ResearchGate

See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/324279275

Modeling of bending-torsion couplings in active-bending structures.
Application to the design of elastic gridshells.

Thesis - December 2017

CITATIONS READS
12 249
1 author:

Lionel du Peloux
f .
‘. Ecole des Ponts ParisTech
20 PUBLICATIONS 194 CITATIONS

SEE PROFILE

Some of the authors of this publication are also working on these related projects:

roject  thinkshell.fr View project

roiect  active bending View project

All content following this page was uploaded by Lionel du Peloux on 12 April 2018.

The user has requested enhancement of the downloaded file.


https://www.researchgate.net/publication/324279275_Modeling_of_bending-torsion_couplings_in_active-bending_structures_Application_to_the_design_of_elastic_gridshells?enrichId=rgreq-0f4f54745a7960fd010a952b49b8bff6-XXX&enrichSource=Y292ZXJQYWdlOzMyNDI3OTI3NTtBUzo2MTQ2MzUyNzUyODg1NzZAMTUyMzU1MTg3NzA4OA%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/324279275_Modeling_of_bending-torsion_couplings_in_active-bending_structures_Application_to_the_design_of_elastic_gridshells?enrichId=rgreq-0f4f54745a7960fd010a952b49b8bff6-XXX&enrichSource=Y292ZXJQYWdlOzMyNDI3OTI3NTtBUzo2MTQ2MzUyNzUyODg1NzZAMTUyMzU1MTg3NzA4OA%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/thinkshellfr?enrichId=rgreq-0f4f54745a7960fd010a952b49b8bff6-XXX&enrichSource=Y292ZXJQYWdlOzMyNDI3OTI3NTtBUzo2MTQ2MzUyNzUyODg1NzZAMTUyMzU1MTg3NzA4OA%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/active-bending?enrichId=rgreq-0f4f54745a7960fd010a952b49b8bff6-XXX&enrichSource=Y292ZXJQYWdlOzMyNDI3OTI3NTtBUzo2MTQ2MzUyNzUyODg1NzZAMTUyMzU1MTg3NzA4OA%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-0f4f54745a7960fd010a952b49b8bff6-XXX&enrichSource=Y292ZXJQYWdlOzMyNDI3OTI3NTtBUzo2MTQ2MzUyNzUyODg1NzZAMTUyMzU1MTg3NzA4OA%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Lionel-Du-Peloux?enrichId=rgreq-0f4f54745a7960fd010a952b49b8bff6-XXX&enrichSource=Y292ZXJQYWdlOzMyNDI3OTI3NTtBUzo2MTQ2MzUyNzUyODg1NzZAMTUyMzU1MTg3NzA4OA%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Lionel-Du-Peloux?enrichId=rgreq-0f4f54745a7960fd010a952b49b8bff6-XXX&enrichSource=Y292ZXJQYWdlOzMyNDI3OTI3NTtBUzo2MTQ2MzUyNzUyODg1NzZAMTUyMzU1MTg3NzA4OA%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Ecole_des_Ponts_ParisTech?enrichId=rgreq-0f4f54745a7960fd010a952b49b8bff6-XXX&enrichSource=Y292ZXJQYWdlOzMyNDI3OTI3NTtBUzo2MTQ2MzUyNzUyODg1NzZAMTUyMzU1MTg3NzA4OA%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Lionel-Du-Peloux?enrichId=rgreq-0f4f54745a7960fd010a952b49b8bff6-XXX&enrichSource=Y292ZXJQYWdlOzMyNDI3OTI3NTtBUzo2MTQ2MzUyNzUyODg1NzZAMTUyMzU1MTg3NzA4OA%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Lionel-Du-Peloux?enrichId=rgreq-0f4f54745a7960fd010a952b49b8bff6-XXX&enrichSource=Y292ZXJQYWdlOzMyNDI3OTI3NTtBUzo2MTQ2MzUyNzUyODg1NzZAMTUyMzU1MTg3NzA4OA%3D%3D&el=1_x_10&_esc=publicationCoverPdf

<

\V

\ X X ‘
=2

Q%A
5
FLASTIC

\ >
N
TN
GRIDSHELL

Lionel du Peloux






Modeling of bending-torsion couplings

in active-bending structures

application to

THE DESIGN OF ELASTIC GRIDSHELLS

lionel du Peloux de Saint Romain

PhD Thesis 2017






I
THESE DE DOCTORAT

Modeling of bending-torsion couplings in active-
bending structures. Application to the design
of elastic gridshells.

Université  Paris-Est
Laboratoire  UMR Navier
Ecole Doctorale  Science, Ingénierie et Environnement

Spécialité  Structures et Matériaux

Auteur Llionel DU PELOUX DE SAINT ROMAIN
Lieu Ecole Nationale des Ponts et Chaussées

Date 20 décembre 2017

Président Bernard MAURIN
Rapporteurs  Sébastien NEUKIRSH
Carlos LAZARO
Examinateurs Alberfo PUGNALE
Jean-Francois CARON
Cyrl DOUTHE
Invité Bernard VAUDEVILLE
Directeur Olivier BAVEREL







“Quia nominor leo.”

A Jacques & Christiane,
Mes grands-parents bien-aimés.












ABSTRACT

An elastic gridshell is a freeform structure, generally doubly curved, but formed out
through the reversible deformation of a regular and initially flat structural grid. Building
curved shapes that may seems to offer the best of both worlds : shell structures are amongst
the most performant mechanically speaking while planar and orthogonal constructions are
much more efficient and economic to produce than curved ones. This ability to “form a
form” efficiently is of peculiar importance in the current context where morphology is a
predominant component of modern architecture, and envelopes appear to be the neuralgic
point for building performances.

The concept was invented by Frei Otto, a German architect and structural engineer who
devoted many years of research to gridshells. In 1975 he designed the Multihalle of
Mannheim, a 7500 m? wooden shell which demonstrated the feasibility of this technol-
ogy and made it famous to a wide audience. However, despite their potential, very few
projects of this kind were built after this major realization. And for good reason, the
resources committed at that time cannot guarantee the replicability of this experiment



ABSTRACT

for more standard projects, especially on the economic level. Moreover, the technics and
methods developed by Otto’s team in the 1960s have mostly fall into disuse or are based
on disciplines that have considerably evolved. New materials, such as composite mate-
rials, have recently emerged. They go beyond the limitations of conventional materials
such as timber and offer at all levels much better technical performances for this kind of
application. Finally, it should be noted that the regulatory framework has also deeply
changed, bringing a certain rigidity to the penetration of innovations in the building in-
dustry. Therefore, the design of gridshells arises in new terms for current architects and
engineers and comes up against the inadequacy of existing tools and methods.

In this thesis, which marks an important step in a personal research adventure initiated
in 2010, we try to embrace the issue of the design of elastic gridshells in all its complexity,
addressing both theoretical, technical and constructive aspects. In a first part, we deliver
a thorough review of this topic and we present in detail one of our main achievements,
the ephemeral cathedral of Créteil, built in 2013 and still in service. In a second part, we
develop an original discrete beam element with a minimal number of degrees of freedom
adapted to the modeling of bending and torsion inside gridshell members with anisotropic
cross-section. Enriched with a ghost node, it allows to model more accurately physical
phenomena that occur at connections or at supports. Its numerical implementation is
presented and validated through several test cases. Although this element has been devel-
oped specifically for the study of elastic gridshells, it can advantageously be used in any
type of problem where the need for an interactive computation with elastic rods taking
into account flexion-torsion couplings is required.

Keywords : gridshell, form-finding, active-bending, free-form, torsion, elastic rod, cou-
pling, fibreglass, composite material.
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RESUME

Les structures de type gridshell élastique permettent de réaliser des enveloppes courbes
par la déformation réversible d’une grille structurelle réguliére initialement plane. Cette
capacité a “former la forme” de facon efficiente prend tout son sens dans le contexte actuel
ou, d’une part la forme s’impose comme une composante prédominante de I’architecture
moderne, et d’autre part ’enveloppe s’affirme comme le lieu névralgique de la performance
des batiments.

Fruit des recherches de I’architecte et ingénieur allemand Frei Otto dans les années 1960,
elles ont été rendues populaires par la construction de la Multihalle de Mannheim en 1975.
Cependant, en dépit de leur potentiel, tres peu de projets de ce type ont vu le jour suite a
cette réalisation emblématique qui en a pourtant démontré la faisabilité a grande échelle.
Et pour cause, les moyens engagés a I’époque ne sauraient assurer la reproductibilité de
cette expérience dans un contexte plus classique de projet, notamment sur le plan éco-
nomique. Par ailleurs, les techniques et les méthodes développées alors sont pour la plus
part tombées en désuétude ou reposent sur des disciplines scientifiques qui ont considéra-
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blement évoluées. Des matériaux nouveaux, composites, ont vu le jour. Ils repoussent les
limitations intrinseques des matériaux usuels tel que le bois et offrent des performances
techniques bien plus intéressantes pour ce type d’application. Enfin, notons que le cadre
réglementaire a lui aussi profondément muté, apportant une certaine rigidité vis-a-vis de la
pénétration des innovations. Ainsi la conception des gridshells se pose-t-elle en des termes
nouveaux aux architectes et ingénieurs actuels et se heurte a 'inadéquation des outils et
méthodes existant.

Dans cette these, qui marque une étape importante dans une aventure de recherche person-
nelle initiée en 2010, nous tentons d’embrasser la question de la conception des gridshells
élastiques dans toute sa complexité, en abordant aussi bien les aspects théoriques que tech-
niques et constructifs. Dans une premiére partie, nous livrons une revue approfondie de
cette thématique et nous présentons de fagon détaillée I'une de nos principales réalisation,
la cathédrale éphémere de Créteil, construite en 2013 et toujours en service. Dans une
seconde partie, nous développons un élément de poutre discret original avec un nombre
minimal de degrés de liberté adapté a la modélisation de la flexion et de la torsion dans les
gridshells constitués de poutres de section anisotrope. Enrichi d’un noeud fantéme, il per-
met de modéliser plus finement les phénomenes physiques au niveau des connexions et des
appuis. Son implémentation numérique est présentée et validée sur quelques cas tests. Bien
que cet élément ait été développé spécifiquement pour 1’étude des gridshells élastiques, il
pourra avantageusement étre utilisé dans tout type de probleme ot la nécessité d’un calcul
interactif avec des tiges élastiques prenant en compte les couplages flexion-torsion s’avere
nécessaire.

Keywords : gridshell, form-finding, active-bending, free-form, torsion, elastic rod, cou-
pling, fibreglass, composite material.
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INTRODUCTION

La paternité des structures de type gridshell élastique est couramment attribuée a l’archi-
tecte et ingénieur allemand Frei Otto, qui les a intensivement étudies au XX siecle.
Fruit de son travail de recherche, il réalise en 1975, en collaboration avec l'ingénieur Ed-
mund Happold du bureau Arup, un projet expérimental de grande ampleur : la Multihalle
de Mannheim [I, 2]. Cette réalisation emblématique ancrera durablement les gridshells
dans le paysage des typologies structurelles candidates a ’avenement de géométries non-
standard, caractérisées par I’absence d’orthogonalité. Cette capacité a former la forme
de facon efficiente prend tout son sens dans le contexte actuel ou, d’'une part la forme
s’impose comme une composante prédominante de l’architecture moderne (F. Gehry, Z.
Hadid, ...) et d’autre part I’enveloppe s’affirme comme le lieu névralgique de la performance
des batiments, notamment environnementale.

Littéralement, le terme grid-shell désigne une résille a double courbure dont le comporte-
ment mécanique s’apparente a celui d’une coque ; c’est a dire que les efforts y transitent
principalement de maniere membranaire. Ces ouvrages peuvent franchir de grandes por-
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tées en utilisant un minimum de matiere. Cependant, il semble plus rigoureux et plus
fidele a I’histoire de désigner par gridshell élastique la combinaison indissociable d’un
principe structurel — le gridshell, une résille qui fonctionne telle une coque — et d’une
méthode constructive astucieuse — la déformation réversible d’une grille de poutre initia-
lement plane pour former une surface tridimensionnelle & double courbure. Le projet de
Mannheim — dans lequel une grille en bois de trame réguliére, initialement plane et sans
rigidité de cisaillement est déformée élastiquement jusqu’a la forme désirée via un dispo-
sitif d’étaiement, puis contreventée pour mobiliser la raideur d’une coque et finalement
couverte d’une toile — pose les bases de ce nouveau concept et le rend populaire aupres
d’un large public d’architectes et d’ingénieurs de par le monde.

Cependant, en dépit du potentiel de cette typologie, tres peu de projets ont vu le jour
suite a la construction de la Multihalle. Il faut en effet attendre 25 ans et le développe-
ment des méthodes de calcul numérique pour voir de nouveau éclore quelques réalisations
iconiques : Shigeru Ban innove en passant du bois au carton pour la construction du Pa-
villon de Hanovre en 2000 [3] ; puis viennent les gridshells en bois de Downland en 2002
[4] et de Savill en 2006 [5] qui reprennent fidélement les principes développés a Mannheim
mais emploient des méthodes constructives différentes. Depuis une dizaine d’années le la-
boratoire Navier a investi ce champ de recherche sous le double aspect de la structure et
du matériau, donnant lieu a la réalisation de quelques prototypes (en 2006 et 2007 [6, 7]) et
des deux premiers batiments de type gridshell élastique en matériau composite construits
a ce jour (Solidays 2011 [8] et Créteil 2013 [9])." Plus récemment, on a pu observer un
certain engouement pour la construction de pavillons en bois de petite taille, non couverts,
réalisés selon des principes similaires a ceux de la Multihalle, essentiellement dans le cadre
de workshops pédagogiques ou bien de projets de recherche [10, 11, 12, 13].

Il est naturel de se demander pourquoi cette innovation prometteuse peine ainsi a essai-
mer 7 S’il est vrai que la construction de la Multihalle de Mannheim a permis de prouver
la faisabilité économique et technique du concept de gridshell élastique a grande échelle, il
faut bien reconnaitre que cette prouesse n’a été rendue possible qu’au terme d’un long pro-
cessus de maturation pour développer et acquérir I’ensemble des compétences scientifiques,
techniques, méthodologiques et humaines nécessaires & sa conception et a sa construction.?

1. Ici, le matériau employé, un composite a base de fibres de verre imprégnées dans une matrice polyester et obtenu par
pultrusion, apporte un gain de performance tres significatif par rapport au bois et permet de rester sur une conception a
simple nape la ou le bois aurait nécessité une grille a double nape beaucoup plus complexe a réaliser.

2. “This is not a case of a building creatively designed, but based on a support system of additive known elements. This
design is the result of a symposium of creative thought in the formation, the invention of building elements with the
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En vérité, une telle dépense de moyens pour développer et rassembler ces compétences ne
saurait assurer la reproductibilité de cette experience sauf en de tres rares occasions et
pour des projets d’exception. Par ailleurs, les techniques développées a I’époque sont pour
partie tombées en désuétude (e.g. la recherche de forme par maquette physique) ou bien ont
fortement évoluées voir méme mutées (e.g. le calcul numérique). Des matériaux nouveaux,
composites, ont vu le jour. Ils repoussent les limitations intrinseques des matériaux usuels
tel que le bois et offrent des performances techniques bien plus intéressantes pour ce type
d’application (durabilité, allongement a la rupture, légereté, résistance mécanique, fiabilité
de niveau industrielle, ...). Enfin, notons que le cadre réglementaire s’est considérablement
étoffé apportant aussi son lot de rigidités vis-a-vis de la pénétration des innovations dans
le secteur de la construction.

Ainsi la conception des gridshells se pose-t-elle en des termes nouveaux aux architectes et

ingénieurs actuels. Elle se heurte aux deux difficultés majeures suivantes :

La premiere difficulté est d’ordre technique et concerne la fonctionnalisation de la struc-
ture. En effet, bien que le principe du gridshell permette de réaliser des ossatures courbes
de manieére optimisée, il n’en reste pas moins complexe de constituer a partir de cette résille
porteuse une véritable enveloppe de batiment capable de répondre & un large panel de cri-
teéres performantiels (tels que Iétanchéité, l'isolation thermique, 'isolation acoustique, ...)
sur un support qui ne présente aucune rationalité géométrique.®

La seconde difficulté est d’ordre théorique et concerne la mise au point d’outils et de
processus de conception adaptés a I’étude de ces structures d’un genre nouveau ou Archi-
tecture et Ingénierie collaborent de maniére indissociable a I'identité formelle de I'ouvrage.
L’inadéquation des méthodes et des outils de design actuels, orientés davantage vers la
justification des ouvrages que vers leur conception, constitue un des principaux freins a la

diffusion de cette innovation.

Le présent manuscrit s’articule autour de deux grandes parties qui tentent chacune de
construire des éléments de réponse aux défis identifiés précédemment. La premiere partie,
composée des chapitres 1 et 2, est destinée a présenter en profondeur le concept de gridshell

simultaneous integration of the theoretical, scientific contributions from mathematics, geodesy, model measuring, statics as
well as control loading and calculation. We are dealing with more than pure ‘teamwork’, we are dealing with team creation.”
[Georg Lewenton |, p. 201]

3. Pour contourner cette difficulté, une approche prometteuse consiste a identifier des classes de surfaces courbes (comme
les maillages isoradiaux) dont certaines propriétés géométriques (e.g. facettes planes, noeuds sans torsion) s'averent avan-
tageuses sur le plan constructif [ |4].
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élastique, son potentiel et les difficultés techniques sous-jacentes (voir partie I). La seconde
partie, composée des chapitres 3 a 6, est consacrée au développement d’un élément de
poutre discret original prenant en compte les sollicitations de flexion et de torsion et
applicable a tout type de section dont le centre de torsion est confondu avec le centre de
masse, ainsi que certains types de discontinuités liées a la présence de connexions dans les
résilles de type gridshell (voir partie IT). Cette seconde partie constitue le coeur académique
de ce travail de these.

Dans le chapitre 1 nous rappelons la genese de cette invention et nous en donnons une
définition précise et actualisée. Puis nous dressons un état des lieux critique des projets
réalisés sur ce principe depuis le début des années 1960 a nos jours. Cette breve histoire
des gridshells dessine a elle seule le potentiel de ces structures, notamment en terme
d’expression formelle et de performance structurelle. Loin de les enfermer dans un style
d’architecture particulier, elle en souligne au contraire la formidable variété. Cette revue
de projet est complétée par une revue approfondie de la littérature existante sur I’ensemble
des domaines connexes & cette thématique (géométrie, structure, matériaux, logiciel).
Dans le chapitre 2 nous présentons de maniere détaillée la conception et la réalisation de la
cathédrale éphémere de Créteil, un gridshell élastique en matériau composite construit en
2013 et toujours en service. Cette expérience peu commune a été une source inépuisable
pour alimenter ce travail de these. Cette relecture expose les méthodes et les outils de
conceptions développés pour faire aboutir le projet, les difficultés rencontrées, les pistes
d’amélioration. Elle fournit également une analyse économique pour cerner les axes de
progres prioritaires dans 'optique d’une commercialisation future.

Dans le chapitre 3 nous rappelons les notions fondamentales déja connues, indispensables
a notre étude, pour la caractérisation géométrique de courbes de ’espace et de repeéres
mobiles attachés a des courbes. Ces notions sont présentées pour le cas continu puis pour
le cas discret ; ce dernier étant essentiel pour la résolution numérique de notre modele.
Cependant, nous observons que la notion clef de courbure géométrique perd son univocité
dans le cas discret. Nous identifions alors plusieurs définitions de la courbure discrete.
Puis nous les comparons selon des critéres propres a notre application (convergence géo-
métrique, représentativité énergétique, forme d’interpolation). A lissu de cette analyse,
la définition la plus pertinente est retenue pour le développement du nouveau modele
numérique au cours des chapitres suivants.

Dans le chapitre 4 nous élaborons un premier modele de poutre a 4 -DOFs par une approche
variationnelle. Ici nous reprenons et enrichissons un travail initié lors d’une précédente

theése [15] inspirée par des travaux récents sur la simulation des tiges élastiques dans le
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domaine des computer graphics [16], et a laquelle j’ai collaboré [17, 18]. En particulier, notre
développement permet d’aboutir a des expressions purement locales des efforts internes
et prouve ’équivalence avec le membre statique des équations de Kirchhoff. Sur le plan
mathématique, le modele est développé en continu et son implémentation numérique n’est
pas traité.

Dans le chapitre 5 nous développons une nouvelle approche, plus directe et plus complete,
pour construire a partir des équations de Kirchhoff un élément de poutre enrichi par un
noeud fantome et possédant lui aussi un nombre de degré de liberté minimal. L’originalité
de cet élément est de pouvoir localiser proprement dans ’espace certains types de discon-
tinuités, notamment des discontinuités de courbures provoquées par des efforts ponctuels
ou des sauts de propriétés matérielles. Cela permet une modélisation plus fine des phéno-
menes physiques au sein de la grille, aussi bien au niveau des connexions que des conditions
aux appuis, ce qui était le principal objectif de ce travail de these.

Dans le chapitre 6 nous combinons les résultats des chapitres précédents pour construire
un élément de poutre discret tout a fait adapté a la modélisation numérique des gridshells
élastiques. Nous présentons la construction de cet élément et la méthode de résolution nu-
mérique employée pour trouver I’état d’équilibre statique du systéme, a savoir le relaxation
dynamique. Enfin, nous donnons quelques éléments sur Marsupilami, le programme infor-
matique que nous avons mis au point et qui implémente 1’élément de poutre discret élaboré
au cours de cette these. Nous exposons aussi quelques résultats de comparaison avec des
logiciels du commerce qui ont permi de valider notre travail. Plus généralement, 1’élément
développé convient bien pour modéliser des problémes de couplage flexion-torsion dans des
poutres élancées, comme par exemple les phénomenes de repositionnement des cables et
des gaines accrochées aux bras robots, un matériel industriel qui se démocratise a grande

vitesse.
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Chapter 1
ELASTIC GRIDSHELLS

11 INTRODUCTION

This chapter is meant to define and introduce what elastic gridshell structures are. It
develops a comprehensive but precise view of the numerous knowledge and know-how that
gravitate around this concept.

1.1.1 OVERVIEW

We naturally begin this chapter by defining the notion of elastic gridshell and the context
in which this technology arose (see §1.2). We briefly highlight the benefits of composite
materials for this kind of structure. We then propose two thorough reviews : the first one
is dedicated to known built elastic gridshell structures (see §1.3) while the second one is
a literature review of the main works related to the topic of elastic gridshells (see §1.4).



1.2.1

ELASTIC GRIDSHELLS

CONTRIBUTIONS

We establish a chronological review of known built elastic gridshells, from the very be-
ginning of this technology to the present time. We reveal the richness of this concept by
exhibiting the great variety of realised projects. We discuss the specificities brought by
each one of these projects.

We establish an up-to-date review of the existing scientific literature, crossing multiple
fields of research (geometry, mechanics, material, ...).

DEFINITION

The invention of the elastic gridshell concept is commonly attributed to Frei Otto, a
German architect who devoted several years to gridshells. In 1975 he achieved the famous
Mannheim Multihalle [2], a wooden shell of 7500 m?, in collaboration with the engineer
Edmund Happold (Arup). Literally, the word “gridshell” refers to grids behaving like
shells : from a mechanical point of view that means stresses acting on the structure are
mainly transmitted through compression and tension. These structures can cross large-
span with very little material.

However, according to the historic evolution of the concept, to characterise a gridshell as
the combination of a structural concept (a grid behaving like a shell, see §1.2.2) and a
specific construction process (see §1.2.1) using the bending flexibility of the material (see
§1.2.3) seems to be more accurate. The project of Mannheim — in which a wooden regular
and planar grid, lacking shear stiffness, is elastically deformed up to a targeted shape with
the help of stays, and then braced and covered — is regarded as the starting point of this
new concept (see figs. 1.1a to 1.1d).

This type of gridshell, known as elastic gridshell, offers a very elegant manner to materialise
freeform shapes from an initially flat and regular grid, which obviously has many practical
benefits : planar initial geometry, standard connection nodes, standard profiles and so on.
Note that the term rigid gridshell is often opposed to the term elastic gridshell to indicate
reticulated structures that behave like shells but are not formed in an active-bending
process.

ERECTION PROCESS

Usually, the grid morphology is not trivial and leads to design numerous costly and complex

joints. To overcome this issue, an original and innovative erection process was developed

10



1.1a 1.1b

1.1 Forming process of the gridshell of Mannheim, Germany
I.1a  Assembly of the timber grid

1.1b Deformation of the grid

I.1c  Final shape of the lattice

I.1d Roofing with a membrane

11



1.2.2

1.2.3

ELASTIC GRIDSHELLS

that takes advantage of the flexibility inherent to slender elements. A regular planar grid
made of long continuous linear members is built on the ground (see fig. 1.1a). The elements
are pinned together so the grid has no in-plane shear stiffness and can accommodate large-
scale deformations during erection. Then, the grid is bent elastically to its final shape (see
figs. 1.1b and 1.1¢). Finally, the grid is frozen in the desired shape with a third layer
of bracing members and the structure becomes a shell. This process is illustrated and
detailed in the next chapter (see §2.3).

STRUCTURAL TYPOLOGY

Their mechanical behaviour is very similar to the one of real shells even if the material
is discrete and located in a grid more or less open. Moreover, gridshells benefit from the
same advantages as the ones showed by an eggshell : they can cross large span using a
low amount of material. Their stiffness is mainly linked to their double-curved shape.

MATERIAL FLEXIBILITY FOR STRUCTURAL RIGIDITY

In this field of application, composite materials like glass fibre reinforced polymer (GFRP)
could favourably replace wood, where both resistance and bending ability of the material
is sought [7]. The stiffness of the structure does not derive from the intrinsic material
rigidity but principally from its geometric curvature. Ideally, the composite profiles are
produced by pultrusion, an economic continuous moulded process. The standardisation of
the process guaranties very stable material and mechanical properties. It frees designers
from the painful problematic of wood joining and wood durability. The characterisation
of this material is presented further in the thesis (see §2.5).

BUILT ELASTIC GRIDSHELLS : A REVIEW

No thorough historic review is available about executed projects of elastic gridshells al-
though some partial reviews have been done time to time on the occasion of scientific
works or construction projects. This review aims at filling this gap by giving an overview
of the development of the concept from the very beginning to the very last experiments.
Only known built projects have been identified and reported here. The only condition for
a project to belong to this review is to comply with the definition of what an elastic grid-
shell is (see §1.2), independently to any other consideration (material, fabrication, size,
cladding, ...).

12



BUILT ELASTIC GRIDSHELLS : A REVIEW
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1.2 Known elastic gridshells built by the past

The surface of the bubbles is proportional to the covered area. Colour indicates
the material employed for the rods.
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1.3.1

ELASTIC GRIDSHELLS

The informations collected during this research work are given in table format in appendix
(see chapter A). A synthetic presentation of these datas is proposed to the reader in fig. 1.2,
where projects are ordered by date, span, covered area and material.

The books edited by the Institut fiir leichte Flichentragwerke are of great interest to under-
stand the beginnings. IL10 Grid Shells [19] has a precise inventory of the first experiments
from 1962 to 1976, while IL13 Multihalle Mannheim [1] focuses on the construction of the
Multihalle in Mannheim. Timber gridshells: architecture, structure and craft [20] is a
significant effort but focuses exclusively on medium to large scale projects in timber. A
small but general partial review is also available in [21]. An interesting review is also given
by Quinn and Gengnagel [22] as part of their research work on new erection methods. A
review of bracing and cladding systems is done in [23]. A review of form-finding methods
is done in [24]. Finally, various valuable reviews are available in the thesis of Douthe [25],
Bouhaya [26], Tayeb [27], and Lafuente Hernandez [28].

THE BEGINNINGS : FROM THE FIRST PROTOTYPE TO THE GERMAN PAVILION

Frei Otto started his studies in architecture in 1947 in Berlin, Germany, and completed his
doctorate on tensile structures in 1953. This first work was published and translated later
in the 60’s. He then began to work in the field of lightweight structures using physical
models such as soap films or hanging nets, and photographic measurements.'-* These tools
were essentials for his exploration of forms and structures as there were no computers at
that time.

Steel Gridshell, Berkeley, USA, 1962

Simultaneously, he became interested by the study of lightweight shells and the way they
were form-found. One of his very first elastic gridshell was built in 1962 with students at
Berkeley, USA [19, p. 270]. It is funny to remark that this first gridshell was not a timber
gridshell but a steel gridshell made out of twin steel rods linked in a grid fashion by bolts
with clamping plates (see fig. 1.3a). This first experiment demonstrated at small scale the

1. Inthe 19" and 20" centuries model testing was at the heart of structural innovation [29]. Analog models were employed
successfully by well-known architects and engineers to go beyond the limits of existing knowledge (A. Gaudi, H. Isler; .
Candela, F. Otto, ...) and are still employed today where numeric models failed to represent accurately some physical
phenomenons (for instance in wind analysis for high rise towers and bridges).

2. “Photography is the medium through which the form and content of a model are communicated. It is one of our most
important tools in that it provides the basis for documentation and information, supplements our creative potential [...] "
[19, p. 56]

14
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Steel gridshell built in 1962 in Berkeley, USA
Steel lattice
Knot detall

Timber gridshell buitt in 1962 in Essen, Germany
Timber gridshell built in 1967 in Montreal, Canada



BUILT ELASTIC GRIDSHELLS : A REVIEW

ability to bend a regular grid with no shear rigidity into a curved shape (see fig. 1.3b).
The grid was loosely braced and shell effects were not investigated.

Essen Gridshell, Essen, Germany, 1962

The same year he designed and built a first timber gridshell in Essen, Germany [19, p. 272].
The prototype — a single-layer gridshell spanning 17 m and covering an area of 198 m? —
was made with 3-plies laminated timber profiles in hemlock pine (see fig. 1.4). The cross-
section of the profiles was rectangular (60 mm x 40 mm) and the elements were assembled
in a grid fashion with simple steel bolts. Once erected, nothing was specifically done to
improve the in-plane shear stiffness of the grid and activate a shell behaviour. Finally, the
structure was covered with a transparent plastic foil nailed directly on the grid’s profiles.

German Pavilion Auditoria, Monireal, Canada, 1967

Five years later, on the occasion of the 1967 International and Universal Ezxposition in
Montreal, Canada, Frei Otto was appointed to design the German Pavilion : a large cable
net tent prefiguring the realisation of the olympic stadium of Munich, Germany, in 1972.%*
The pavilion required two auditoria and these were designed using the principle of elastic
gridshell [19, p. 274]. All together, the auditoria covered and area of 365 m? and spanned
17.5m. The construction technique employed in Montreal was quite similar to the one
developed in Essen, but this time the grid was fully braced with a layer of nailed plywood
boards and offered a proper roofing made out of insulation panels covered with a PVC
coated fabric (see fig. 1.5).

The two gridshells built in Montreal mark a significant step in the maturation process
of the technique leading to the major realisation of Mannheim in 1976 : a methodology
has emerged to progress “from the inverted form to the gridshell” [19, p. 179] ; main
construction details have been validated ; various erection methods have been tested ;
mid-scale buildings have been built to host public. However, due to the over complexity
of these structures, lots of unknowns remained unsolved at this stage and the behaviour
of the structures could not be fully predicted.’

3. Actually, Frei Otto became the director of the newly founded Institute for Lightweight Structures (Institut fUr Leichte
Flachentragwerke or IL) at the University of Stuttgart in 1964. It was the IL that was commissioned by the German
government to conduct research in connection with the planning of the German pavilion for the exposition in Montreal.
4. Video of the construction of the German pavilion : https//www.youtube.com/watchiv=Z0mtFMoseUk.

5. “Snow accumulations in the throat of the common edge beam probably caused one of the two grid shells of project
Montreal to buckle in a relatively flat region. The diameter of the buckled area was about 3 meters. Neither grid rod was

17
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1.3.2

ELASTIC GRIDSHELLS

It is worthwhile to mention that several unexecuted large-scale projects were studied by
Frei Otto between 1967 and 1973 at the IL or at the Atelier Warmbronn.® These projects
are basically documented in [19, pp. 278 - 288] and reveal that he was training his capacity
to master large-scale projects with the technique of elastic gridshells for more conventional
building projects (wave pool, swimming hall, multi-purpose hall, auditorium, ...).

MANNHEIM MULTIHALLE : THE COMPLETION OF A DECADE OF RESEARCH

The project of the Multihalle started in 1970, when the decision was made that Mannheim,
Germany, would hold the Bundesgartenschau in 1975.”7 The architects of the project, Carl
Mutschler & Partners, consulted Frei Otto at Atelier Warmbronn as he was starting to
get known in the filed of innovative lightweight structures. This is how the idea of the
gridshell was introduced in the project [30].

A thorough report on the project is available in [1]. A more condensed but still precise
description of the engineering problematics related to this project are available in the
excellent papers from Happold and Liddell [2] and Liddell [30].

Multihalle, Mannheim, Germany, 1975

Mannheim is an unprecedented realisation because it is more than twenty times larger
than the previously built gridshells in Montreal and is meant to last many years and not
only for the duration of a short-term exhibition. The timber lattice, still existing in 2017,
covers an area of 7400m? (see fig. 1.6a). It is composed of two interconnected domes, one
for the multi-purpose hall (span : 60m | height : 20m) and one for the restaurant (span
: 50m | height : 18 m).

Although the constructive system deployed in Mannheim clearly inherited from the pre-
vious developments, the challenge was such that it had to be revisited. In particular the
main additions were the introduction of the double-layer system and the proper bracing
of the grid. A major advance was also the use of the very first numeric models to study
the structure.

The double-layer system was introduced to tackle two issues : the grid needed some
flexibility to be bent into the desired shape, but once erected it should provide sufficient

broken, i.e. the buckling progressed elastically. It might have been possible to press the buckled area back into shape.” [19,
p. 219]

6. Atelier Warmbronn is the architectural studio founded by Frei Otto in 1969.

7. The Bundesgartenschau is a national horticultural exhibition that takes place every two years in Germany.



BUILT ELASTIC GRIDSHELLS : A REVIEW

bending stiffness to resist disturbing loads and avoid a buckling collapse.® Once erected,
the two grids, one sliding on top of the other one, were connected together to form a single
grid with much higher ladder profiles (from 50 mm to 150 mm), increasing their bending
stiffness by a factor of about 26 (see fig. 1.6b).

Because the in-plane stiffness of the grid also plays a major role in the resistance to
buckling, this question was considered with care. The bracing of the grid was first achieved
by preventing the nodes to turn once the grid was erected. This was done by creating
some friction in the nodes when tightening the bolts linking the laths, after the grid was
erected. Then, additional bracing cables were put in the grid.

8. Theoretically, self-weight loads would produce only compression in the members because the (funicular) form of the
grid resulted from the inversion of a hanging chain model in pure tension.
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Timber gridshell built in 1975 in Mannheim, Germany
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1.3.4

ELASTIC GRIDSHELLS

Finally, the project of Mannheim was a key project in the development of modern lightweight
structures. Great engineers were born in touch with Frei Otto, following his footsteps or

collaborating with him. This heritage has irrigated for several decades the engineering of

lightweight structures in Europe and gave birth, directly or indirectly, to several studios

among which we can cite Buro Happold and Schlaich Bergermann € Partner.

THE DRY PERIOD : 25 YEARS FROM MANNHEIM TO HANNOVER

Although the experience of Mannheim proved the feasibility and the potential of gridshell
structures for large-scale projects, it also revealed that these projects were subject to an
incredible complexity in terms of structural design, geometry, modelling, testing, team
work, construction methods .. At that time, very few people could pretend to master all
the knowledge and techniques required to design and built timber gridshells and developed
in the bosom of the Institute for Lightweight Structures in Stuttgart.

This project was obviously well ahead of its time and the engineering cost to design such
structures was probably prohibitive considering the tools available at that time. This
certainly explains why no elastic gridshells were built during the 25 following years, despite
the optimism of the pioneers of the Multihalle.?

Note that around 1975 small workshop and experiments lead to the construction of several
but small elastic gridshells, as reported in [19]. A non-exhaustive but quite extensive list
of known executed gridshell projects is presented in fig. 1.2. The dry period is clearly
visible.

THE SIGNS OF A RENEWAL : DORSET AND DONCASTER

It is only 20 years later that gridshells started to reappear, in the late 90’s mainly in the
United Kindom, and for projects that had interest in environmental problematics.

Westminster Lodge, Dorset, England, 1995

In 1995, a small student residence named Westminster Lodge was built in Dorset, England.
This dwelling was part of a larger project — Hooke Park — aiming at investigating how
the local forest resources, in particular immature roundwood thinnings, could be better

9. “For many vears after its completion, Happold promoted the benefit of the timber gridshell as a construction technique
and stated that he could not understand why it had not been adopted more widely. He perceived the benefits to be in
the efficiency of the construction method to enable doubly curved (shell) structures to be constructed quickly and cost
effectively.” [31].
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1.8
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Roundwood gridshell built in 1995 in Dorset, England
Interior view
Exterior view

Timber gridshells built in 1998 in Doncaster, England
Interior view
Exterior view

23







2

BIBLIOGRAPHY

F. Otto, “IL13 Multihalle Mannheim,” B. Burkhardt, M. Chaitos, J. Langner, W. Langner and
G. Lubberger, Eds., ser. Institut fiir leichte Flachentragwerke (IL). Stuttgart, 1978.

E. Happold and I. Liddell, “Timber lattice roof for the Mannheim bundesgartenschau,” The Struc-
tural Engineer, vol. 53, no. 3, pp. 99-135, 1975.

M. McQuaid, F. Otto and S. Ban, “Engineering and Architecture: building the Japan pavilion,”
in Shigeru Ban, Phaidon Press, 2006, pp. 8-11.

R. Harris and O. Kelly, “The structural engineering of the Downland gridshell,” in Space Structures
5, vol. 1, 2002, pp. 161-172.

R. Harris, S. Haskins and J. Roynon, “The Savill Garden gridshell: design and construction,” The
Structural Engineer, vol. 86, no. 17, pp. 27-34, 2008.

C. Douthe, O. Baverel and J.-F. Caron, “Form-finding of a grid shell in composite materials,”
Journal of the International Association for Shell and Spatial Structures, vol. 47, no. 1, pp. 53-62,
2006.

C. Douthe, J.-F. Caron and O. Baverel, “Gridshell structures in glass fibre reinforced polymers,”
Construction and Building Materials, vol. 24, no. 9, pp. 1580-1589, 2010.


http://www.leichtbauverein.de/en/publications/list-prices/index.htm
https://www.istructe.org/journal/volumes/volume-53-(published-in-1975)/issues/issue-3/articles/timber-lattice-roof-for-the-mannheim-bundesgartens
http://fr.phaidon.com/store/architecture/shigeru-ban-9780714846293/
http://dx.doi.org/10.1680/ss5v1.31739.0018
https://www.istructe.org/journal/volumes/volume-86-(published-in-2008)/issues/issue-17/articles/the-savill-garden-gridshell-design-and-constructio
https://navier.enpc.fr/sites/default/IMG/pdf/article%7B%5C_%7D2-%7B%5C_%7DSH.pdf
http://dx.doi.org/10.1016/j.conbuildmat.2010.02.037

10

11

12

13

14

15

16

17

18

19

20
21

22

BIBLIOGRAPHY

O. Baverel, J.-F. Caron, F. Tayeb and L. du Peloux, “Gridshells in composite materials: construc-
tion of a 300m? forum for the Solidays’ festival in Paris,” Structural Engineering International,
vol. 22, no. 3, pp. 408-414, 2012.

L. du Peloux, F. Tayeb, O. Baverel and J.-F. Caron, “Construction of a large composite grid-
shell tructure: a lightweight structure made with pultruded glass fibre reinforced polymer tubes,”
Structural Engineering International, vol. 26, no. 2, pp. 160-167, 2016.

B. D’Amico, A. Kermani and H. Zhang, “Form finding and structural analysis of actively bent
timber grid shells,” Engineering Structures, vol. 81, pp. 195-207, 2014.

D. Naicu, R. Harris and C. Williams, “Timber gridshells: design methods and their application to
a temporary pavilion,” in World Conference on Timber Engineering, Quebec City, Canada, 2014.

B. D’Amico, A. Kermani, H. Zhang, A. Pugnale, S. Colabella and S. Pone, “Timber gridshells:
numerical simulation, design and construction of a full scale structure,” Structures, vol. 3, pp. 227—

235, 2015.

J. Haddal Mork, S. Dyvik Hillersgy, B. Manum, A. Rgnnquit and N. Labonnote, “Introducing
the segment lath - A simplified modular timber gridshell built in Trondheim Norway,” in World
Conference on Timber Engineering, Vienna, Austria, 2016.

R. Mesnil, “Structural explorations of fabrication-aware design spaces for non-standard architec-
ture,” PhD thesis, Université Paris-Est, 2017.

F. Tayeb, B. Lefevre, O. Baverel, J.-F. Caron and L. du Peloux, “Design and realisation of compos-
ite gridshell structures,” Journal of the International Association for Shell and Spatial Structures,
vol. 56, no. 1, pp. 49-59, 2015.

M. Bergou, M. Wardetzky, S. Robinson, B. Audoly and E. Grinspun, “Discrete elastic rods,” ACM
Transactions on Graphics, vol. 27, no. 3, 63:1-63:12, 2008.

L. du Peloux, F. Tayeb, B. Lefevre, O. Baverel and J.-F. Caron, “Formulation of a 4-DoF tor-
sion/bending element for the formfinding of elastic gridshells,” in Proceedings of the IASS Annual
Symposium, Amsterdam, Netherlands, 2015.

B. Lefevre, F. Tayeb, L. du Peloux and J.-F. Caron, “A 4-degree-of-freedom Kirchhoff beam model
for the modeling of bending—torsion couplings in active-bending structures,” International Journal
of Space Structures, vol. 32, no. 2, pp. 69-83, 2017.

F. Otto, “IL10 Grid Shells,” B. Burkhardt, J. Hennicke and E. Schauer, Eds., ser. Institut fir
leichte Flichentragwerke (IL). Stuttgart, 1974.

J. Chilton and G. Tang, “Timber gridshells: architecture, structure and craft.” Routledge, 2017.

M. Collins and T. Cosgrove, “A Review of the state of the art of timber gridshell design and
construction,” in Ciwil Engineering Research in Ireland, 2016.

G. Quinn and C. Gengnagel, “A review of elastic grid shells, their erection methods and the
potential use of pneumatic formwork,” in WIT Transactions on the Built Environment, vol. 136,

Jun. 2014, pp. 129-143.

360


http://dx.doi.org/10.2749/101686612X13363869853572
http://dx.doi.org/10.2749/101686612X13363869853572
http://dx.doi.org/10.2749/101686616X14555428758885
http://dx.doi.org/10.2749/101686616X14555428758885
http://dx.doi.org/10.1016/j.engstruct.2014.09.043
http://dx.doi.org/10.1016/j.engstruct.2014.09.043
http://opus.bath.ac.uk/41279/1/WCTE%7B%5C_%7D2014%7B%5C_%7DTimber%7B%5C_%7DGridshells%7B%5C_%7DDesign%7B%5C_%7Dmethods%7B%5C_%7Dand%7B%5C_%7Dtheir%7B%5C_%7Dapplication%7B%5C_%7Dto%7B%5C_%7Da%7B%5C_%7Dtemporary%7B%5C_%7Dpavilion%7B%5C_%7DNaicu%7B%5C_%7DHarris%7B%5C_%7DWilliams.pdf
http://opus.bath.ac.uk/41279/1/WCTE%7B%5C_%7D2014%7B%5C_%7DTimber%7B%5C_%7DGridshells%7B%5C_%7DDesign%7B%5C_%7Dmethods%7B%5C_%7Dand%7B%5C_%7Dtheir%7B%5C_%7Dapplication%7B%5C_%7Dto%7B%5C_%7Da%7B%5C_%7Dtemporary%7B%5C_%7Dpavilion%7B%5C_%7DNaicu%7B%5C_%7DHarris%7B%5C_%7DWilliams.pdf
http://dx.doi.org/10.1016/j.istruc.2015.05.002
http://dx.doi.org/10.1016/j.istruc.2015.05.002
https://hal-enpc.archives-ouvertes.fr/tel-01510053
https://hal-enpc.archives-ouvertes.fr/tel-01510053
https://www.iass-structures.org/index.cfm/journal.article?aID=750
https://www.iass-structures.org/index.cfm/journal.article?aID=750
http://dx.doi.org/10.1145/1360612.1360662
https://hal.archives-ouvertes.fr/hal-01199049
https://hal.archives-ouvertes.fr/hal-01199049
http://dx.doi.org/10.1177/0266351117714346
http://dx.doi.org/10.1177/0266351117714346
http://www.leichtbauverein.de/en/publications/list-prices/index.htm
http://dx.doi.org/10.4324/9781315773872
http://hdl.handle.net/10344/5192
http://hdl.handle.net/10344/5192
http://dx.doi.org/10.2495/MAR140111
http://dx.doi.org/10.2495/MAR140111

23

24

25

26

27

28

29

30

31

32

33
34
35

36
37

38

39
40

BIBLIOGRAPHY

P. Cuvilliers, C. Douthe, L. du Peloux and R. Le Roy, “Hybrid structural skin: prototype of a
GFRP elastic gridshell braced by a fibre-reinforced conrete envelope,” Journal of the International
Association for Shell and Spatial Structures, vol. 58, no. 1, pp. 65-78, 2017.

L. Kim-Lan Vaulot, “Form-finding of elastic gridshells,” MSc thesis, MIT, 2016.

C. Douthe, “Etude de structures élancées précontraintes en matériaux composites : application a
la conception des gridshells,” PhD thesis, Ecole Nationale des Ponts et Chaussées, 2007.

L. Bouhaya, “Optimisation structurelle des gridshells,” PhD thesis, Université Paris-Est, 2010.

F. Tayeb, “Simulation numérique du comportement mécanique non linéaire de gridshells composés
de poutres élancées en matériaux composites et de sections quelconques,” PhD thesis, Université

Paris-Est, 2015.

E. Lafuente Herndndez, “Design and optimisation of elastic gridshells,” PhD thesis, Universitat
der Kiinste Berlin, 2015.

B. Addis, “Toys that save millions - A history of using physical models in structural design,” The
Structural Engineer, vol. 91, no. 4, pp. 12-27, 2013.

I. Liddell, “Frei Otto and the development of gridshells,” Case Studies in Structural Engineering,
vol. 4, no. Supplement C, pp. 39-49, 2015.

R. Harris, J. Romer, O. Kelly and S. Johnson, “Design and construction of the Downland gridshell,”
Building Research and Information, vol. 31, no. 6, pp. 427-454, 2003.

R. Burton, M. Dickson and R. Harris, “The use of roundwood thinnings in buildings: a case study,”
Building Research and Information, vol. 26, no. 2, pp. 76-93, 1998.

O. Lowenstein, “Lothian Gridshell,” Building for a Future Winter, pp. 22-29, Mar. 2002.
Bdonline.co.uk, “The other gridshell,” 2002.

O. Lowenstein, “Gridshells in England. Ideas from the U.K. make stunning use of small timber,”
Wood Design and Building, May 2004.

Fourthdoor.org, “Growing and making Flimwell’s chestnut gridshell,” 2003.

“The Savill building. A visitor centre with a timber gridshell roof gridshell structures,” TRADA,

pp. 1-7, 2006.

N. Labonnote, J. H. Mork, S. H. Dyvik, A. Rgnnquist and B. Manum, “Experimental and numer-
ical study of the structural performance of a timber gridshell,” in World Conference on Timber
Engineering, Vienna, Austria, 2016, pp. 3-10.

S. Adriaenssens, “Stressed spline structures,” PhD thesis, University of Bath, 2000.

S. Adriaenssens, M. Barnes and C. Williams, “A new analytic and numerical basis for the form-
finding and analysis of spline and gridshell structures,” in Computing Developments in Civil and
Structural Engineering, B. Kumar and B. H. V. Topping, Eds., Edinburgh: Civil-Comp Press, 1999,
pp- 83-91.

361


http://dx.doi.org/10.20898/j.iass.2017.191.853
http://dx.doi.org/10.20898/j.iass.2017.191.853
https://dspace.mit.edu/handle/1721.1/104247
https://tel.archives-ouvertes.fr/pastel-00003723/
https://tel.archives-ouvertes.fr/pastel-00003723/
https://tel.archives-ouvertes.fr/tel-00583409/
https://pastel.archives-ouvertes.fr/tel-01260287
https://pastel.archives-ouvertes.fr/tel-01260287
https://opus4.kobv.de/opus4-udk/frontdoor/index/index/docId/994
https://www.istructe.org/journal/volumes/volume-91/issues/issue-4/articles/feature-toys-that-save-millions-a-history-of-using
http://dx.doi.org/10.1016/j.csse.2015.08.001
http://dx.doi.org/10.1080/0961321032000088007
http://dx.doi.org/10.1080/096132198370001
https://docuri.com/download/gridshell-building%7B%5C_%7D59c1cd9df581710b2862d7ee%7B%5C_%7Dpdf
http://www.bdonline.co.uk/the-other-gridshell/1020435.article
http://www.tabpi.org/2004/b10.pdf
http://www.fourthdoor.org/annular/?page%7B%5C_%7Did=441
https://www.trada.co.uk/case-studies/the-savill-building-windsor-great-park-windsor-royal-berkshire/
https://www.researchgate.net/profile/Nathalie%7B%5C_%7DLabonnote/publication/313606368%7B%5C_%7DExperimental%7B%5C_%7Dand%7B%5C_%7Dnumerical%7B%5C_%7Dstudy%7B%5C_%7Dof%7B%5C_%7Dthe%7B%5C_%7Dstructural%7B%5C_%7Dperformance%7B%5C_%7Dof%7B%5C_%7Da%7B%5C_%7Dtimber%7B%5C_%7Dgridhsell/links/589f8a48a6fdccf5e96d3397/Experimental-and-numerical-study-of-the-structural-performanc
https://www.researchgate.net/profile/Nathalie%7B%5C_%7DLabonnote/publication/313606368%7B%5C_%7DExperimental%7B%5C_%7Dand%7B%5C_%7Dnumerical%7B%5C_%7Dstudy%7B%5C_%7Dof%7B%5C_%7Dthe%7B%5C_%7Dstructural%7B%5C_%7Dperformance%7B%5C_%7Dof%7B%5C_%7Da%7B%5C_%7Dtimber%7B%5C_%7Dgridhsell/links/589f8a48a6fdccf5e96d3397/Experimental-and-numerical-study-of-the-structural-performanc
http://dx.doi.org/10.4203/ccp.63.4.1
http://dx.doi.org/10.4203/ccp.63.4.1

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

BIBLIOGRAPHY

M. Barnes, “Form finding and analysis of tension structures by dynamic relaxation,” International
Journal of Space Structures, vol. 14, no. 2, pp. 89-104, 1999.

S. Adriaenssens and M. Barnes, “Tensegrity spline beam and grid shell structures,” Engineering
Structures, vol. 23, no. 1, pp. 29-36, 2001.

M. Barnes, S. Adriaenssens and M. Krupka, “A novel torsion/bending element for dynamic relax-
ation modeling,” Computers and Structures, vol. 119, pp. 60-67, 2013.

E. Poulsen, “Structural design and analysis of elastically bent gridshells: the development of a
numerical simulation tool,” MSc thesis, Chamlers University of Technology, 2015.

B. D’Amico, H. Zhang and A. Kermani, “A finite-difference formulation of elastic rod for the design
of actively bent structures,” Engineering Structures, vol. 117, pp. 518-527, 2016.

J. Bessini, C. Lazaro and S. Monleén, “A form-finding method based on the geometrically exact
rod model for bending-active structures,” Engineering Structures, vol. 152, pp. 549-558, 2017.

T. Bulenda and J. Knippers, “Stability of grid shells,” Computers and Structures, vol. 79, no. 12,
pp. 1161-1174, 2001.

R. Mesnil, J. Ochsendorf and C. Douthe, “Stability of pseudo-funicular elastic grid shells,” Inter-
national Journal of Space Structures, vol. 30, no. 1, pp. 27-36, 2015.

B. Lefevre, C. Douthe and O. Baverel, “Buckling of elastic gridshells,” Journal of the International
Association for Shell and Spatial Structures, vol. 56, no. 185, pp. 153-171, 2015.

S. R. Malek, “The effect of geometry and topology on the mechanics of grid shells,” PhD thesis,
MIT, 2012.

T. Jensen, O. Baverel and C. Douthe, “Morphological and mechanical investigation of intercon-
nected elastic gridshells,” International Journal of Space Structures, vol. 28, no. 3-4, pp. 175-186,
2013.

G. Filz and D. Naicu, “2 Landscapes — interaction of 2 gridshells based on a modified Stewart-
Gough principle,” in Proceedings of the IASS Working Groups 12 + 18 International Colloquium,
Tokyo, Japan, 2015.

F. Tayeb, J.-F. Caron, O. Baverel and L. du Peloux, “Stability and robustness of a 300m? composite
gridshell structure,” Construction and Building Materials, vol. 49, pp. 926-938, 2013.

M. Toussaint, “A design tool for timber gridshells: the development of a grid generation tool,” MSc
thesis, Delft University of Technology, 2007.

J. Olsson, “Form finding and size optimization: Implementation of beam elements and size opti-
mization in real time,” MSc thesis, Chalmers University of Technology, 2012.

L. Bouhaya, O. Baverel and J.-F. Caron, “Mapping two-way continuous elastic grid on an imposed
surface: application to grid shells,” in Proceedings of the IASS Annual Symposium, Valencia, Spain,
2009, pp. 989-997.

362


http://dx.doi.org/10.1260/0266351991494722
http://dx.doi.org/10.1016/S0141-0296(00)00019-5
http://dx.doi.org/10.1016/j.compstruc.2012.12.027
http://dx.doi.org/10.1016/j.compstruc.2012.12.027
http://publications.lib.chalmers.se/records/fulltext/236319/236319.pdf
http://publications.lib.chalmers.se/records/fulltext/236319/236319.pdf
http://dx.doi.org/10.1016/j.engstruct.2016.03.034
http://dx.doi.org/10.1016/j.engstruct.2016.03.034
http://dx.doi.org/10.1016/j.engstruct.2017.09.045
http://dx.doi.org/10.1016/j.engstruct.2017.09.045
http://dx.doi.org/10.1016/S0045-7949(01)00011-6
http://dx.doi.org/10.1260/0266-3511.30.1.27
https://www.iass-structures.org/index.cfm/journal.article?aID=719%20http://www.researchgate.net/profile/Cyril%7B%5C_%7DDouthe/publication/282151602%7B%5C_%7DBuckling%7B%5C_%7Dof%7B%5C_%7DElastic%7B%5C_%7Dgridshells/links/560538d108ae5e8e3f314bad.pdf
http://www2.ing.unipi.it/griff/files/SamarRulaMalek-PhDThesis.pdf
http://dx.doi.org/10.1260/0266-3511.28.3-4.175
http://dx.doi.org/10.1260/0266-3511.28.3-4.175
http://opus.bath.ac.uk/47846/1/15T%7B%5C_%7D16filz.pdf
http://opus.bath.ac.uk/47846/1/15T%7B%5C_%7D16filz.pdf
http://dx.doi.org/10.1016/j.conbuildmat.2013.04.036
http://dx.doi.org/10.1016/j.conbuildmat.2013.04.036
http://homepage.tudelft.nl/p3r3s/MSc%7B%5C_%7Dprojects/reportToussaint.pdf
http://publications.lib.chalmers.se/records/fulltext/171108/171108.pdf
http://publications.lib.chalmers.se/records/fulltext/171108/171108.pdf
https://hal.archives-ouvertes.fr/hal-00531430
https://hal.archives-ouvertes.fr/hal-00531430

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

BIBLIOGRAPHY

L. Bouhaya, O. Baverel and J.-F. Caron, “Optimization of gridshell bar orientation using a simpli-
fied genetic approach,” Structural and Multidisciplinary Optimization, vol. 50, no. 5, pp. 839848,
2014.

E. Lafuente Hernandez, S. Sechelmann, T. Rorig and C. Gengnagel, “Topology optimisation of
regular and irregular elastic gridshells by means of a non-linear variational method,” in Advances
in Architectural Geometry, 2012, pp. 147-160.

L. du Peloux, O. Baverel, J.-F. Caron and F. Tayeb, “From shape to shell: a design tool to materi-
alize freeform shapes using gridshell structures,” in Design Modeling Symposium, Berlin, Deutsch-
land, 2011.

Y. Masson and L. Monasse, “Existence of global Chebyshev nets on surfaces of absolute Gaussian
curvature less than 27,” Journal of Geometry, vol. 108, no. 1, pp. 25-32, 2017.

Y. Masson, “Existence et construction de réseaux de Chebyshev avec singularités et application
aux gridshells,” PhD thesis, Université Paris-Est, 2017.

S. Pone, G. Mirra, E. Pignatelli, D. Lancia and S. Colabella, “Specialised algorithms for different
project stages in a post-formed timber gridshell design,” in Proceedings of the 3rd International
Conference on Structures and Architecture, Guimaraes, Portugal, 2016, pp. 259-266.

C. Douthe, R. Mesnil, H. Orts and O. Baverel, “New shapes for elastic gridshells covered by planar
facets,” in Proceedings of the IASS Annual Symposium, Tokyo, Japan, 2016, pp. 1-9.

N. Kotelnikova-Weiler, C. Douthe, E. Lafuente Herndandez, O. Baverel, C. Gengnagel and J.-F.
Caron, “Materials for actively-bent structures,” International Journal of Space Structures, vol. 28,
no. 3-4, pp. 229-240, 2013.

N. Kotelnikova-Weiler, “Optimisation mécanique et énergétique d’enveloppes en matériaux com-
posites pour les batiments,” PhD thesis, Université Paris-Est, 2012.

G. Quinn, C. Gengnagel and K.-U. Bletzinger, “Simulating pneumatic erection of strained grid
shells via dynamic relaxation,” in Proceedings of the IASS Annual Symposium, Tokyo, Japan,
2016.

A. Liuti, A. Pugnale and B. D’Amico, “Building timber gridshells with air: numerical simulations
and technique challenges,” in Proceedings of the 3rd International Conference on Structures and
Architecture, Guimaraes, Portugal, 2016, pp. 251-258.

E. L. Hernandez and C. Gengnagel, “A new hybrid: elastic gridshells braced by membranes,” in
WIT Transactions on the Built Environment, vol. 136, Jun. 2014, pp. 157-169.

B. D’Amico, A. Kermani, H. Zhang, P. Sheperd and C. Williams, “Optimisation of cross-section
of actively bent grid shells with strength and geometric compatibility constraints,” Computers and
Structures, vol. 154, pp. 163-176, 2015.

A. Menges, O. D. Krieg and T. Schwinn, Eds., “Advancing wood architecture: a computational
approch.” Routledge, 2016.

Site Sécurité, “Reglement ERP type CTS (big tops & tents).”

363


http://dx.doi.org/10.1007/s00158-014-1088-9
http://dx.doi.org/10.1007/s00158-014-1088-9
http://dx.doi.org/10.1007/978-3-7091-1251-9_11
http://dx.doi.org/10.1007/978-3-7091-1251-9_11
https://hal.archives-ouvertes.fr/hal-01199030
https://hal.archives-ouvertes.fr/hal-01199030
http://dx.doi.org/10.1007/s00022-016-0319-1
http://dx.doi.org/10.1007/s00022-016-0319-1
https://cermics.enpc.fr/%7B~%7Dmassony/thesis.pdf
https://cermics.enpc.fr/%7B~%7Dmassony/thesis.pdf
http://dx.doi.org/10.1201/b20891-33
http://dx.doi.org/10.1201/b20891-33
https://www.researchgate.net/publication/308715285%7B%5C_%7DNew%7B%5C_%7Dshapes%7B%5C_%7Dfor%7B%5C_%7Delastic%7B%5C_%7Dgridshells%7B%5C_%7Dcovered%7B%5C_%7Dby%7B%5C_%7Dplanar%7B%5C_%7Dfacets
https://www.researchgate.net/publication/308715285%7B%5C_%7DNew%7B%5C_%7Dshapes%7B%5C_%7Dfor%7B%5C_%7Delastic%7B%5C_%7Dgridshells%7B%5C_%7Dcovered%7B%5C_%7Dby%7B%5C_%7Dplanar%7B%5C_%7Dfacets
http://dx.doi.org/10.1260/0266-3511.28.3-4.229
https://pastel.archives-ouvertes.fr/pastel-00807510
https://pastel.archives-ouvertes.fr/pastel-00807510
https://www.researchgate.net/publication/306402198%7B%5C_%7DSimulating%7B%5C_%7DPneumatic%7B%5C_%7DErection%7B%5C_%7Dof%7B%5C_%7DStrained%7B%5C_%7DGrid%7B%5C_%7DShells%7B%5C_%7Dvia%7B%5C_%7DDynamic%7B%5C_%7DRelaxation
https://www.researchgate.net/publication/306402198%7B%5C_%7DSimulating%7B%5C_%7DPneumatic%7B%5C_%7DErection%7B%5C_%7Dof%7B%5C_%7DStrained%7B%5C_%7DGrid%7B%5C_%7DShells%7B%5C_%7Dvia%7B%5C_%7DDynamic%7B%5C_%7DRelaxation
https://www.researchgate.net/publication/305873535%7B%5C_%7DBuilding%7B%5C_%7Dtimber%7B%5C_%7Dgridshells%7B%5C_%7Dwith%7B%5C_%7Dair%7B%5C_%7DNumerical%7B%5C_%7Dsimulations%7B%5C_%7Dand%7B%5C_%7Dtechnique%7B%5C_%7Dchallenges
https://www.researchgate.net/publication/305873535%7B%5C_%7DBuilding%7B%5C_%7Dtimber%7B%5C_%7Dgridshells%7B%5C_%7Dwith%7B%5C_%7Dair%7B%5C_%7DNumerical%7B%5C_%7Dsimulations%7B%5C_%7Dand%7B%5C_%7Dtechnique%7B%5C_%7Dchallenges
http://dx.doi.org/10.2495/MAR140131
http://dx.doi.org/10.1016/j.compstruc.2015.04.006
http://dx.doi.org/10.1016/j.compstruc.2015.04.006
http://dx.doi.org/doi:10.4324/9781315678825
http://dx.doi.org/doi:10.4324/9781315678825
http://www.sitesecurite.com/contenu/portail/ad%7B%5C_%7Derp/erp%7B%5C_%7D05.php?id=top

72

73

74
75

76

77

78

79
80

81

82

83

84

85

86

87

88

89

BIBLIOGRAPHY

J. L. Clarke, “Eurocomp design code and handbook: structural design of polymer composites,”

J. L. Clarke, Ed. E & FN Spon, 2003.

L. C. Bank, “Composites for construction: structural design with FRP materials.” John Wiley &
Sons, 2006.

Fiberline Composites A/S, “Fiberline design manual,” 2nd ed. 2002.

C. Douthe, I. Stefanou and S. Geng, “Long term behaviour of prestressed composite pipes,” in
20émes Journées Nationales sur les Composites, 2017, pp. 1399-1406.

G. F. A. L’Hospital, “Analyse des infiniment petits, pour 'intelligence des lignes courbes.” A Paris,
de 'Imprimerie royale, 1696.

J. Delcourt, “Analyse et géométrie, histoire des courbes gauches de Clairaut a Darboux,” Archive
for History of Exact Sciences, vol. 65, no. 3, pp. 229-293, 2011.

T. Hoffmann, “Discrete differential geometry of curves and Surfaces,” in Math-for-Industry Lecture
Note Series, vol. 18, 2009.

E. Vouga, “Plane curves,” in Lectures in Discrete Differential Geometry, Austin, USA, 2014, ch. 1.

R. Bishop, “There is more than one way to frame a curve,” The American Mathematical Monthly,
vol. 82, no. 3, pp. 246251, 1975.

F. Klok, “Two moving coordinate frames for sweeping along a 3D trajectory,” Computer Aided
Geometric Design, vol. 3, no. 3, pp. 217-229, 1986.

H. Guggenheimer, “Computing frames along a trajectory,” Computer Aided Geometric Design,
vol. 6, no. 1, pp. 77-78, 1989.

J. Bloomenthal, “Calculation of reference frames along a space curve,” in Graphics Gems, A. S.

Glassner, Ed., vol. 1, San Diego, USA: Academic Press Professional, Inc., 1990, pp. 567-571.

A. J. Hanson and H. Ma, “Parallel transport approach to curve framing,” Indiana University,
Bloomington, USA, Tech. Rep., 1995.

T. Poston, S. Fang and W. Lawton, “Computing and approximating sweeping surfaces based on
rotation minimizing frames,” in Proceedings of the 4th International Conference on CAD/CG,

Wuhan, China, 1995.

W. Wang, B. Jittler, D. Zheng and Y. Liu, “Computation of rotation minimizing frames,” ACM
Transactions on Graphics, vol. 27, no. 1, 2:1-2:18, 2008.

R. T. Farouki, C. Giannelli, M. L. Sampoli and A. Sestini, “Rotation-minimizing osculating
frames,” Computer Aided Geometric Design, vol. 31, no. 1, pp. 27-42, 2014.

F. Frenet, “Sur les courbes a double courbure,” Journal de Mathématiques Pures et Appliquées,
vol. 17, no. 1, pp. 437-447, 1852.

J. Delcourt, “Analyse et géométrie : les courbes gauches de Clairaut a Serret,” PhD thesis, Uni-
versité Paris-VI, 2007.

364


https://www.crcpress.com/Structural-Design-of-Polymer-Composites-Eurocomp-Design-Code-and-Background/Clarke/p/book/9780419194507
http://dx.doi.org/10.1002/9780470121429
https://fiberline.com/design-manual
http://gallica.bnf.fr/ark:/12148/bpt6k205444w
http://dx.doi.org/10.1007/s00407-010-0078-6
http://gcoe-mi.jp/temp/publish/217a739d5ac626a736cbf73949394d17.pdf
http://www.cs.utexas.edu/users/evouga/uploads/4/5/6/8/45689883/notes1.pdf
http://dx.doi.org/10.2307/2319846
http://dx.doi.org/10.1016/0167-8396(86)90039-7
http://dx.doi.org/10.1016/0167-8396(89)90008-3
http://webhome.cs.uvic.ca/%7B~%7Dblob/courses/305/notes/pdf/ref-frames.pdf
https://pdfs.semanticscholar.org/7e65/2313c1f8183a0f43acce58ae8d8caf370a6b.pdf
https://www.researchgate.net/publication/2389149%7B%5C_%7DComputing%7B%5C_%7Dand%7B%5C_%7DApproximating%7B%5C_%7DSweeping%7B%5C_%7DSurfaces%7B%5C_%7DBased%7B%5C_%7Don%7B%5C_%7DRotation%7B%5C_%7DMinimizing%7B%5C_%7DFrames
https://www.researchgate.net/publication/2389149%7B%5C_%7DComputing%7B%5C_%7Dand%7B%5C_%7DApproximating%7B%5C_%7DSweeping%7B%5C_%7DSurfaces%7B%5C_%7DBased%7B%5C_%7Don%7B%5C_%7DRotation%7B%5C_%7DMinimizing%7B%5C_%7DFrames
http://dx.doi.org/10.1145/1330511.1330513
http://dx.doi.org/10.1016/j.cagd.2013.11.003
http://dx.doi.org/10.1016/j.cagd.2013.11.003
http://sites.mathdoc.fr/JMPA/PDF/JMPA%7B%5C_%7D1852%7B%5C_%7D1%7B%5C_%7D17%7B%5C_%7DA22%7B%5C_%7D0.pdf
https://www.imj-prg.fr/theses/pdf/2007/jean%7B%5C_%7Ddelcourt.pdf

90

91

92

93

94

95

96

97
98
99

100

101
102

103

104

105
106

107

BIBLIOGRAPHY

J. Bernoulli, “Quo continentur Anekdota,” in Opera omnia, tam antea sparsim edita, quam hactenus
inedita, 4, Marci-Michaelis Bousquet, Lausannae & Genevae, 1742.

H. Pitot, “Sur la quadrature de la moitié d’une courbe, qui est la compagne de la cycloide,” Histoire
de I’Académie Royale des Sciences, vol. 1, pp. 65-67, 1724.

J. L. Coolidge, “A history of geometrical methods,” ser. Dover Books on Mathematics. Oxford:
Oxford, Clarendon press, 2013.

G. Monge, “Application de ’analyse a la géométrie, a I'usage de I’Ecole impériale polytechnique,”
4th ed. Paris: Ve Bernard, 1809.

L. Euler, “De motu turbinatorio, chordarum musicarum,” in Novi Commentarii Academiae Scien-
tiarum Imperialis Petropolitanae, vol. 19, Petropoli, 1775, pp. 340-370.

A. Gray, E. Abbena and S. Salamon, “Modern differential geometry of curves and surfaces with
Mathematica,” 3rd ed. Chapman & Hall/CRC, 2006.

D. Carroll, E. Hankins, E. Kose and I. Sterling, “A survey of the differential geometry of discrete
curves,” The Mathematical Intelligencer, vol. 36, no. 4, pp. 28-35, 2014.

A. Bobenko, “Discrete differential geometry,” 2nd ed. 2015.
P. Romon, “Courbes discretes planes,” ser. Références sciences. Ellipses, 2013, ch. 1.

M. Bergou, B. Audoly, E. Vouga, M. Wardetzky and E. Grinspun, “Discrete viscous threads,” ACM
Transactions on Graphics, vol. 29, no. 4, 116:1-116:10, 2010.

J. Langer and D. A. Singer, “Lagrangian aspects of the Kirchhoff elastic rod,” SIAM Review,
vol. 38, no. 4, pp. 605-618, Dec. 1996.

S. Nabaei, “Mechanical form-finding of timber fabric structures,” PhD thesis, EPFL, 2014.

M. Grégoire and E. Schomer, “Interactive simulation of one-dimensional flexible parts,” Computer-
Aided Design, vol. 39, no. 8, pp. 694-707, 2007.

A. Theetten, L. Grisoni, C. Andriot and B. Barsky, “Geometrically exact dynamic splines,”
Computer-Aided Design, vol. 40, no. 1, pp. 35-48, 2008.

F. Bertails, B. Audoly, M.-P. Cani, B. Querleux, F. Leroy and J.-L. Lévéque, “Super-helices for
predicting the dynamics of natural hair,” ACM Transactions on Graphics, vol. 25, no. 3, pp. 1180—
1187, 2006.

F. Bertails, “Super-clothoids,” Computer Graphics Forum, vol. 31, no. 2, pp. 509-518, 2012.

J. Spillmann and M. Teschner, “CORDE : cosserat rod elements for the dynamic simulation of
one-dimensional elastic objects,” in FEurographics Symposium on Computer Animation, San Diego,
USA, 2007, pp. 1-10.

P. Jung, S. Leyendecker, J. Linn and M. Ortiz, “A discrete mechanics approach to Cosserat rod
theory Part 1: static equilibria,” International Journal for Numerical Methods in Engineering,
vol. 85, no. 1, pp. 31-60, 2010.

365


http://dx.doi.org/10.3931/e-rara-3597
http://gallica.bnf.fr/ark:/12148/bpt6k3525w
https://books.google.fr/books?id=tmHDAgAAQBAJ
https://books.google.fr/books?id=aSEOAAAAQAAJ
http://eulerarchive.maa.org/pages/E471.html
https://www.crcpress.com/Modern-Differential-Geometry-of-Curves-and-Surfaces-with-Mathematica-Third/Abbena-Salamon-Gray/p/book/9781584884484
https://www.crcpress.com/Modern-Differential-Geometry-of-Curves-and-Surfaces-with-Mathematica-Third/Abbena-Salamon-Gray/p/book/9781584884484
http://dx.doi.org/10.1007/s00283-014-9472-2
http://dx.doi.org/10.1007/s00283-014-9472-2
http://page.math.tu-berlin.de/%7B~%7Dbobenko/Lehre/Skripte/DDG%7B%5C_%7DLectures.pdf
http://page.math.tu-berlin.de/%7B~%7Dbobenko/Lehre/Skripte/DDG%7B%5C_%7DLectures.pdf
http://dx.doi.org/10.1145/1778765.1778853
http://dx.doi.org/10.1137/S0036144593253290
http://dx.doi.org/10.1016/j.cad.2007.05.005
http://dx.doi.org/10.1016/j.cad.2007.05.008
http://dx.doi.org/10.1145/1141911.1142012
http://dx.doi.org/10.1145/1141911.1142012
http://dx.doi.org/10.1111/j.1467-8659.2012.03030.x
http://dl.acm.org/citation.cfm?id=1272690.1272700
http://dl.acm.org/citation.cfm?id=1272690.1272700
http://dx.doi.org/10.1002/nme.2950
http://dx.doi.org/10.1002/nme.2950

108

109

110

112

113
114

115

116

117

118

119
120
121

122

123

124

BIBLIOGRAPHY

F. B. Fuller, “Decomposition of the linking number of a closed ribbon: a problem from molecular
biology,” in Proceedings of the National Academy of Sciences of the USA, vol. 75, 1978, pp. 3557—
3561.

A. C. Maggs, “Writhing geometry at finite temperature: Random walks and geometric phases for
stiff polymers,” The Journal of Chemical Physics, vol. 114, no. 13, pp. 5888-5896, Apr. 2001.

R. de Vries, “Evaluating changes of writhe in computer simulations of supercoiled DNA,” The
Journal of Chemical Physics, vol. 122, no. 6, 064905:1-064905:5, 2005.

M. A. Berger, “Topological quantities: calculating winding, writhing, linking, and higher order
invariants,” in Lectures on Topological Fluid Mechanics, Lecture Notes in Mathematics, vol. 1973,
Springer, Berlin, Heidelberg, 2009, ch. Lecture No, pp. 75-97.

J. Alexander and S. Antman, “The ambiguous twist of love,” Quarterly of Applied Mathematics,
vol. 40, no. 1, pp. 83-92, 1982.

B. Audoly and Y. Pomeau, “Elasticity and geometry.” Oxford University Press, 2010.

E. H. Dill, “Kirchhoff’s theory of rods,” Archive for History of Exract Sciences, vol. 44, no. 1,
pp. 1-23, 1992.

S. Antman, “Nonlinear problems of elasticity,” 2nd ed., ser. Applied Mathematical Sciences. New
York: Springer, New York, NY, 2005.

E. Reissner, “On one-dimensional large-displacement finite-strain beam theory,” Studies in Applied

Mathematics, vol. 52, no. 2, pp. 87-95, 1973.

A. Love, “A treatise on the mathematical theory of elasticity,” 2nd ed. Cambridge University Press,
1906.

G. Kirchhoff, “Uber das gleichgewicht und die bewegung einer elastischen scheibe,” Journal fiir die
reine und angewandte Mathematik, vol. 1850, no. 40, pp. 51-88, 1850.

G. Kirchhoff, “Vorlesungen tiber mathematische Physik: Mechanik.” B. G. Teubner (Leipzig), 1876.
A. Clebsch, “Théorie de Iélasticité des corps solides.” Paris: Paris Dunod, 1883.

S. Neukirch, “Enroulement, contact et vibrations de tiges élastiques,” These d’HDR, Université

Paris-VI, 2009.

S. Timoshenko, “LXVI. On the correction for shear of the differential equation for transverse
vibrations of prismatic bars,” The London, Edinburgh, and Dublin Philosophical Magazine and
Journal of Science, vol. 41, no. 245, pp. 744-746, 1921.

J. C. Simo and L. Vu-Quoc, “A Geometrically-exact rod model incorporating shear and torsion-
warping deformation,” International Journal of Solids and Structures, vol. 27, no. 3, pp. 371-393,
1991.

S. Antman, “Kirchhoff’s problem for nonlinearly elastic rods,” Quarterly of Applied Mathematics,
vol. 32, no. 3, pp. 221-240, 1974.

366


https://www.ncbi.nlm.nih.gov/pmc/articles/PMC392823/
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC392823/
http://dx.doi.org/10.1063/1.1353545
http://dx.doi.org/10.1063/1.1353545
http://dx.doi.org/10.1063/1.1846052
http://dx.doi.org/10.1007/978-3-642-00837-5
http://dx.doi.org/10.1007/978-3-642-00837-5
http://www.jstor.org/stable/43637124
https://global.oup.com/academic/product/elasticity-and-geometry-9780198506256?cc=fr%7B%5C&%7Dlang=en%7B%5C&%7D
http://dx.doi.org/10.1007/BF00379680
http://dx.doi.org/10.1007/0-387-27649-1
http://dx.doi.org/10.1002/sapm197352287
https://archive.org/details/treatiseonmathem00loveuoft
http://dx.doi.org/10.1515/crll.1850.40.51
https://www.degruyter.com/view/j/crll.1850.issue-40/crll.1850.40.51/crll.1850.40.51.xml
https://archive.org/details/thoriedellas02cleb
https://tel.archives-ouvertes.fr/tel-00667562/
http://www.tandfonline.com/doi/abs/10.1080/14786442108636264?journalCode=tphm17
http://www.tandfonline.com/doi/abs/10.1080/14786442108636264?journalCode=tphm17
http://dx.doi.org/10.1016/0020-7683(91)90089-X
http://dx.doi.org/10.1016/0020-7683(91)90089-X
http://www.jstor.org/stable/43636681

125

126

127

128

129

130

131

132

133

134

135

136

137

138
139

140

BIBLIOGRAPHY

D. Q. Cao and R. W. Tucker, “Nonlinear dynamics of elastic rods using the Cosserat theory:
Modelling and simulation,” International Journal of Solids and Structures, vol. 45, no. 2, pp. 460—
477, 2008.

H. Lang and J. Linn, “Lagrangian field theory in space and time for geometrically exact Cosserat

rods,” Fraunhofer ITWM, Tech. Rep., 2009.

J. E. Cisternas and P. Holmes, “Buckling of extensible thermoelastic rods,” Mathematical and
Computer Modelling, vol. 36, no. 3, pp. 233—243, 2002.

D. Moulton, T. Lessinnes and A. Goriely, “Morphoelastic rods. Part I: A single growing elastic
rod,” Journal of the Mechanics and Physics of Solids, vol. 61, no. 2, pp. 398-427, 2013.

C. Lazaro, S. Monleén, J. Bessini and J. Casanova, “A review on geometrically exact models for
very flexible rods,” in Proceedings of the IASS Annual Symposium, Tokyo, Japan, 2016.

Y. Shi, A. E. Borovik and J. E. Hearst, “Elastic rod model incorporating shear and extension,
generalized nonlinear Schrédinger equations, and novel closed-form solutions for supercoiled DNA,”

The Journal of Chemical Physics, vol. 103, no. 8, pp. 3166-3183, 1995.

B. D. Coleman, E. H. Dill, M. Lembo, Z. Lu and I. Tobias, “On the dynamics of rods in the
theory of Kirchhoff and Clebsch,” Archive for Rational Mechanics and Analysis, vol. 121, no. 4,
pp. 339-359, 1993.

R. Casati and F. Bertails, “Super space clothoids,” ACM Transactions on Graphics, vol. 32, no. 4,
p. 1, Jul. 2013.

A. Campanile, M. Mandarino, V. Piscopo and A. Pranzitelli, “On the exact solution of non-uniform
torsion for beams with asymmetric cross-section,” World Academy of Science, Engineering and
Technology, vol. 31, pp. 36-45, 2009.

L. Prandtl, “Zur torsion von prismatischen stédben,” Physikalische Zeitschrift, vol. 4, pp. 758-770,
1903.

K. Koohestani, “Nonlinear force density method for the form-finding of minimal surface mem-
brane structures,” Communications in Nonlinear Science and Numerical Simulation, vol. 19, no. 6,
pp. 20712087, 2014.

S. Timoshenko and J. N. Goodier, “Theory of elasticity,” 2nd ed. McGraw-Hill Book, 1951.

S. P. Timoshenko, “Theory of bending, torsion and buckling of thin-walled members of open cross
section,” Journal of the Franklin Institute, vol. 239, no. 4, pp. 201-219, Mar. 1945.

V. Z. Vlasov, “Thin-walled elastic beams,” 2nd ed. Israel Program for Scientific Translations, 1961.

E. Elter, “Two formuli of the shear center,” Periodica Polytechnica Mechanical Engineering, vol. 28,
no. 2-3, pp. 179-193, 1984.

J. M. Alves, “Dynamic analysis of bridge girders subjected to moving loads : Numerical and
analytical beam models considering warping effects,” MSc thesis, Tecnico Lisboa, 2014.

367


http://dx.doi.org/10.1016/j.ijsolstr.2007.08.016
http://dx.doi.org/10.1016/j.ijsolstr.2007.08.016
https://pdfs.semanticscholar.org/9025/e17fe796628d7ffdc63b5b792a378ea71f98.pdf
https://pdfs.semanticscholar.org/9025/e17fe796628d7ffdc63b5b792a378ea71f98.pdf
http://dx.doi.org/10.1016/S0895-7177(02)00122-X
http://dx.doi.org/10.1016/j.jmps.2012.09.017
http://dx.doi.org/10.1016/j.jmps.2012.09.017
https://www.researchgate.net/publication/308792656%7B%5C_%7DA%7B%5C_%7Dreview%7B%5C_%7Don%7B%5C_%7Dgeometrically%7B%5C_%7Dexact%7B%5C_%7Dmodels%7B%5C_%7Dfor%7B%5C_%7Dvery%7B%5C_%7Dflexible%7B%5C_%7Drods
https://www.researchgate.net/publication/308792656%7B%5C_%7DA%7B%5C_%7Dreview%7B%5C_%7Don%7B%5C_%7Dgeometrically%7B%5C_%7Dexact%7B%5C_%7Dmodels%7B%5C_%7Dfor%7B%5C_%7Dvery%7B%5C_%7Dflexible%7B%5C_%7Drods
http://dx.doi.org/10.1063/1.470250
http://dx.doi.org/10.1063/1.470250
http://dx.doi.org/10.1007/BF00375625
http://dx.doi.org/10.1007/BF00375625
http://dx.doi.org/10.1145/2461912.2461962
http://waset.org/publications/11305/on-the-exact-solution-of-non-uniform-torsion-for-beams-with-asymmetric-cross-section
http://waset.org/publications/11305/on-the-exact-solution-of-non-uniform-torsion-for-beams-with-asymmetric-cross-section
http://dx.doi.org/10.1016/j.cnsns.2013.10.023
http://dx.doi.org/10.1016/j.cnsns.2013.10.023
http://trove.nla.gov.au/work/16381909?q%7B%5C&%7DversionId=43668759
http://dx.doi.org/10.1016/0016-0032(45)90093-7
http://dx.doi.org/10.1016/0016-0032(45)90093-7
https://books.google.fr/books?id=gDIIAQAAIAAJ
https://pp.bme.hu/me/article/view/5785

141

142

143

144

145

146

147

148

149

150

151

152

153
154

155

BIBLIOGRAPHY

A. Day, “An Introduction to dynamic relaxation,” The Engineer, vol. 219, no. 5688, pp. 218-221,
1965.

J. R. H. Otter, A. C. Cassel and R. E. Hobbs, “Dynamic Relaxation,” Proceedings of the Institution
of Civil Engineers, vol. 35, no. 4, pp. 633-656, 1966.

A. C. Cassel and R. E. Hobbs, “Nunmerical stability of dynamic relaxation analysis of non-linear
structures,” Numerical Methods in Engineering, vol. 10, no. 6, pp. 1407-1410, 1976.

M. Barnes, “Applications of dynamic relaxation to the topological design and analysis of cable,
membrane and pneumatic structures,” in International Conference on Space Structures, Guildford,
England, 1975, pp. 211-219.

M. Papadrakakis, “A method for the automatic evaluation of the dynamic relaxation parameters,”
Computer Methods in Applied Mechanics and Engineering, vol. 25, no. 1, pp. 35—48, 1981.

P. Underwood, “Dynamic relaxation,” in Computational methods for transient analysis, 1983, ch. 5,
pp. 246-265.

M. Barnes, “Form finding and analysis of tension space structures by dynamic relaxation,” PhD
thesis, City University of London, 1977.

D. Wakefield, “Dynamic relaxation analysis of pretensioned networks supported by compression
arches,” PhD thesis, City University of London, 1980.

J. Rodriguez, G. Rio, J. M. Cadou and J. Troufflard, “Numerical study of dynamic relaxation with
kinetic damping applied to inflatable fabric structures with extensions for 3D solid element and
non-linear behavior,” Thin- Walled Structures, vol. 49, no. 11, pp. 1468-1474, 2011.

H. K. Dang and M. A. Meguid, “Evaluating the performance of an explicit dynamic relaxation
technique in analyzing non-linear geotechnical engineering problems,” Computers and Geotechnics,

vol. 37, no. 1-2, pp. 125-131, 2010.

D. M. L. da Silva, B. P. Jacob and M. V. Rodrigues, “Implicit and explicit implementation of
the dynamic relaxation method for the definition of initial equilibrium configurations of flexible
lines,” in 25th International Conference on Offshore Mechanics and Arctic Engineering, Hamburg,
Germany, 2006.

M. Rezaiee-Pajand, S. R. Sarafrazi and H. Rezaiee, “Efficiency of dynamic relaxation methods in
nonlinear analysis of truss and frame structures,” Computers and Structures, vol. 112-113, pp. 295—
310, 2012.

B. H. V. Topping and P. Ivanyi, “Computer aided design of cable-membrane structures,” 2007.

M. Miki, S. Adriaenssens, T. Igarashi and K. Kawaguchi, “The geodesic dynamic relaxation method
for problems of equilibrium with equality constraint conditions,” International Journal for Numer-
ical Methods in Engineering, vol. 99, no. 9, pp. 682-710, 2014.

G. Noh and K.-j. Bathe, “An explicit time integration scheme for the analysis of wave propaga-
tions,” Computers and Structures, vol. 129, pp. 178-193, 2013.

368


https://www.scopus.com/record/display.uri?eid=2-s2.0-0000015224%7B%5C&%7Dorigin=inward%7B%5C&%7DtxGid=
http://dx.doi.org/10.1680/iicep.1966.8604
http://dx.doi.org/10.1002/nme.1620100620
http://dx.doi.org/10.1002/nme.1620100620
http://dx.doi.org/10.1016/0045-7825(81)90066-9
http://openaccess.city.ac.uk/11887/
http://openaccess.city.ac.uk/7722/
http://openaccess.city.ac.uk/7722/
http://dx.doi.org/10.1016/j.tws.2011.07.011
http://dx.doi.org/10.1016/j.tws.2011.07.011
http://dx.doi.org/10.1016/j.tws.2011.07.011
http://dx.doi.org/10.1016/j.compgeo.2009.08.004
http://dx.doi.org/10.1016/j.compgeo.2009.08.004
http://dx.doi.org/10.1115/OMAE2006-92153
http://dx.doi.org/10.1115/OMAE2006-92153
http://dx.doi.org/10.1115/OMAE2006-92153
http://dx.doi.org/10.1016/j.compstruc.2012.08.007
http://dx.doi.org/10.1016/j.compstruc.2012.08.007
http://www.saxe-coburg.co.uk/pubs/descrip/dr.htm
http://dx.doi.org/10.1002/nme.4713
http://dx.doi.org/10.1002/nme.4713
http://dx.doi.org/10.1016/j.compstruc.2013.06.007
http://dx.doi.org/10.1016/j.compstruc.2013.06.007

156

157

158

159

160
161

162

163
164

165
166

167

168

169

170

171

172

173

BIBLIOGRAPHY

Y. Duan, D. Li and P. F. Pai, “Geometrically exact physics-based modeling and computer an-
imation of highly flexible 1D mechanical systems,” Graphical Models, vol. 75, no. 2, pp. 56—68,
2013.

B. Fierz, “Stabilizing explicit dynamic finite element simulations,” MSc thesis, ETH Ziirich, 2013.

E. Hairer, C. Lubich and G. Wanner, “Geometric numerical integration: Structure-preserving al-
gorithms for ordinary differential equations,” 2nd ed. Springer Berlin Heidelberg New York, 2006.

P. Cundall, “Explicit-finite difference methods in geomechanics,” in 2nd International Conference
on Numerical Methods in Geomechanics, vol. 1, Blacksburg, USA, 1976, pp. 132-150.

W. J. Lewis, “Tension structures: Form and behaviour.” Thomas Telford, 2003.

R. Borghi, “Simple pendulum dynamics: revisiting the Fourier-based approach to the solution,”
ArXiv e-prints, pp. 1-16, 2013.

A. Beléndez, C. Pascual, D. Méndez, T. Beléndez and C. Neipp, “Exact solution for the nonlinear
pendulum,” Revista Brasileira de Ensino de Fisica, vol. 29, no. 4, pp. 645-648, 2007.

J. Bishop, “C# 3.0 Design Patterns,” 1st ed. O’Reilly Media, 2007.

R. Clune, J. J. Connor, J. Ochsendorf and D. Kelliher, “An object-oriented architecture for exten-
sible structural design software,” Computers and Structures, vol. 100-101, pp. 1-17, 2012.

B. Watson, “Writing High-Performance .NET Code.” 2014.

L. N. Trefethen, “Computing numerically with functions instead of numbers,” Mathematics in
Computer Science, vol. 1, no. 1, pp. 9-19, 2007.

S. Chevillard, M. Joldes and C. Lauter, “Sollya: an environment for the development of numerical
codes,” in 3rd International Congress on Mathematical Software, ser. Lecture Notes in Computer
Science, vol. 6327, Kobe, Japan, 2010, pp. 28-31.

R. Green, “Faster Math Functions,” in Proceedings of Game Developers Conference, 2003.

B. H. V. Topping and A. I. Khan, “Parallel computation schemes for dynamic relaxation,” Engi-
neering Computations, vol. 11, no. 6, pp. 513-548, 1994.

V. Rek and I. Némec, “Parallel computing procedure for dynamic relaxation method on GPU using

NVIDIA’s CUDA,” Applied Mechanics and Materials, vol. 821, no. 1, pp. 331-337, 2016.

A. Liew, T. Van Mele and P. Block, “Vectorised graphics processing unit accelerated dynamic
relaxation for bar and beam elements,” Structures, vol. 8, pp. 111-120, Nov. 2016.

V. Charpentier, P. Hannequart, S. Adriaenssens, O. Baverel, E. Viglino and S. Eisenman, “Kine-
matic amplification strategies in plants and engineering,” Smart Materials and Structures, vol. 26,
no. 6, p. 63002, 2017.

J. E. Marsden, T. Ratiu and R. Abraham, “Manifolds, tensor analysis, and applications,” 3rd ed.
Springer Verlag, 2002.

369


http://dx.doi.org/10.1016/j.gmod.2013.01.001
http://dx.doi.org/10.1016/j.gmod.2013.01.001
http://e-collection.library.ethz.ch/eserv/eth:7258/eth-7258-02.pdf
http://dx.doi.org/10.1007/3-540-30666-8
http://dx.doi.org/10.1007/3-540-30666-8
https://www.researchgate.net/publication/268416833%7B%5C_%7DTension%7B%5C_%7DStructures%7B%5C_%7DForm%7B%5C_%7Dand%7B%5C_%7DBehaviour
http://arxiv.org/abs/1303.5023
http://dx.doi.org/10.1590/S1806-11172007000400024
http://dx.doi.org/10.1590/S1806-11172007000400024
http://shop.oreilly.com/product/9780596527730.do
http://dx.doi.org/10.1016/j.compstruc.2012.02.002
http://dx.doi.org/10.1016/j.compstruc.2012.02.002
http://books.google.com/books?vid=ISBN9780990583424
http://dx.doi.org/10.1007/s11786-007-0001-y
http://www.ue.eti.pg.gda.pl/%7B~%7Dwrona/lab%7B%5C_%7Ddsp/cw04/fun%7B%5C_%7Daprox.pdf
http://dx.doi.org/10.1108/02644409410799407
http://dx.doi.org/10.4028/www.scientific.net/AMM.821.331
http://dx.doi.org/10.4028/www.scientific.net/AMM.821.331
http://dx.doi.org/10.1016/j.istruc.2016.09.002
http://dx.doi.org/10.1016/j.istruc.2016.09.002
http://stacks.iop.org/0964-1726/26/i=6/a=063002
http://stacks.iop.org/0964-1726/26/i=6/a=063002
http://dx.doi.org/10.1137/1026118




2017

2016

2015

PUBLICATIONS FROM THE
AUTHOR

P. Cuvilliers, C. Douthe, L. du Peloux and R. Le Roy, “Hybrid structural skin: prototype of a
GFRP elastic gridshell braced by a fibre-reinforced conrete envelope,” Journal of the International
Association for Shell and Spatial Structures, vol. 58, no. 1, pp. 65-78, 2017.

B. Lefevre, F. Tayeb, L. du Peloux and J.-F. Caron, “A 4-degree-of-freedom Kirchhoff beam model
for the modeling of bending—torsion couplings in active-bending structures,” International Journal
of Space Structures, vol. 32, no. 2, pp. 69-83, 2017.

L. du Peloux, F. Tayeb, O. Baverel and J.-F. Caron, “Construction of a large composite grid-
shell tructure: a lightweight structure made with pultruded glass fibre reinforced polymer tubes,”
Structural Engineering International, vol. 26, no. 2, pp. 160-167, 2016.

L. du Peloux, F. Tayeb, B. Lefevre, O. Baverel and J.-F. Caron, “Formulation of a 4-DoF tor-
sion/bending element for the formfinding of elastic gridshells,” in Proceedings of the IASS Annual
Symposium, Amsterdam, Netherlands, 2015.

F. Tayeb, B. Lefevre, O. Baverel, J.-F. Caron and L. du Peloux, “Design and realisation of compos-
ite gridshell structures,” Journal of the International Association for Shell and Spatial Structures,
vol. 56, no. 1, pp. 49-59, 2015.


http://dx.doi.org/10.20898/j.iass.2017.191.853
http://dx.doi.org/10.20898/j.iass.2017.191.853
http://dx.doi.org/10.1177/0266351117714346
http://dx.doi.org/10.1177/0266351117714346
http://dx.doi.org/10.2749/101686616X14555428758885
http://dx.doi.org/10.2749/101686616X14555428758885
https://hal.archives-ouvertes.fr/hal-01199049
https://hal.archives-ouvertes.fr/hal-01199049
https://www.iass-structures.org/index.cfm/journal.article?aID=750
https://www.iass-structures.org/index.cfm/journal.article?aID=750

2013

2012

2011

PUBLICATIONS FROM THE AUTHOR
|

L. du Peloux, F. Tayeb, O. Baverel and J.-F. Caron, “Faith can also move composite gridshells,”
in Proceedings of the IASS Annual Symposium, Worclaw, Poland, 2013, pp. 1-7.

F. Tayeb, J.-F. Caron, O. Baverel and L. du Peloux, “Stability and robustness of a 300m? composite
gridshell structure,” Construction and Building Materials, vol. 49, pp. 926-938, 2013.

O. Baverel, J.-F. Caron, F. Tayeb and L. du Peloux, “Gridshells in composite materials: construc-
tion of a 300m? forum for the Solidays’ festival in Paris,” Structural Engineering International,
vol. 22, no. 3, pp. 408-414, 2012.

L. du Peloux, O. Baverel, J.-F. Caron and F. Tayeb, “From shape to shell: a design tool to materi-

alize freeform shapes using gridshell structures,” in Design Modeling Symposium, Berlin, Deutsch-
land, 2011.

372


http://dx.doi.org/10.1016/j.conbuildmat.2013.04.036
http://dx.doi.org/10.1016/j.conbuildmat.2013.04.036
http://dx.doi.org/10.2749/101686612X13363869853572
http://dx.doi.org/10.2749/101686612X13363869853572
https://hal.archives-ouvertes.fr/hal-01199030
https://hal.archives-ouvertes.fr/hal-01199030










Modeling of bending-torsion couplings in active-bending structures

APPLICATION TO THE DESIGN OF ELASTIC GRIDSHELLS

An elastic gridshell is a freeform structure, gener-
ally doubly curved, but formed out through the re-
versible deformation of a regular and initially flat
structural grid. Building curved shapes that may
seems to offer the best of both worlds : shell struc-
tures are amongst the most performant mechan-
ically speaking while planar and orthogonal con-
structions are much more efficient and economic
to produce than curved ones. This ability to “form
a form” efficiently is of peculiar importance in the
current context where morphology is a predomi-
nant component of modern architecture, and en-
velopes appear to be the neuralgic point for build-
ing performances.

The concept was invented by Frei Otto, a Ger-
man architect and structural engineer who devoted

recently emerged. They go beyond the limita-
tions of conventional materials such as timber and
offer at all levels much better technical perfor-
mances for this kind of application. Finally, it should
be noted that the regulatory framework has also
deeply changed, bringing a certain rigidity to the
penetration of innovations in the building indus-
try. Therefore, the design of gridshells arises in
new terms for current architects and engineers and
comes up against the inadequacy of existing tools
and methods.

In a first part, we deliver a thorough review of this
topic and we present in detail one of our main
achievements, the ephemeral cathedral of Créteil,
built in 2013 and still in service. In a second part,
we develop an original discrete beam element with

In this thesis, which marks an important step in a personal research adventure initiated in 2010,
we fry to embrace the issue of the design of elastic gridshells in all its complexity,
addressing both theoretical, technical and constructive aspects.

many years of research to gridshells. In 1975 he
designed the Multihalle of Mannheim, a 7500 m?
wooden shell which demonstrated the feasibility of
this technology and made it famous to a wide au-
dience. However;, despite their potential, very few
projects of this kind were built after this major real-
ization. And for good reason, the resources com-
mitted at that time cannot guarantee the replicabil-
ity of this experiment for more standard projects,
especially on the economic level. Moreover, the
technics and methods developed by Otto's team
in the 1960s have mostly fall into disuse or are
based on disciplines that have considerably evolved.
New materials, such as composite materials, have

a minimal number of degrees of freedom adapted
to the modeling of bending and torsion inside grid-
shell members with anisotropic cross-section. En-
riched with a ghost node, it allows to model more
accurately physical phenomena that occur at con-
nections or at supports. Its numerical implemen-
tation is presented and validated through several
test cases. Although this element has been devel-
oped specifically for the study of elastic gridshells,
it can advantageously be used in any type of prob-
lem where the need for an interactive computation
with elastic rods taking into account flexion-torsion
couplings is required.
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