [33] for more details.
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conserve momentum, it is possible that two rays are trans-
mitted. This birefringence occurs in anisotropic dielectric
media as well and results from the multivaluedness of the
phase velocity in the medium [34]. Interfaces that include
regions of negative Gaussian curvature include bands of
TIR, as opposed to a critical angle above which all the
incident rays are reflected. The solutions of Eq. (8) depend
on both frequency and incident angle. Scanning over the
input parameters, we arrive at the plots shown in Fig. 3(b),
in which regions of single transmitted ray propagation (S),
dual ray propagation (B), and total internal reflection (T)
are shown. For large !, the curvature effects disappear, as
the interface becomes transparent to sufficiently short
wavelengths, except at grazing incidence. It is of particular
interest that in saddle regions most of the energy propa-
gates at particular angles that depend on �; this point taken
in tandem with Snell’s law results indicates that for the
right value of � and ! flexural waves will be trapped
within the negative Gauss curvature regions.

To test these analytic results, we performed finite ele-
ment simulations using ABAQUS (Dassault Systemés) on a
closed shell having boundaries between regions of constant
geometry; see Supplemental Material [33] for simulation
details. The most dramatic results are obtained at bounda-
ries between positive and negative Gaussian curvature.
Consequently, we examine the ‘‘peanut’’ shell in Fig. 4

formed from a catenoidlike region (negative Gauss curva-
ture) with � � �0:5 bounded at the top and bottom by
spherical caps� ¼ 1. The boundaries are shown by (black)
dashed lines. At time t ¼ 0, we apply an oscillatory point
force at the equator of the shell with! � 1 (left) or! � 5
(right). For!� 1 the analytic theory predicts a wide range
of incident angles leading to TIR—see Figs. 3(a) and 3(b),
bottom panel; we see that for short times waves are con-
fined to the saddle region reflected off the top and bottom
boundaries—see Fig. 4(a). Over time, they leak into the
spherical caps due primarily to transmission occurring
at normal incidence, as expected from the theory—see
Fig. 3(b), bottom panel. For ! � 5, the interface is pre-
dicted to be essentially transparent; indeed, the simulation
shows that waves propagate freely across the boundary—
see Fig. 4(b).
We have shown the utility of an analogy to geometric

optics for understanding the dynamics of flexural waves on
surfaces of nontrivial geometry. Curvature acts as the local
index of refraction, and interfaces between positive and
negative Gaussian curvature, in particular, lead to total
internal reflection of waves propagating from the negative
curvature side. This suggests that such boundaries generate
causally disconnected regions on the manifold such that
flexural waves in the two sectors cannot equilibrate, at least
within our linear analysis. The implications for the statis-
tical mechanics of such waves on manifolds of complex
geometry have not been explored. More generally, one may
inquire about the role of localization and enhanced back-
scattering from randomly curved surfaces even without the

(a) (b)

FIG. 4 (color online). Finite element simulations showing total
internal reflection at the boundary of negative and positive
Gaussian curvatures, denoted by the dashed line. (a) For ! �
1, the linear theory predicts a range of incident angles for which
rays exhibit TIR. For this shell, with � � �0:5, the rays propa-
gate preferentially at �� � tan�1ð ffiffiffiffiffiffiffiffi��

p Þ � 35
, which falls
within the predicted band of incident angles for TIR. The shell
does not have a constant curvature, and we use a point force
instead of a plane wave so the wave trapping is temporary. Over
longer times, they leak into the positive Gaussian curvature
region. (b) For ! � 5, the shell is predicted to be essentially
transparent. This too is supported by the simulation.
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FIG. 3 (color online). Transmitted angle as a function of
the incident angle, for ! ¼ 0:5. (a) Representative curves for
Ref�tg as a function of �i. Gray regions represent areas where
Imf�tg � 0, indicating total internal reflection. (b) Single mode
transmission (S), birefringence (B), and total internal reflection
(T) at different frequencies for different geometries (displayed as
insets).
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singular limit of crumpling [35–37]. In addition to such
random shapes, one may be able to use prescribed geome-
tries to redirect flexural waves with a purely geometric
waveguide to ‘‘cloak’’ regions of the membrane, as has
been explored by using anisotropic metamaterials [38].
Nonlinearities ignored here are known, in some cases, to
lead to anomalous elasticity [7,27] and result in dynamical
equations reminiscent of weak turbulence [39]; the role of
geometry in such cases remains to be fully explored.

A. J. L. thanks L. Mahadevan for enjoyable conversa-
tions. The authors acknowledge NSF Grant No. DMR-
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I. SIMULATION DETAILS

We use the commercial finite element software package ABAQUS to simulate the dy-

namics of flexural wave propagation in thin elastic shells. Within this package, the shells’

material properties are defined by specifying its three-dimensional Young’s modulus Y , Pois-

son’s ratio ν, and thickness h. The bending rigidity κ is then derived from these quantities

yielding κ = Y h3/(12
√

1− ν2). Further details can be found in [1, 2]. In addition, one must

specify the mass density of the shell material, but this simply sets the frequency scale for the

oscillatory dynamics and is of little consequence for our analysis. For completeness, however,

the numerical values used are listed below. The numerical solution for the dynamics of the

shell proceeds using a finite element method that is well known. We use quadrilateral shell

elements that span the entire thickness, with 5 integration points across the thickness using

a Simpson quadrature method. Mesh sensitivity tests were performed to ensure that the

results are independent of the element size.

In all of our measurements we apply an oscillatory point force to a single node on the

shell, directed perpendicular to the surface. The magnitude of the force is sufficiently small

that the linear response regime is appropriate for describing the displacement of the shell.

This point is examined numerically by varying the amplitude of the applied force. Velocity

measurements are then taken from sample points defined on nodes away from the point of

force application, and the normal displacement is measured as a function of time.

II. GROUP VELOCITY

We can verify Eq. 7 in the main text by examining the propagation of waves numerically.

To do so, we construct shells of revolution in the form of a cylinder, an ellipsoid, and a

catenoid (see Fig. 1). Locally, each of these surfaces will behave as a shell with β = 0, β > 0,

and β < 0, respectively. The material properties and the frequency of oscillation for the

point force is then chosen to be such that the reduced frequency matches the example group

velocity plots in Fig. 2 of the main text. Since ABAQUS has no intrinsic dimensional units,

we choose the material parameters of the shell in order to select an O(10) ringing frequency,

which also depends on the global geometry. For example, in the cylindrical case we allow the

shell to extend very far in the y-direction (Ly = 20), while setting the radius of curvature in

2



a) b) c)

FIG. 1: Examples of the deformation patterns of various shapes used to compute group velocities.

a) Top panel: Orthographic view of a cylindrical shell with a point force directed normal to the

surface. Bottom panel: Top view of cylindrical shell with deformation pattern used to measure

group velocity (group velocity profile from linearized analysis overlaid for comparison). b) Ellipsoid

with normally directed point force and curvature mismatch β ≈ 2. c) Saddle-shaped shell with nor-

mally directed point force and curvature mismatch β ≈ −3. This example cannot be a closed shell

since a surface with globally negative Gaussian curvature cannot be embedded in three dimensions

without self-intersection. In all the cases the color-coding corresponds to the magnitude of the

normal displacement. The measurements of the group velocity are collected from a quarter-circle

arc (i.e. θ ∈ {0, π/4}) at shell nodes approximately equidistant from the point of force application.

the x-direction Rx = 1. Then by setting Y = 106, ρ = 103, ν = 0.3, and h = 0.1, we obtain

a ringing frequency of ωR ≈ 31.6. To compare with the group velocity plot in the main text

we then require the dimensionless wave vector q = 0.5, which sets ω ≈ 1/4. The length

and frequency scales are all approximate since in our scaling analysis in the main text we

assumed that the curvature is constant, while in a general shell the principal curvatures will

vary in space.

Choosing several representative points on the shells, we measure the group velocity of

wave packets traveling through these sample points and identify the angle of propagation

with respect to the point where the force is applied. Example time series are shown in Fig.

2. The left trace is for θ = 0 on the cylindrical shell, while the right is for θ = π/2. For a

3
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FIG. 2: Plot of several time series for displacement of test nodes. Wave packets travel at the speed

of the group velocity, so that, by making time of flight measurements for the packets, one can

extract the group velocity. The extracted group velocity is, in actuality, averaged over the path

the traveled by the packet during the measurement time ∆t.

point a distance L from the point of force application, we measure a time delay ∆t between

the beginning of force application and the arrival of the resulting wave packet at the point of

interest. This allows us to measure an approximate group velocity vG ≈ L/∆t for waves at

each point on the shell. In Fig. 2, we show representative examples of wave packets passing a

fixed point on the shell. Comparing the measurements for the group velocity to our analytical

predictions in Fig. 2 of the main text, we see that the numerical results are quantitatively

consistent with our predictions. We find the least degree of quantitative agreement for

the case of the cylindrical shell. This can be understood by recalling the approximations

inherent in the shallow shell theory. This theory neglects terms of order O(1/R2) in the

stress tensor, and the inclusion of terms of this order introduce a regularizing “mass” term

into the dispersion relation. The neglect of such higher order terms in the curvature is

one of the simplifications of shallow shell theory, and for surfaces with non-zero Gaussian

curvature its neglect leads to sub dominant corrections. For the special case of cylindrical

shells, which have vanishing Gaussian curvature, this neglected term becomes significant,

leading to observable differences between our theory, based on the shallow shell assumptions,

and the numerical results.

III. BIREFRINGENCE AND TOTAL INTERNAL REFLECTION

As with the group velocity, we measure the propagation of waves as they pass geometric

boundaries. For this we generate the shapes shown schematically in Fig. 1 and Fig. 3a in the
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FIG. 3: Simulated wave propagation in the plate/cylinder interface model. We apply a small

oscillatory point force denoted by the black arrow, and clamp the boundaries of the shell. The

boundaries are far enough from most of the action for this to be a reasonable set of conditions. We

set the reduced frequency ω = 1/2 to observe the same birefringence and total internal reflection

predicted in the main text. Upper left: orthographic view of normal displacement ζ for dimension-

less time t=1.25. Upper right: top view of same snapshot in time. The waves propagating into

the cylinder are clearly truncated at a specific angle, denoted here as θt2, and measurement of this

angle yields a value of π/4, the exact angle predicted for one of the birefringent modes (see figure

3a of main text).

main text (i.e. the plate/cylinder interface), and then apply an oscillatory point force normal

to the shell in order to examine the presence of birefringence and total internal reflection.

As before, sample points are placed at representative points of the shell to measure the

dominant propagation angle.

For this case we verify that at the appropriate reduced frequency ω and the approximate

values of β, birefringence and total internal reflection occur in the same parameter range

as predicted by the theory. An example is found in the deformation pattern shown in Fig.

3. Here we choose Y = 106,ρ = 103,h = 0.1 and the radius of curvature of the cylindrical

section is Rx = 1. We then simulate the dynamics of the deformation, and the angle of the

transmitted ray is clearly determined from the above figure; the presence of total internal

reflection is demonstrated by the lack of any propagation at shallower angles. These results

are both in agreement with the linearized theory presented in the main text showing that

the predictions of refraction and total internal reflection describe well the full dynamics of

5



waves impinging on a boundary between differing curvatures.

We verify the predicted behavior for the other shapes shown in Fig. 3 in the main text as

well. These data are not shown. In Fig. 4 of the main text, we demonstrate more generally

the applicability of these results to more complex curved shells where the constant curvature

assumption is not strictly satisfied.

[1] L. D. Landau and E. M. Lifshitz, Theory of elasticity (Pergamon Press, Oxford, 1986), 3rd ed.

[2] F. I. Niordson, Shell Theory (North-Holland, 1985).
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One Sentence Summary: We introduce, study, and demonstrate a new form of repro-

grammable metamaterial by turning a design obstacle into a design opportunity.

Metamaterials are a class of engineered materials routinely violat-

ing basic assumptions of ordinary matter. While metamaterials are

typically assembled from carefully designed mesoscale units, the

intended bulk-scale functionality can be obscured by unintended

emergent effects driven by non-additive unit-unit interactions. These
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interactions are often sensitive to the number of units and their

overall arrangement, making them extrinsic to the unit-scale de-

sign. Such extrinsic effects lead to unusual circumstances where two

very similar bulk metamaterial structures fabricated from the same

mesoscale unit can have very different properties, which in turn

complicates the development of general-purpose metamaterial tech-

nologies. Here, we reconceptualize bulk-scale extrinsic properties as

a design opportunity, and repurpose them to construct a new class

of exponentially reconfigurable origami- and kirigami-inspired meta-

materials. We illustrate the use of extrinsic properties to design a

variety of passive mechanical devices including a reconfigurable fre-

quency filter, as well as a single structure that transforms between

a waveguide, a wave lens, and a wave cloak. Bench-top experiments

validate the core concepts of this framework and show how extrinsic

effects can be useful even when they arise unintentionally.

Mechanical metamaterials are a class of materials designed with a wide range of exotic

responses to external forces (1–19). They are often lighter, have fewer moving parts than

an equivalent simple machine, and can exhibit functionality through passive power con-

sumption. Typically, metamaterials are built by modularly assembling smaller mesoscale

units with the use of geometry to control mechanical function. Whether through origami-

like folding sheets (1, 3, 4, 14, 15, 18–22) or selective removal of material (4, 6, 8, 23–25),

the geometry of each module is the principle driver of exotic bulk-scale mechanical phe-

nomena. This aspect of metamaterial design is attractive because it encodes bulk-scale

response functions into properties that are intrinsic to individual modules. However, un-

intended factors extrinsic to individual units, such as unit-unit interactions, can arise and

obscure the intended unit-scale design. These extrinsic effects are often structure-specific,

driven by self-interactions, and can depend on shape, size, orientation, dimensionality,
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and topology of the bulk material (2, 4–7, 14, 18, 19, 25). This sensitivity to bulk-scale

details makes extrinsic properties difficult to predict, prescribe, or plan when designing

mesoscale units, and therefore they present a critical obstacle to general-purpose metama-

terial technologies. We therefore need a strategy that short-circuits the challenges of these

unintended effects while still allowing for a wide range of useful mechanical behavior.

To this end, we introduce a general-purpose platform for constructing metamaterial

devices. In essence, we replace the infinite design space of continuous geometric parame-

ters (18, 26–30) with a finite design space of N tessellated units that have ∼ 4N discrete

configurations (6, 17, 31). This design strategy allows us to choose metamaterial prop-

erties by selecting a specific configuration while holding the bulk material’s shape, size,

orientation, dimensionality, and topology constant. Thus, rather than eliminating extrin-

sic phenomena, their contributions are incorporated into an exponentially large menu of

possibilities that can be selectively chosen from when configuring the metamaterial.

Our approach is best explained by first introducing a mesoscale unit, which is com-

prised of a thin foldable material bonded at the edges (Fig. 1A-C) (SM). The unit’s de-

sign was created using origami and kirigami techniques previously developed for modular

metamaterial construction (22). To the best of our knowledge, it has not been previously

studied. This unit has two symmetric flanges that actuate using weakly-coupled degrees

of freedom (Fig. 1C, θ1 and θ2; θ1 is the dihedral angle of facets BCFG and BCF’G’; θ2 de-

fined similarly) (SM). Each flange has two extreme states resulting in four configurations:

both flanges up (Fig. 1C, configuration [1,1], black square), both down (Fig. 1C, configu-

ration [0,0], black triangle), and a symmetric pair of configurations with one up and one

down (Fig. 1C, [0,1] and [1,0], black diamond and circle). Following convention, we model

folding creases as linear torsional hinges and computed the energetics of geometrically-

allowed configurations assuming ideal rigid facets (Fig. 1D, black diagonal lines θ2 = θ1

and θ2 = 360◦ − θ1). These crease-only deformations are embedded in a larger energetic

landscape where the facet material elastically bends (Fig. 1D, color plots elastic potential
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energy from folding and bending) (see derivations in SM) (3,14,15,18,20,21). Whether or

not bending is permitted, an isolated unit is intrinsically tristable with a strong energetic

minimum for the [1,1] configuration, weak energetic minima for the [0,1] and [1,0] config-

urations, and no minimum corresponding to the [0,0] configuration (Fig. 1E). However,

when the unit is embedded in a 3× 3 tessellation, we find an altered energetic landscape

where all four configurations now have local energetic minima (Fig. 1F and G, perime-

ter units held in [1,1] while central unit configuration varies). Thus, extrinsic unit-unit

interactions lead to a new stable state with popping transitions between its various con-

figurations (SM). Moreover, a vibrational analysis using Finite Element Method (FEM)

simulations shows the band structure resulting from this extrinsic multistability has a gap

around 2.9 kHz in the ΓX direction that can be reversibly opened or closed depending on

whether the unit is in [1,1] or [0,0] (Fig. 1H, red and blue lines; band gap highlighted by

gray rectangle) (see SM for details on FEM of paper-like materials in this geometry with

different moduli) (10–12,16,17,32). Integrating the band structure shows the Density of

States (DOS) exhibits a high degree of sensitivity to the module’s configuration (Fig. 1I,

red and blue lines). Because these vibrational properties are so strongly configuration-

specific, the extrinsic interactions of Popping and Emergently-Reprogrammable Meta-

material TEssellations (PERMuTE) provide an avenue to exponentially reconfigurable

functionality.

Examining the properties of a 1 × 3 PERMuTE material helps illuminate its poten-

tial as a platform for general-purpose reconfigurable metamaterials. Again using FEM,

we input a time-dependent force generated by 11 equally-spaced frequencies, F (t) =

F0

15∑
κ=5

sin[2π(κ·100)t] (Fig. 2A) (SM). When the PERMuTE material is in the [0,0][0,0][0,0]

configuration (Fig. 2B, top), we find it functionally behaves as a vibrational filter (Fig. 2C,

top) that supresses 10 of the 11 input frequencies (Fig. 2D, top). We then reconfigure the

PERMuTE material to [0,0][1,1][0,0] (Fig. 2B, middle) by popping its middle unit, and find

it now transmits a more complex waveform (Fig. 2C, middle) with two well-pronounced
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frequencies mixed with low-amplitude side-band contributions (Fig. 2D, middle). Pop-

ping another unit (Fig. 2B, bottom) of the same PERMuTE structure to generate the

[1,1][1,1][0,0] configuration then leads to another new output waveform (Fig. 2C, bottom)

that again consists of two well-pronounced frequencies (Fig. 2D, bottom). However, in this

third configuration, the output frequency composition has substantially changed relative

to the previous two settings. With only 3 of the 43 = 64 configurations examined (SM),

these results already illustrate how extrinsic factors producing the PERMuTE material’s

band structure and multistability lead to configuration- and frequency-specific filtering.

Noting extrinsic properties are sensitive to the number of modules and their macroscopic

assembly, we recognize the specific band structure for this 1×3 tessellation is distinct from

that of an isolated unit or another size structure. We therefore expect a 2D PERMuTE

material to have similar functional properties, but with a new degree of design freedom.

Using similar methods, we analyzed vibrational properties of a 9×9 PERMuTE mate-

rial to determine what types of devices reside within the configurations of this structure.

Of the 481 possibilities available (SM), we focus here on three. For the first device, we

popped a “+” shape of units to [1,1] and set the remainder to [0,0] (Fig. 3A, top). This

pattern was chosen to produce a 1-input/3-output waveguide that we tested by oscillating

the input edge unit at various frequencies f (Fig. 3A, bottom; orange unit) while mea-

suring the response amplitude throughout the structure (Fig. 3A, bottom; red heatmap).

Defining the response signal efficiency η(f) as the average output amplitude (Fig. 3A,

bottom; green units) divided by the average perimeter amplitude (Fig. 3A, bottom; black

units), we find η(f) can be quite large (Fig. 3A, bottom; η(1, 007 Hz) ≈ 14). These large

efficiencies arise when input oscillations excite the specific configuration’s band structure

resonances. For the second device, we reset all units to [0,0] and then popped a triangular

shaped region into [1,1] (Fig. 3B, top). This reconfiguration programmed the PERMuTE

material to function as a vibrational wave lens that focuses a distributed line of input

oscillation (Fig. 3B, bottom; orange units) onto a single output unit (Fig. 3B, bottom;
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green unit). Again sweeping frequency while measuring the response signal efficiency, we

found a range of functional values where η(f) > 1 (Fig. 3B, bottom; η(658 Hz) ≈ 4). For

the third device, we reset the configuration to an annulus of [0,0] units with the goal of

creating an interior wave cloaking region isolated from vibrations (Fig. 3C, top; central

region is targeted for vibration isolation). Measuring η(f), we found values generally

< 1 with the best performance leading to ≈ 80% vibration suppression (Fig. 3C, bottom;

η(89.9 Hz) ≈ 0.2). In this type of cloaking device, resonant modes are confined to the

edge and prevented from propagating through the annulus. While the functional range of

frequencies for these three devices vary, the basic unit’s geometry remains the same. In

real-world applications, the fabrication material can be tailored to optimally prescribe the

resonances affecting η(f) (SM). As such, the demonstration of a waveguide, wave lens,

and wave cloak all reversibly programmed from a single PERMuTE material highlight its

potential as a general-purpose metamaterial platform.

In light of the insights gained by FEM studies (Figs. 1-3), we fabricated PERMuTE

devices from lasercut cardstock and tested the mechanical properties in bench-top experi-

ments. We first verified an isolated unit is intrinsically tristable (Movie S1), whereas units

in a 3× 3 tessellation are quadstable (Movie S2). We then verified the mechanical prop-

erties were dependent on extrinsic interactions with a longitudinal force-displacement

measurement of the central unit (Fig. 4A, photos) that showed sensitivity to the con-

figuration of adjacent units (Fig. 4A, dark and light green data). We also found the

extrinsic multistability separating [0,0] from [1,1] vanished from this force-displacement

experiment when testing an isolated unit (Fig. 4A, gray data). Additional transverse

compression measurements of a single unit in the [0,0], [0,1], [1,0], and [1,1] configurations

verified the predicted symmetry between [0, 1] and [1, 0] (Figs. 1E and 4B). The same

transverse compression on a 3 × 3 tessellation with varying number of units in the [0,0]

configuration (Fig. 4C) (SM) showed the zero-frequency mechanical properties could be

easily and reversibly programmed due to extrinsic multistability.
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Moving to finite-frequency measurements, we tested a 3 × 3 PERMuTE structure to

verify the anticipated functionality of extrinsic properties. Performing a frequency sweep

on the tessellation in five distinct configurations showed resonant peaks that shifted up-

and-down while maintaining a near-constant central frequency (Fig. 4D, peaks marked

P1, P2, and P3) (SM). These measurements demonstrate a range of extrinsic behavior

depending on how many units were set to [0,0], with P3 vanishing in one configuration,

while P2 jumped 5-fold between its extremes. At higher frequencies, we also found that

varying configurations caused resonance peaks to discretely shift by ∆f1 = (9±1) Hz and

∆f2 = −(9±1) Hz (Fig. 4E). Interestingly, this shift groups configurations so that 0, 1, and

3 units in [0,0] have indistinguishable resonance peaks (Fig. 4E, gray, orange, tan lines),

while configurations with 7 and 9 units in [0,0] are almost identically shifted (Fig. 4E,

purple, black lines). On one hand, these configuration-specific shifts experimentally realize

a frequency-filtering metamaterial (Fig. 2D). On the other hand, the reversible generation,

enhancement, and alteration of resonance peaks (combined results of Fig. 4D and E) are

the critical ingredients necessary for constructing the waveguide, wave lens, and wave

cloak devices (Fig. 3). Even though these physical experiments only explored 5 of the 49 =

262, 144 possible configurations over a limited frequency range, the experimental evidence

validates the existence of extrinsic properties and demonstrates how their realization is

practically implemented with PERMuTE.

The design strategy underlying PERMuTE metamaterials neither eliminates unin-

tended extrinsic effects nor predicts their emergence. Instead, we repurpose them into

a menu of properties for device functionality. In real-world scenarios, this involves (i)

choosing a bulk macroscopic assemblage of units, (ii) pre-computing the response func-

tions over a range of frequencies, then (iii) selecting and optimizing the configuration

for a given application. These steps contrast with current methodology for metamaterial

design, which involves fixing gradients in unit geometry to statically program bulk-scale

properties (5, 6, 8, 14, 15, 18). These steps underscore the fact that band structure will
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generally be unique to the tessellation and its configuration; a partial 2.9 kHz gap in an

infinite tessellation (Fig. 1H) may not necessarily appear in a 1 × 3 or 9 × 9 tessellation

(Figs. 2 and 3), making structure-specific response both the reality and challenge of ex-

trinsic metamaterial properties. Nevertheless, whether designing a multipurpose platform

or a single-use structure, the extrinsic design strategy used here further accelerates the

predictability, flexibility, and programmability of metamaterial technology toward high-

impact commercial applications.
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Figure 1: Design of a mechanical metamaterial unit with extrinsic properties. (A) Ge-
ometry and folding pattern of a half-unit. Red and blue lines denote mountain and valley
folding creases, respectively. Edge CD joins with C ′D′. (B) Half-unit assembled. (C)
Two half-units join along edges HI and H ′I ′ to create a full unit. Two DOFs (θ1 and θ2)
quantify whether flanges are up (pink) or down (purple). Four distinct configurations are
denoted by [0,0] (s), [0,1] (u), [1,0] (l), and [1,1] (n). Dihedral angle φ along V AV ′ is
used for measuring transverse compression. (D) Energetics of deformation in the (θ1, θ2)
configuration space. Diagonal lines are accessible strictly by crease deformations. Off-
diagonal region is accessible by bending along GV and G′V ′. (E) Energetics of crease
deformation (diagonal lines from (D)) show the basic unit (inset) is tristable with the
[1,0] and [0,1] configurations being identical curves. |∆θ1| = |θ1 − 180◦| measures defor-
mations away from the degenerate point (H). (F) Energetics of the same unit embedded
in a 3× 3 tessellation are rather different. (G) On inspection, the embedded unit (inset)
is now quadstable due to extrinsic unit-unit interactions. (H) Frequency-dependent band
structure is sensitive to the unit’s configuration. A band gap in the [1,1] configuration
(highlighted gray) vanishes in the [0,0] configuration. (I) DOS shows configuration-specific
vibration transmission properties.
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Figure 2: Combining units into a 1 × 3 PERMuTE material produces a frequency filter
with dynamically reprogrammable transmission properties. (A) Input force F (t) (upper
plot; time-domain) generated by a 11-component frequency comb (lower plot; frequency-
domain). (B) Three metamaterial devices are sequentially programmed into the structure
by popping individual mesoscale units into the [0,0] or [1,1] configurations. Input force
was applied at ∗ and output was measured at ∗∗. (C) Time-domain output signal during
steady oscillation shows all three devices function as frequency filters with distinct trans-
mission properties. The ratio of output amplitude to input amplitude is about 0.11 mm
/ 0.14 mm ≈ 0.79. (D) Frequency-domain output signal shows transmission profile for
each device.
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Figure 3: Combining units into a 9× 9 PERMuTE material produces a general-purpose
platform for designing mechanical metamaterial devices. (A) Waveguide device transmits
input oscillations along the “+” shaped channel (pink [1,1] units), but nowhere else (purple
[0,0] units). (B) Wave lens device transmits input oscillations along a line of input units
(left-most triangular edge of pink [1,1] units), and focuses oscillations to a single point
on the opposite side of the device (right-most tip of triangle). (C) Wave cloak device
insulates central 3× 3 region (pink [1,1] units) from input oscillations on the outer edge
(pink [1,1] units) with a doughnut of non-transmitting units (purple [0,0] units). Upper:
3D renderings of each device. Lower: frequency-dependent response efficiency η(f) for
each device. Arrows point to optimal frequency, f ∗. Left inset: schematic showing where
signal was input (orange), target output was measured (green), and reference output for
calculating η was measured (black); η is average maximum-amplitude at green divided
by average maximum-amplitude at black. Right inset: heatmap of normalized oscillation
amplitudes at f = f ∗.
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Figure 4: Experiments validate PERMuTE as a general-purpose design platform for meta-
material technology. (A) Comparing longitudinal force-displacement measurements of a
3 × 3 PERMuTE material with the central unit popped from [1,1] (dark green line) to
[0,0] (light green line) shows sensitivity to the configuration of adjacent units. Compari-
son with a single isolated PERMuTE unit (gray line) shows no bistability. This data is
direct evidence of extrinsic behavior. Schematic shows configuration of each flange; pho-
tos show loading orientation and differences in the equilibrium folding angle φ that result
from the programmed PERMuTE configuration. (B) Transverse compression measure-
ments of a single unit verifies symmetry with respect to the [0,1] and [1,0] configurations.
Solid lines are theoretical fits. (C) Transverse compression measurements of a 3 × 3
PERMuTE material demonstrates the force response F (φ) can be dynamically repro-
grammed by changing configuration of individual units. Data ranges between 0 (red) and
9 (black) units popped in the [0,0] configuration. Data for 4.5 units corresponds to 9
popped flanges. (D) Frequency-domain response of a 3×3 PERMuTE material with zero
units in [0,0] (gray line) has two resonance peaks P1 and P3, and a plateau at P2 (gray
points). Additional points show how peaks at P1, P2, and P3 rise-and-fall when between
1 (orange) and 9 (black) units are popped into the [0,0] configuration. Horizontal lines
indicate full-width-at-half-height for each peak. (E) Frequency-domain response of the
same structure also show resonance peaks shift in a configuration-dependent manner.
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Supplementary Materials

Supplementary Movies

• Movie S1 - Intrinsic tristability of a single PERMuTE unit

• Movie S2 - Extrinsic quadstability of a 3× 3 PERMuTE bulk material

PERMuTE unit design and geometry

The basic PERMuTE unit (Fig. 1A-C) is a planar geometric shape cut from a thin

foldable material and assembled according to the crease pattern with edge CD joined

to C ′D′. As designed, this modular unit has five parameters consisting of three lengths

`m ≡ BC = BC ′ = GF = G′F ′, `n ≡ CD = C ′D′ = HI = H ′I ′, `q ≡ AH = AH ′, and

two angles α, γ (Fig. 1A). Throughout all of our modeling and experiments, we set

{`m, `n, `q, α, γ} = {15 mm, 17.5 mm, 50 mm, 70◦, 50◦}. (S1)

Additionally, we utilize (θ1, θ2) as the two “weakly-coupled Degrees of Freedom (DOF)”

to describe each unit’s configuration. To be precise, the PERMuTE geometry has two

uncoupled linearly-independent DOF:

Θ1 = (θ1 − θ2)/
√

2, and

Θ2 = (θ1 + θ2)/
√

2. (S2)

The easiest way to show these relations is to perform a coordinate transformation on

(θ1, θ2) and rotate the plane by 45◦. Practically, the convenience offered by (θ1, θ2) is

to express a formulation that matches our hands-on intuition for the PERMuTE unit’s

physical behavior, especially regarding the motion of the flanges. Mathematically, this

convenience means we use variables that are linearly coupled to one another according

to Eqs. S2. If we insert the contours defined by θ1 = θ2 and θ2 = 360◦ − θ1 into the

expressions for Θ1 and Θ2 we indeed confirm (Θ1,Θ2) forms an orthogonal basis. Of

course, these geometric relations for the DOF become more complicated when material
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bending is introduced. This complication leads to a situation where the practical benefits

and conceptual conveniences of (θ1, θ2) ultimately outweigh the geometric idealization of

(Θ1,Θ2).

PERMuTE unit mechanics

The PERMuTE geometry was introduced by first discussing a one DOF half-unit (Fig. 1A-

B), then combining two identical half-units to create the basic 2 DOF unit (Fig. 1C). To

understand the mechanical properties of this structure, we first consider the crease energy

of a half-unit Uhalf(θ), where θ is the angular DOF for the crease BC. Noting the half-unit

has one crease with length BC = `m, one crease with length CD = `n, one crease with

length AB = `n + (`q/2) cotα, and four creases with length BG = CF = BG′ = C ′F ′ =

`q/(2 sinα), we express the crease energy as

Uhalf(θ) =
kc
2

[(
2`n +

`q
2

cotα

)(
φ(θ)− φ0

)2
+

(
2`q

sinα

(
ζ(θ)− ζ0

)2)]
, (S3)

where linear torsional elasticity with crease constant kc is assumed, φ(θ) measures the

angle of the PERMuTE’s base (Fig. 1C), ζ(θ) measures the angle between facets BCGF

and ABGV , and energy minima for each term is set by the constant angles φ0 and

ζ0. Based on observations with experimental prototypes, we fixed the equilibrium angle

constants such that φ0 = 60◦ and ζ0 = 120◦ for a simple crease without constraints. In

addition, we define φ(θ) and ζ(θ) according to

sin
φ(θ)

2
=

[
sin γ

sinα

]
sin

θ

2
, (S4)

and

cos ζ(θ) =
cos ξ(θ)− cosα cos γ

sinα sin γ
, (S5)

where

ξ(θ) =


arcsin

[
sinα cos(φ/2)√

cos2 α+sin2 α cos2(φ/2)

]
+ arcsin

[
sin γ cos(θ/2)

cos2 γ+sin2 γ cos2(θ/2)

]
, π

2
≥ α > γ,

π − arcsin

[
sinα cos(φ/2)√

cos2 α+sin2 α cos2(φ/2)

]
+ arcsin

[
sin γ cos(θ/2)

cos2 γ+sin2 γ cos2(θ/2)

]
, α > π

2
> γ.

(S6)
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Here, ξ is the angle between BC and CD.

Combining two half-units creates a single unit described by a 2 DOF energy function

that incorporates the additional crease energy from the edges where the two half-units

are joined

U(θ1, θ2) = Uhalf(θ1) + Uhalf(θ2) + kc`n
(
(π − φ)− (π − φ0)

)2
. (S7)

The third term in Eq. (S7) couples the two DOF by requiring φ(θ1) = φ(θ2). This

constraint permits two solutions consistent with the definition in Eq. (S4); either θ2 = θ1

or θ2 = 360◦−θ1. Therefore, a crease-only energy model for the basic PERMuTE unit has

an accessible configuration space with four branches (Fig. 1D, black lines; Fig. 1E, energy

curves) radiating from one degenerate point at (θ1, θ2) = (180◦, 180◦), which is where

the solutions of φ(θ1) = φ(θ2) cross. Once assembled, the PERMuTE geometry imposes

constraints that drive the angles φ and ζ away from their rest values. In the absence

of external loads, these pre-stresses leave a residual energy in the system ≈ 0.29kc at

its lowest value (Fig. 1E, lowest point on [1,1] branch (n)). Geometrically, this energetic

minima corresponds to φ = 75.3◦ and ζ = 129◦, which produces a symmetric configuration

(θ1, θ2) = (97.0◦, 97.0◦). For the tessellated 3 × 3 PERMuTE structure (Fig. 1G, lowest

point on [1,1] branch (n)), the residual energy is ≈ 0.56kc with φ = 64.0◦, ζ = 139◦, and

(θ1, θ2) = (81.1◦, 81.1◦).

The idealized energetic model considered thus far is based on linearly elastic mechanics

of creases and geometric constraints of the PERMuTE design. Real materials, however,

tend to have bending of material in the planar facets, and physical prototypes suggest

the vast majority of this bending occurs along GV and G′V ′ (Fig. 1B), significantly

complicating the coupling between two half-units. The total energy of a single unit with

bending is given by

Ufull(θ1, θ2) = Uhalf(θ1) + Uhalf(θ2) + Ubend(θ1, θ2), (S8)
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where

Ubend(θ1, θ2) = kb`n
(
φν1 − π

)2
+ kb`n

(
φν2 − π

)2
+ kc`n

(
ψ(θ1, θ2)− (π − φ0)

)2
, and

ψ(θ1, θ2) = 3π − φ1(θ1) + φ2(θ2)

2
− φν1 − φν2 . (S9)

Here, the angle variables φν1 and φν2 quantify bending at the base of the PERMuTE unit

(Fig. S1), ψ(θ1, θ2) is a useful auxiliary variable, and the bending energy is modeled as a

linear torsional spring with bending constant kb. When φ1 and φ2 are fixed by θ1 and θ2,

the bending energy is minimized such that ∂φν1Ubend = 0 and ∂φν2Ubend = 0. We therefore

have

φν1 = −−2kcφ0 + kcφ1 + kcφ2 − 2πkb − 4πkc
2(kb + 2kc)

,

φν2 = −−2kcφ0 + kcφ1 + kcφ2 − 2πkb − 4πkc
2(kb + 2kc)

,

(S10)

demonstrating that at the energetic minimum φν1 = φν2 , as expected by symmetry and

equipartition. Moreover, we note lim
kb/kc→∞

φν1 = lim
kb/kc→∞

φν2 = π, which is consistent with

the expectation that an infinitely rigid material would exhibit no bending. Substituting

into the expression for Ubend and simplifying shows

Ubend(θ1, θ2)/kc = 2`n

(
kb
kc

)[
2φ0 − φ1(θ1)− φ2(θ2)

2(2 + kb/kc)

]2
+ `n

(
ψ(θ1, θ2)− (π − φ0)

)2
. (S11)

Bending on the additional two sides of the PERMuTE base are computed analogously

to Eq. (S11) (Fig. S1, mirror-symmetric geometry across the AOA′ line). Moreover, when

PERMuTE units are assembled into a larger lattice with N total units, both the bend-

ing energy in Eq. (S11) and the second term in Eq. (S3) cause adjacent units sharing

common φ1, φ2, φν1 , or φν2 to couple their two (θ1, θ2) DOF. These overlapping variables

between units directly couple the local configuration of each unit’s flanges to the global

configuration of the bulk tessellation. As such, unit-unit coupling at the base of each

PERMuTE unit directly leads to the extrinsic properties of the bulk material. Calcula-

tions illustrating this principle shown in the main text use kb/kc = 1, 000 (Fig. 1D-G).
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Figure S1: Schematic of a PERMuTE unit’s base illustrating key variables when two
half-units are combined. A half-unit consists of the vertices HAH ′ or HA′H ′ (see also
Fig. 1A-B). Observations with hand-fabricated prototypes suggest bending is localized to
the region modeled by the bending angles φν1 and φν2 .

For the 3×3 PERMuTE material, we computed the energetic landscape of (θ1, θ2) for the

central unit while all other units were held in the [1,1] configuration. We repeated this

calculation for different values of kb/kc and found the overall landscape was unchanged

due to the constraints in Eqs. (S10), and the solutions along θ2 = θ1 or θ2 = 360◦ − θ1

were similarly constant. As such, the isolated unit is always tristable while the embedded

unit is quadstable, for sufficiently large kb/kc. This result is expected because the values

of (θ1, θ2) along the lines θ2 = θ1 and θ2 = 360◦ − θ1 do not require bending and are

therefore only determined by the mechanics of creasing.

Band structure calculations (Fig. 1H) were performed in COMSOL 5.1 using the Para-

metric Sweep / Eigenfrequency module applied to a Normal-size free tetrahedral mesh

with the geometry of the PERMuTE unit in the [0, 0] and [1, 1] configurations. We set

φ = 90◦, chose periodic boundary conditions in the xy directions to mimic the effect of a

tessellation, and fixed material properties to mimic card stock paper. Specifically, we set

the Poisson’s ratio ν = 0.3, Young’s modulus Y = 3.64 GPa, mass density ρ = 871 kg/m3,

sheet thickness to 2 mm, `m = 15 mm, `n = 17.5 mm, and `q = 50 mm. From these nu-

merical simulations, we computed the frequency-dependent density of states, DOS(f)

(Fig. 1I). Functionally, DOS(f) is a histogram over k−space; this calculation was per-

formed by binning the number of modes on the dispersion curves with a bin width of
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50 Hz (Fig. 1I, bins centered on f count number of modes in the interval of f ± 25

Hz). Regarding the combined efforts of analytic calculations, FEM simulations, and ex-

periments, we additionally note the energetics of PERMuTE units were calculated with

φ0 = 60◦, which in combination with the overall crease pattern, drives the equilibrium

value of φ = 64◦. These angles closely mimic experimental structures (Fig. 4), where

gravitationally-induced self-compression shifts φ to ≈ 60◦. FEM simulations (Figs. 1-

3) were performed with φ = 90◦ to ensure simple boundary conditions and well-defined

normal directions for input and output oscillatory forcing.

Our main findings in the band structure calculations are (i) the existence of band

gaps, (ii) a band structure that varies with the PERMuTE unit’s configuration, and (iii)

a band gap that opens/closes as the configuration varies. To expand on these results and

verify that they are insensitive to specific parameters, we changed the value of the Young’s

modulus from Y = 3.64 GPa to 1.0 GPa and reran the simulations (Fig. S2). In these new

data we again found configuration-sensitive band gaps and band structure. In fact, across

each frequency range we examined, we found at least one band gap that opened/closed

as the structure went between the [0, 0] and [1, 1] configurations. This finding suggests

the existence of switchable band gaps are quite common in the kHz band, and ultimately

that this phenomenon may be a generic feature of the metamaterial’s design.

PERMuTE bulk configuration counting

A PERMuTE unit has 4 possible configurations denoted [0,0], [0,1], [1,0], and [1,1]

(Fig. 1C). A PERMuTE material consisting of N units then has 4N = 22N possible

configurations. A nuance of this counting is that we retain configurations exhibiting sym-

metries with other configurations. For example, a configuration Ci may be identical to

another structure Cj when rotated by 180◦. We count these structures as being distinct en-

tities despite this symmetry because in real-world applications, PERMuTE materials are

presumably attached or anchored to other components. This anchoring breaks rotational

symmetry and as a result, the rotational equivalence may no longer hold.
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Figure S2: Additional band structure calculations demonstrate the generic nature of pro-
grammable band gaps in PERMuTE materials. Each of the four plots show dispersion
relations across various frequency ranges in the kHz band for a unit in the [0, 0] configu-
ration (red) and the [1, 1] configuration (blue). Orientation of modes is same as in main
text (Fig. 1H, inset).
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PERMuTE frequency filter mechanics

Vibrational dynamics for the 1 × 3 PERMuTE material (Figs. 2 and S3) were calcu-

lated in COMSOL 5.1 using a Normal-size free tetrahedral mesh with the geometry of

each PERMuTE unit in variable configurations. We set φ = 90◦, chose free boundary

conditions to mimic the effect an applied force to an unconstrained structure, and fixed

material properties to mimic card stock paper. Specifically, we set the Poisson’s ratio

ν = 0.3, Young’s modulus Y = 3.64 GPa, mass density ρ = 871 kg/m3, sheet thickness

to 2 mm, `m = 15 mm, `n = 17.5 mm, and `q = 50 mm. Mass dampening was introduced

and set to 100 to avoid unphysical exponentially-growing strains at resonant frequencies.

The initial displacement field and velocity field were all zero. The boundary loading type

for the input was set to “face excitation” (Figs. 2 and S3, input force applied at ∗). We

use a time-dependent solver in COMSOL from 0 to 0.1 s, with a step size of 5 × 10−4 s.

The resulting amplitude is obtained from the “total displacement” value (Figs. 2 and S3,

output measured at ∗∗). While time-dependent transient oscillations appear early on,

they are damped out by t = 0.05 s, and FEM computations produce steady oscillations

for the remainder of the simulation. Thus, in plots we show results from 0.05 ≤ t ≤ 0.10.

PERMuTE 9× 9 bulk mechanics

The PERMuTE 9× 9 material (Figs. 3 and S4) was analyzed in COMSOL 5.1 using the

same setup as the 1× 3 PERMuTE frequency filter. However, the model was computed

in the frequency domain with vibration deformations incorporated.

Experimental prototype fabrication

Prototype PERMuTE structures were fabricated using Strathmore 500 Series 3-ply Bristol

card stock that was laser cut using a PERMuTE design pattern generated in Mathemat-

ica 10.2. To join edges for each unit’s assembly, additional card stock was glued to the

facets so that the crease mechanics were identical to folds elsewhere in the structure. To
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Figure S3: Combining units into a 1× 3 PERMuTE material produces a frequency filter
with dynamically reprogrammable transmission properties. (A) An input time-dependent
force F (t) consisting of an 11-component frequency comb can be converted into a range
of output responses. (B) In addition to the three metamaterial devices shown in the main
text, we show five more devices here that are sequentially programmed into the structure
by popping mesoscale units into [0,0] or [1,1] configurations. (C) Time-domain output
signal during steady oscillation shows all five devices function as frequency filters with
distinct transmission properties. (D) Frequency-domain output signal shows transmission
profile for each device.
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Figure S4: 3D renderings from a top-down view of the 9 × 9 PERMuTE material color-
coded by normalized deformation amplitude. From left-to-right, these deformations arise
at driving frequencies of 1,007 Hz, 658.0 Hz, and 89.90 Hz, corresponding to the natural
resonances of the desired functionalities.

join units into a 3 × 3 tessellation, a long card stock strip was used along the perime-

ter (Fig. S5). The intersection of creases at vertices are often found to be mechanically

complex due to the presence of material stretching. We therefore removed a small cir-

cular domain at each vertex to avoid such effects and allow for a simpler creasing- and

bending-driven set of material properties. Our overall approach is useful for rapidly de-

signing and fabricating prototypes to perform bench-top experiments examining extrinsic

metamaterial properties. However, this approach carries with it draw-backs associated

with the heterogeneous effects from gluing panels and imperfect alignment during assem-

bly. In addition, these fabrication materials have poor long-term durability. As such, the

hand-made approach is likely insufficient for industrial-scale manufacturing.

Experimental compression measurements

In compression measurements, force was applied to various PERMuTE structures at a

constant loading speed of 0.5 mm/s. Longitudinal force-displacement measurements were

performed with the force applied only to the central PERMuTE unit in a 3×3 tessellation

(Fig. 4A). Transverse force-displacement measurements were performed on an isolated

PERMuTE unit (Fig. 4B) as well as a 3×3 structure (Fig. 4C). In transverse-compression

of an isolated PERMuTE unit, the stress-free size of the unit was 49 mm across and
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Figure S5: Photographs of the 3× 3 PERMuTE material provide a top-down view (left)
and a three-quarters perspective view (right). Notice that material has been removed at
vertices to avoid the effects of material stretching.

compression was increased until the unit was 34 mm. In all cases, experiments were

repeated three consecutive times for each configuration and averaged. Error estimates

reported in the main text (Fig. 4A, B, and C) are the minimum and maximum values

across all repeated measurements, demonstrating a high degree of reproducibility in hand-

folded bench-top PERMuTE prototypes. The experimentally accessible range for the

folding angle φ was different between an isolated unit (45◦ ≤ φ ≤ 75◦) and the 3 × 3

tessellation (30◦ ≤ φ ≤ 60◦). When units are combined and inserted into the testing

apparatus, φ decreases under compression from the structure’s own weight. Nevertheless,

in both cases, we were still able to probe ≈ 30◦ in compression.

To supplement measurements reported in the main text, we performed a variety of

additional transverse compression tests to experimentally determine how the number and

pattern of flanges in either the [0] or [1] state affects static compression measurements

(Fig. S6). This notational shift from the full PERMuTE unit to a half-PERMuTE unit

allows us to compactly illustrate and compare a wide variety of patterns by labeling which

flanges are in the [0] configuration and classifying patterns by the number of flanges in that

state. We observed that the number of flanges in a given configuration has up to a 2-fold

effect on the force-displacement measurement, while the specific pattern of flanges seems

to have little effect when the number of flanges in the [0] and [1] states is held constant.

26



Figure S6: Supplemental compression experiments examining a 3 × 3 PERMuTE meta-
material in greater detail. (A) Schematic distinguishing the flanges of each PERMuTE
module’s half-unit (Fig. 1A) illustrated here as triangles. Photograph inset maps triangles
to individual flanges in the larger structure. Transverse loading is applied by a force F
exerted with a constant load speed. (B) Comparing force-displacement curves when a
structure has all 18 flanges in the [0] configuration to its response with none of the flanges
are in the [0] configuration shows a nearly 2-fold increase in the force required to maintain
a given compression. (C) We systematically measure the force-displacement relationship
when two flanges are in the [0] configuration (e.g., a PERMuTE unit set to [0,0]), while
all other flanges are in the [1] configuration (e.g., all other PERMuTE units set to [1,1]).
Each of the nine colored force-displacement curves correspond to the same-color flanges
numbered in the inset set to [0]. For example, the red curve corresponds to the flanges
marked with a red ‘1’ set to the [0] configuration; the orange curve corresponds to the
flanges marked with an orange ‘2’ set to the [0] configuration; etc. (D) We examine five
patterns of six flanges set to [0]. Even though these patterns vary substantially, each
results in a nearly-identical force-displacement curve. Along similar lines, we examined
(E) nine flanges in the [0] configuration and (F) 14 flanges in the [0] configuration. As
before, the specific pattern has little effect on the static force-displacement relationship.

Therefore, these data demonstrate that for static compression the number of flanges in

a given configuration matters far more than the specific pattern. As a consequence,

we can maintain nearly-constant mechanical properties with respect to static loading by

keeping the number of flanges in a given configuration constant, while selectively choosing

a variety of frequency-dependent metamaterial response by varying their spatial pattern.

This finding offers significant new design possibilities for materials that need to maintain

constant moduli but dynamically reprogramable vibrational response.
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Figure S7: Frequency-dependent experiments validate the existence and utility of extrinsic
metamaterial properties. (A) Photograph showing experimental setup. (B) Measured
displacements are Fourier transformed to demonstrate that resonance peaks P1, P2, and
P3 can be turned “on,” “off,” or shifted depending on the configuration of the PERMuTE
structure. This data is direct evidence in support of the simulation results described
in the main text and shows in an experimental prototype the necessary ingredients for
constructing PERMuTE metamaterial devices.

Experimental frequency-sweep measurements

Frequency-dependent mechanical experiments were performed with an Arbitrary Wave-

form Generator (20 MHz function / Agilent 33220A) and vibrator used to apply trans-

verse oscillations to a 3× 3 PERMuTE structure in various configurations (Fig. 4D and

S7). Displacement responses were measured with an IL-065 laser displacement detector

(Fig. S7A, detector measured oscillatory displacements of the “top” transverse surface by

viewing from above). Frequency sweeps from 1 to 100 Hz were performed within 5 s for an

input wave with an amplitude of 0.5 mm so that the full range of displacement was 1 mm.

Displacement measurements were Fourier transformed and the resulting frequency-space

representation demonstrates the reversible removal and generation of resonance peaks

that are determined by the PERMuTE structure’s configuration (Fig. S7B, P1, P2, and

P3).

Expanding on these results, we examined how the number of flanges in the [0] config-

uration and their spatial pattern affect the measurable frequency range in this bench-top

setup (Fig. S8). Similar to the static transverse compression measurements, these data

showed the number of flanges in [0] has a stronger effect than their specific pattern. These

28



Figure S8: Frequency-dependent experiments studying effects of spatial configuration on
mechanical metamaterial properties in a 3 × 3 PERMuTE material. Frequency-space
results on structures with (A) two flanges in the [0] configuration, (B) six flanges in the
[0] configuration, and (C) 14 flanges in the [0] configuration show the number of flanges
in [0] affect the overall response curves, but shows little variation when the number of
flanges in [0] is held constant. Legend convention relating the flange pattern to the colored
curves in each plot is identical to Fig. S6.

experiments were generally limited to configurations with a high degree of symmetry, at

relatively modest frequencies where f ≤ 100 Hz, and the input amplitude was O(10−2)

smaller than the structure’s overall size. While these restrictions on the input oscillations

were required to prevent any irreversible structural damage, the experiments suggest ei-

ther non-linear responses at these low frequencies or higher-frequency input oscillations

are required to detect configuration-specific response.

Model fitting for experimental force-compression data

As a method to test and validate our understanding of the PERMuTE unit’s mechanical

properties, we developed a simple elastic model to compare against the experimental

data. In this model, we take a top-down view of zero-frequency transverse compression

at force F and simplify the structure to a schematic of its base (Fig. S9). We reduce the

full complexity of an isolated PERMuTE unit to three linearly elastic springs that are a

function of the angle φ. The three spring terms correspond to the two flanges and the

unit’s base. If a flange is popped up into the [1] configuration, then its equivalent spring

has a spring constant k∗1 and equilibrium angle φ∗1. If the flange is popped down into
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the [0] configuration, then its equivalent spring has a spring constant k∗2 and equilibrium

angle φ∗2. The base is then accounted for by an equivalent spring with constant k∗3 and

equilibrium angle φ∗3. For small compressions, the initial height of the in-plane geometry

goes from h0 = `q sinφ to `q sin(φ+ δφ) so that the work done is

F · (h0 − h) = F ·
(
`q sinφ− `q sin(φ+ δφ)

)
≈ −F`q cosφ · δφ. (S12)

For a PERMuTE unit in the [0,0] configuration at mechanical equilibrium, Eq.(S12) must

be balanced by an equal and opposite force so that

F[0,0] = −
2k∗2
(
φ− φ∗2

)
+ 2k∗3

(
φ+ φ∗3 − π

)
`q cosφ

. (S13)

Likewise, in the [0,1] and [1,0] configurations, force balance leads to

F[0,1] = F[1,0] = −
k∗1
(
φ− φ∗1

)
+ k∗2

(
φ− φ∗2

)
+ 2k∗3

(
φ+ φ∗3 − π

)
`q cosφ

, (S14)

while the [1,1] configuration has

F[1,1] = −
2k∗1
(
φ− φ∗1

)
+ 2k∗3

(
φ+ φ∗3 − π

)
`q cosφ

. (S15)

With these expressions, we performed a simultaneous fit of all data in all four experimental

force-displacement measurements (Fig. 4B, points) to all four predicted equations by

minimizing the six-parameter error function

ε(k∗1, k
∗
2, k
∗
3, φ

∗
1, φ
∗
2, φ
∗
3) =

n∑
i=1

(
F[0,0](φi)− F exp

[0,0](φi)
)2

+
n∑
i=1

(
F[0,1](φi)− F exp

[0,1](φi)
)2

+

n∑
i=1

(
F[1,0](φi)− F exp

[1,0](φi)
)2

+
n∑
i=1

(
F[1,1](φi)− F exp

[1,1](φi)
)2
.

(S16)

In this expression, we sample the model’s predicted force at each of the 4n measured angles

φi, i = 1 . . . n and compute the squared difference with the experimentally measured

force F exp(φi) at the corresponding configuration. This six-way fit was simultaneously

optimized for 1,948 data points and we found k∗1 = (6.55±0.47) N·mm, k∗2 = (14.77±0.34)
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Figure S9: Top-down view of a PERMuTE unit can be schematized as a parallelogram.
Force-compression experiments apply a force F as shown that deform the unit from h0
by an amount h. The vertices are identically labeled as in the main text (Fig. 1A,B).

N·mm, k∗3 = (4.22 ± 0.13) N·mm, φ∗1 = (0.0058 ± 0.075)◦, φ∗2 = (55.44 ± 0.033)◦, φ∗3 =

(0.0073 ± 0.013)◦, where all error estimates are the 95% confidence interval of the fit.

These values were used to generate plots shown in the main text (Fig. 4B, black lines).

3D PERMuTE Materials

While the main text focused on 1D and 2D PERMuTE structures, an obvious question is

whether there exists a 3D analog. In fact, it is quite easy to construct such structures by

joining two PERMuTE units together: one unit is as-shown in the main text (Fig. 1C),

while the other unit is flipped upside-down. Taking two PERMuTE units in these orien-

tations and joining them at the flanges gives a 3D dumb-bell like shape that is similarly

a 2 DOF structure with four possible configurations. While we do not perform a full me-

chanical anaysis to determine whether this unit is tristable or quadstable, we simply show

that a 3D volume of these double-PERMuTE units gives rise to a metamaterial whose

surface can be dynamically and reversibly reconfigured (Fig. S10). Obviously, many of

the ideas regarding the band structure, band gaps, and PERMuTE device construction

can be extended to the 3D context, though the resulting complexity is a non-trivial jump

beyond what has been considered here.
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Figure S10: A 3D PERMuTE structure has all the same ingredients that give the 1D and
2D PERMuTE structures their interesting metamaterial properties. In addition, it has
the ability to take multiple different surface profiles. This gallery of images shows a single
12×12×10 PERMuTE structure in four configurations with four different “metasurfaces.”
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