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Abstract

Resulting from the reciprocal interaction of slender beams, which are ac-
tively bent, and cables or membranes, which are pre-stressed, bending-active
tensile structures attract growing interest due to their various qualities. These
structures have expressive curved shapes, are lightweight and can be assembled
quickly, thus allowing the construction of innovative small and medium-scale
structures such as temporary pavilions. Their equilibrium geometry, however, is
complex and difficult to predict. The form-finding methods currently available
for the design of bending-active tensile structures generally limit the designer’s
influence on the final equilibrium geometry and make the design process less in-
tentional. In order to overcome this restriction and achieve seamless integration
of architectural and structural design, this research introduces a novel approach
to the design of bending-active tensile structures in architecture.

The proposed approach allows to define the bending-active beams directly
in their equilibrium geometry thus providing the designer explicit control on the
overall geometry of the bending-active tensile structures. This is made possi-
ble by breaking up the complex problem of form-finding bending-active tensile
structures into simpler sub-problems, and successively addressing the equilibrium
of the bending-active beams and that of the pre-stressed cables or cable nets.
The control of the overall geometry of the bending-active tensile structures is
achieved with a twofold strategy. On the one hand, through the differentiation,
along the beams’ axis, of their bending stiffness; on the other hand, through the
control of the forces applied on the beams’ axis via the pre-stressed restraining
cables.

In the present work, a novel structural model of slender beams is first defined
based on a simplified mechanical model and the use of form and force diagrams.
This structural model facilitates the understanding of the mechanisms involved
in the static equilibrium of a bending-active beam in 2D space. It thus makes
it possible to control its static equilibrium, particularly from a geometric stand-
point. Moreover, a form-driven design approach is formulated and its different
procedures are elaborated. In particular, the equilibrium of the bending-active
beams in their desired equilibrium geometry is analysed by means of the intro-
duced structural model, and several specific graphical and numerical methods
are developed to address the equilibrium of the cables and cable nets connected
to them. Finally, the potential of the approach is demonstrated in a real archi-
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tectural context by the design of a bending-active tensile structure that acts as
a sun-shading system for the glazed façade of an office building.
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Zusammenfassung

Biegeaktive, zugbeanspruchte Strukturen basieren auf dem wechselseiti-
gen Zusammenwirken schlanker Balken, welche aktiv gebogen und mit Seilen
oder Membranen vorgespannt werden. Aufgrund ihrer vielfältigen Eigen-
schaften stossen sie auf ein stetig wachsendes Interesse. Diese Strukturen
sind geprägt von ausdrucksstarken gekrümmten Formen, ausserdem sind sie
äusserst leicht und schnell zusammenbaubar, was die Realisierung innovativer
kleiner und mittlerer Konstruktionen, wie temporäre Pavillons, ermöglicht.
Ihre Gleichgewichtsgeometrie ist jedoch komplex und schwer vorhersehbar.
Die derzeit verfügbaren Formfindungsmethoden für den Entwurf biegeaktiver,
zugbeanspruchter Strukturen begrenzen allgemein den Einfluss des Entwerfers
auf die endgültige Gleichgewichtsgeometrie, so dass der Entwurfsprozess nur
bedingt kontrollierbar erscheint. Um diese Einschränkung zu überwinden und
eine nahtlose Integration von architektonischem und tragwerkstechnischem
Entwurf zu erreichen, stellt die vorliegende Forschung einen neuen Ansatz für
den Entwurf biegeaktiver, zugbeanspruchter Strukturen in der Architektur vor.

Der vorgeschlagene Ansatz erlaubt es, die biegeaktiven Balken direkt in ihrer
Gleichgewichtsgeometrie zu definieren, wodurch der Entwerfer eine explizite Kon-
trolle über die globale Geometrie von biegeaktiven, zugbeanspruchten Strukturen
erhält. Dies wird ermöglicht, indem das komplexe Problem der Formfindung
von biegeaktiven, zugbeanspruchten Strukturen in einfachere Teilprobleme zer-
legt wird und das Gleichgewicht für die biegeaktiven Balken und die vorgespan-
nten Seile oder Seilnetze nacheinander erzeugt wird. Die Kontrolle der globalen
Geometrie wird mit einer Doppelstrategie erreicht. Einerseits durch die Dif-
ferenzierung der Biegesteifigkeit entlang der Balkenachse, andererseits durch die
gezielte Kontrolle der Kräfte, die über die vorgespannten Seile auf die Balke-
nachse wirken.

In der vorliegenden Arbeit wird zunächst ein neuartiges Tragwerksmodell von
schlanken Balken definiert, das auf einem vereinfachten mechanischen Mod-
ell und der Verwendung von Lage- und Kräfteplänen basiert. Dieses Mod-
ell erleichtert das Verständnis der Phänomene, die zur Erzeugung des statis-
chen Gleichgewichts eines biegeaktiven Balkens in zwei Dimensionen wirken.
Es ermöglicht somit die Kontrolle des statischen Gleichgewichts von einem ge-
ometrischen Standpunkt aus. Darüber hinaus wird ein formorientierter Entwurf-
sansatz formuliert und dessen unterschiedlichen Verfahren detailliert dargestellt.
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Das eingeführte Tragwerksmodell wird insbesondere zur Erzeugung des Gle-
ichgewichts von biegeaktiven Balken verwendet, während verschiedene, speziell
entwickelte grafische und numerische Methoden dazu dienen, das Gleichgewicht
mit den verbindenden zugbeanspruchten Elementen zu untersuchen. Das Poten-
zial des Ansatzes wird schliesslich in einem realen architektonischen Kontext
durch den Entwurf einer biegeaktiven, zugbeanspruchten Struktur für ein Son-
nenschutzsystem einer verglasten Bürogebäudefassade vorgeführt.
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Résumé

Issues de l’interaction réciproque de poutres élancées initialement droites et
activement fléchies et de câbles ou de membranes tendus, les structures tendues
à flexion active font l’objet d’un intérêt grandissant du fait de leurs diverses quali-
tés. Légères, rapidement assemblées, à l’esthétique aérienne et dotées de formes
courbes expressives, elles permettent la construction de structures innovantes de
petite et moyenne échelle telles que des pavillons temporaires. Leur géométrie
est néanmoins complexe et difficilement prédictible. Les méthodes de recherche
de forme actuellement disponibles pour la conception des structures tendues à
flexion active tendent à restreindre l’influence du concepteur sur la géométrie
d’équilibre des structures générées et à rendre le processus de conception peu
intentionnel. Dans le but de dépasser cette limitation et de réussir une intégra-
tion plus forte l’une à l’autre des conceptions architecturale et structurelle, cette
recherche introduit une nouvelle approche de conception des structures tendues
à flexion active en architecture.

En décomposant le problème complexe de recherche de forme des structures
tendues à flexion active en sous-problèmes plus simples, et en abordant succes-
sivement l’équilibre des poutres activement fléchies et celui des éléments tendus,
l’approche proposée permet de définir les poutres activement fléchies directe-
ment dans leur géométrie d’équilibre et fournit ainsi au concepteur un contrôle
explicite de la géométrie globale des structures tendues en flexion active. Ce
contrôle s’opère selon une double stratégie : d’une part, par la différenciation,
le long de l’axe des poutres, de leur raideur de flexion, et d’autre part, par le
contrôle des efforts exercés sur l’axe des poutres par les éléments tendus.

Dans le travail ici présenté, un nouveau modèle structurel des poutres élan-
cées est d’abord défini à partir d’un modèle mécanique simplifié et de l’utilisation
de diagrammes de forme et de forces. Ce modèle structurel facilite la compréhen-
sion des mécanismes impliqués dans l’équilibre statique d’une poutre activement
fléchie dans le plan et permet ainsi d’en contrôler l’équilibre statique, notam-
ment du point de vue géométrique. Dans un deuxième temps, une approche de
conception dite axée sur la forme est formulée et ses différentes procédures sont
détaillées. En particulier, le modèle structurel introduit sert à résoudre l’équilibre
des poutres activement fléchies, tandis que plusieurs méthodes graphiques et nu-
mériques sont spécifiquement développées pour aborder l’équilibre des éléments
tendus qui leur sont connectés. Enfin, le potentiel de l’approche est démontré
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dans un contexte architectural réel par la conception d’une structure tendue à
flexion active ayant pour fonction la protection solaire des façades vitrées d’un
bâtiment de bureau.
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1. Introduction

1.1 Material-driven hybrid structural systems

As a consequence of the distinction between the disciplines of architecture
and engineering, form and structure tend to be addressed independently during
the architectural design process: first the geometric definition of forms, often
without real structural consideration and emanating above all from a purely
formal process, and then the structural analysis of the defined forms. In this
context, on the one hand, the constructed form does not express how the forces
flow within the structure and, on the other hand, large sections of material are
often required to withstand the bending stresses that are generated. In this sense,
the geometric description of the form takes precedence over its physical and
structural reality and the material is often considered as a secondary and passive
instance in the design process, attributed to geometrically defined elements and
serving the form to meet mechanical and aesthetic requirements.

Material-driven structural forms Another design approach is possible, in
which form and structure are considered jointly and equally, as in natural
systems, whose form results from the translation of the physical laws that
underlie them. Inspired by this observation, particularly with regard to biological
organisms (studies by D’Arcy Thompson (Thompson 1917) and Robert Le
Ricolais (Le Ricolais 1973) among others), a growing interest in structural
morphology (Motro 2009) has developed over the 20th century among architects
and engineers. The understanding of the fundamental relationships between
the form of a structure and the forces that act on it or can be transferred by
it has been the starting point for many explorations and advances in the field
of structural systems, breaking with the structural typologies that existed until
then. In particular, intense and prolific research in structural morphology has
led to alternative principles of lightweight construction according to which a
structural system derives its strength from its specific form and not from the
accumulation of matter.

If Vladimir Shukhov’s projects of tensile roofs and hyperbolic towers at the
beginning of the 20th century were the precursors of this research in structural
morphology, it is from the 1950s onwards that the most remarkable lightweight
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Figure 1.1: Lightweight structures – (from left to right) Hyperbolic tower by Vladimir Shukhov
(1922), Los Manantiales shell structure by Félix Candela (1958) and models by Robert Le
Ricolais (1945).

Figure 1.2: Physical form-finding models – (left) Hanging models by Heinz Isler (1981) and
(right) textile membranes and rope nets model for the German Pavilion 67 by Frei Otto (1965).

structures have been built by figures like Buckminster Fuller, Félix Candela, Heinz
Isler and Frei Otto (Figure 1.1). Their interdisciplinary teams of architects and
engineers have contributed to the development of structural concepts based
on the equilibrium of forces and the optimum use of the specific capacities of
materials and, consequently, to the necessary form-finding techniques. There,
the use of the physical model, as already initiated in the 1900s by Antoni Gaudí
with his network of hanging chains for the design of the stone church of Colònia
Güell (Huerta 2006), proved to be successful. By deforming flexible bodies
under the effect of a force field, the forms of innovative structures emerge on
their own as a result of the flow of forces (Figure 1.2). Frei Otto’s contribution
is exemplary in introducing this paradigm shift in which an approach based on a
process of form emergence replaces a top-down design approach: it is then the
material, its specific mechanical properties, that informs the structure and its
geometry. In this way, the design is not imposed on the material, but rather the
result of the interaction between material, geometry and boundary conditions.

Lightweight tensile structures Frei Otto’s work on tensile roof structures
marked a breakthrough in the generation of lightweight structures and provides
an eloquent example of this new design approach and the role of physical models.
His extensive research in the field of tensile structures supported by masts and
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Figure 1.3: Classification of self-forming processes according to the generating forces by Frei
Otto (Gass 1990)

cables was grounded on tensile stresses (Roland 1965). Always preferable to
compression and bending, which induce structures with thick structural members,
tension leads indeed to thin and lightweight constructions. Built from textile
membranes or cable nets, tensile structures are surface structural systems with
an anticlastic curvature. They are characterised by their ability to resist external
loading through an increased tension in their doubly curved surface, which is
in turn resisted by compression and bending in the supporting elements. The
geometry of a tensile surface is determined by the magnitude of the forces which
flow in it, but at the same time, these forces can only be calculated from the
surface’s geometry. No mathematical equation can explicitly define the geometry
of a tensile surface and the vicious circle between forces and geometry can
only be solved by a very large number of complex and iterative calculations,
much too complex for the computers then available in the 1960s and 1970s.
The German Pavilion 67 in Montreal (1967) designed by Frei Otto and Rolf
Gutbrod and the roofs of theMunich Olympic Park (1972) designed with Günther
Behnisch and Fritz Auer are two emblematic structures that have made Frei Otto
famous. They were entirely designed from a meticulous work on physical form-
finding scale models to determine the distribution of forces and to measure the
equilibrium geometry to be enlarged at real scale.
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Bending as a self-forming process Frei Otto’s studies on physical models
were not limited to tensile structures, and throughout the second half of the
20th century, he and his team at the Institute for Lightweight Structures at
the University of Stuttgart conducted extensive research on abiotic self-forming
processes (Gass 1990). Just like tension and compression, he identifies bending
as the generating force of a self-forming processes (Figure 1.3). Indeed, under
the action of bending and provided they are sufficiently elastic, slender structural
elements deform without breaking. The curved geometries they adopt derived
from their geometric and material characteristics and the forces to which they
are subjected. The structures so generated are very lightweight due to the
slenderness of their bent elements. The curved geometry causes an increase in
the structural stiffness of the bent elements allowing the activation of their very
thin sections. Such intentional use of bending for structural and formal purposes
was later referred to as “active bending” (Lienhard 2014). This formation process
is widely implemented empirically and pragmatically as a structural principle in
many vernacular architectural constructions which use plant stems (branches,
reeds, bamboos and other grass species) to create arches and shells (Figure 1.4).

For his part, Frei Otto was mainly interested in active bending as a means of
erecting and forming grid-shell structures from flat grids of slender linear beams.
The overall geometry of these grid-shells, which is doubly curved, was established
independently from the bending phenomenon, by hanging chain models, as in the
case of the timber structure of the Multihalle Mannheim, designed by Frei Otto
in collaboration with Edmund Happold in 1975 (Burhardt 1978). Active bending
remained then for some decades outside the field of structural engineering, due
to a lack of appropriate numerical methods and tools and probably also to a
mistrust of such structures among engineers. Recently, driven by the develop-
ment of new simulation methods and digital design tools and a growing interest
in design approaches where the shape emerges from the properties of the build-
ing materials (Menges 2012), active bending has received increasing attention,
specifically in academia. In particular, the research of the ITKE Institute of
the University of Stuttgart, including the doctoral research of Julian Lienhard
(Lienhard 2014), has led to the design of several small and medium-scale pavil-
ions which, thanks to their prospective nature, contributed to establishing the
structural and architectural potential of structures using bending as a formation
strategy.

Hybrid structural systems The introduction of active bending as a structural
principle in the field of structural engineering and academia has been achieved
partly through research aimed at integrating flexible elements into tensile struc-
tures (Barnes 2000, Adriaenssens and Barnes 2001, Off 2010). In fact, often in
the design of tensile structures, supporting structural elements additional to the
membranes or the cable nets are involved, principally in the form of rigid masts
and cables. The masts are then subjected to compressive forces that compensate
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Figure 1.4: Bending as a self-forming process – (right) Construction of a traditional mudhif
house from plant stems (Iraq) and (left) Elastica curve by Euler (Euler 1744)

for the tensile forces acting in the membranes or the cable nets. The integration
of flexible elements within membranes and cable nets thus ensures the necessary
compressive forces for their tensioning. This co-action principle between tensile
and compressive elements is the same, for example, as that used by the tensegrity
structures (Figure 1.5) developed by Kenneth Snelson and Buckminster Fuller
(Marks 1960, 55-64; Fuller 1975, 369-411): the introduction of compressive
elements into a continuum of membranes or cables allows very lightweight struc-
tures to be put under tension, which can then be risen and cover large spans.
Membranes integrating flexibles elements and tensegrity structures are defined as
hybrid structures according to the classification of structural systems proposed
by Heino Engel (Engel 1967); “the redirection of forces is effected through the
co-action of two or several – in their structural function basically equipotent –
mechanisms from different structures "families"”.

Hybrid bending-active tensile structures Bending-active tensile structures
(Slabbinck et al. 2017), also known as “textile hybrids” (Ahlquist et al. 2013),
are defined as the co-action of bending-active elements, which play the role of
compressive elements, and tensile elements within the same structural system.
The slenderness of the bending-active elements necessary for their bending and
the restraining effect of the tensile elements leads to very lightweight struc-
tures. The Oval Intention geodesic dome tent put on the market by The North
Face company in 1975 and whose design was based on the ideas and assistance
of Buckminster Fuller (Hamilton 2017) can be considered as one of the first
structures where the mutual interaction between actively bent and pre-stressed
elements is intentionally addressed in the sense of Hengel’s co-action principle
(Figure 1.6).

The simplicity and economy of means by which curved forms can be produced,
the performance, adaptability and lightness of bending-active tensile structures
as well as their formal expressiveness are reasons that explain the interest they
arouse. Yet, few bending-active tensile architectural structures have been de-
signed and built outside academia. The reason for this lack of enthusiasm cer-
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Figure 1.5: Lightweight hybrid structural systems – (left) Tensegrity sphere hold by Buckminster
Fuller (1979) and (right) membrane tensegrity Temporary Pavilion in Noda Kazuhiro Kojima
+ Kojima Laboratory, Tokyo University of Science (2011) (Temporärer Pavillon in Noda /
Temporary Pavilion in Noda 2012).

Figure 1.6: Hybrid bending-active tensile structures – (left) Geodome 4 tent by the North Face
company (2018), (right) Isoropia structure by CITA and collaborators (2018).

tainly stems, on the one hand, from the reluctance of architects and engineers
who have limited knowledge and experience with these structures and, on the
other hand, from the challenges associated with the design and formation pro-
cess which must be simulated through a non-linear and complex analysis and
requires appropriate numerical methods and digital tools (Kelly et al. 2001).

Form-designing versus form-finding and form-steering The design of
bending-active tensile structures, like that of any other structural system whose
geometry can only be established by means of a form-finding process, raises
the question of the role of the designer and his/her degree of influence on
the formation process. Form-finding, whether analog or digital, must indeed
be understood as a deterministic process during which the definition of a set
of conditions, both related to the structural system itself (material properties,
cross-sections, stress states, topology, etc.) and to its environment (support
conditions, loads, etc.), leads to a specific geometry. Faced with the uniqueness
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of this solution and the superiority of the physical rules that determine it, what
influence can the designer have on the structure’s geometry?

Frei Otto himself expressed his doubts about the use of form-finding models
in the design of an architectural project:

“It is extremely difficult to apply self-forming processes for architectural
design. Although the experiment constitutes a very direct way of achieving
the form, which, by its very nature, has already undergone an optimisation
process, design work can only be seen in relation to the complexity of a
building task and the integration of the building into its surroundings and
into society. [. . . ] Siegfried Gass says it, and I would like to emphatically
stress this point: The use of physical experiments in the design field does
not itself lead to humane or natural architecture. As with geometrical or
computational optimisation methods, the experiments only constitute an
aid. They are instruments for those of us who know how to use them,
nothing more.” (Otto 1990)

As a matter of fact, beyond its primary supporting function, a structure must
also fulfil other purposes, including its spatial, programmatic, environmental,
symbolic, aesthetic functions, in relation to the specificities of a given context.
More broadly, the design of an architectural project involves the integration of
multiple dimensions, some of which are not directly quantifiable in a purely objec-
tive manner. In line with Frei Otto’s comments, but pointing more specifically to
bending-active structures, and therefore also to bending-active tensile structures,
Lienhard et al. even talk about a submission of the designer:

“Despite the apparent freedom of formal expressions that the built exam-
ples show [. . . ], all bending-active structures rely on physical form defining
mechanisms which design intentions have to subordinate to.” (Lienhard,
Alpermann, Gengnagel and Knippers 2013)

Yet, during a form-finding process, it is possible to steer the equilibrium ge-
ometry of the structure towards a result that satisfies the desired architectural
intentions (Kilian 2014). By manipulating the various parameters of the struc-
tural system, the resulting form and force distribution can be influenced. In
particular, it is relatively easy, in a digital and parametric environment, to vary
the support conditions, loads, mechanical properties of the system, topology,
etc. In this way, the designer actively explores different design variations and
can steer the form-finding process towards a result that is close to the expected
geometry. However, due to the non-linear nature of the structural system, this
form-steering process is far from being straightforward and must be operated
by means of successive attempts. If the structural system is sensitive, a slight
change in the parameters can lead to a significantly different state of equilibrium,
making the steering process tedious. In this blind search, new forms that were
not yet thought of may emerge, but at the same time there is a risk that the
designer may lose his/her control over the design process.
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Figure 1.7: Asian composite bow illustrating how a differentiated bending stiffness along the
limb of the bow affects its form in relation to functional aspects (Bergman and McEwen 1997).

Material and geometric differentiation More specifically, in the context of
material-based design, as in the case of active bending, controlling the struc-
ture’s geometry can be achieved by interfering with its mechanical and geomet-
ric characteristics, i.e. by assigning the structure its mechanical and geometric
characteristics in an appropriate and differentiated manner (Menges 2012). For
instance, such a differentiation strategy is developed in a natural way by biologi-
cal systems which, through principles of heterogeneity, anisotropy and hierarchy,
manage to integrate elegantly formal, structural and functional needs (Lienhard
et al. 2015).

The tailoring opportunities offered by the new computer-assisted manufac-
turing methods allow the introduction into structural systems of non-standard
elements with non-uniform geometric and physical characteristics. The pos-
sibility of a heterogeneous differentiated design driven by the distribution and
specification of materials, which breaks with a conventional, homogeneous mod-
ular design driven by the logic of material assembly, is then introduced (Oxman
2012). This paradigm shift opens the way for design processes in which material
is actively used as a mediator between form and structure. Therefore, the struc-
tural and formal potential embodied in materials – too often underestimated
by common design processes – can be fully exploited. With the introduction
of material and geometric differentiation, the range of possible form-found de-
sign solutions is expanded, but, in return, the number of parameters on which
to act increases, which makes the process of form-steering more tedious, even
impossible, to conduct.
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Figure 1.8: Static equilibrium of weights hanging on a cable analysed through graphic statics –
Form and force diagrams (Varignon 1725).

With regard to active bending, composite bows are a good example to illus-
trate how a differentiated distribution of the manufacturing materials along the
limb allows to control the curvature of a bent element in relation to its func-
tion and behaviour (Figure 1.7) (Beukers and van Hinte 2005). Very advanced
composite systems which certainly took hundreds of years to develop, composite
bows consist of a slender strip of wood – or a laminate of more than one – to
which are glued on the outer side lengths of elastic animal tendon and on the
inner side strips of compressible animal horn (Bergman and McEwen 1997).

Structural design with graphic statics Introducing differentiated geometric
and mechanical properties within a self-formed structure can support to control
its form. However, understanding the role of the form of a structure on its
static behaviour and on the distribution of the forces acting on it appears as a
fundamental condition to be able to negotiate their formal and structural aspects
and thus achieve the convergence of architectural and structural design.

With this regard, graphic statics, a vector-geometric illustration of the distri-
bution of forces in a structure, contributes to an understanding of the formative
effect of active forces within a supporting structure. Graphic statics, which “has
for its object the deduction of the principles of statics and the solution of static
problems by means of geometrical constructions” (Malcolm 1914, p.3), was for-
malised by Karl Culmann (1821-1881), a professor at the time at ETH Zurich.
It is grounded on the reciprocal relationship between two diagrams: the form
diagram, representing the geometry of the structure, and the force diagram,
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representing the equilibrium of the internal and external forces acting on the
structure (Stevin 1586, Varignon 1725, Culmann 1866, Cremona 1872).

By reducing the internal forces of a structure to compression and tension,
graphic statics allows the visual representation of the internal force flow as means
of a strut and tie model. The visual expression of this structural information
that is both intuitive and understandable to the designer does not represent an
excessive simplification of the physical condition. Rather, this view of structural
systems is mathematically precise thanks to the lower bound theorem of the
theory of plasticity and linear algebra and satisfies the standards of engineering.
Concurrently, the use of resultant forces and internal force flow encourages a
unified understanding of the interplay of form and load-bearing capacity and
provides graphic statics a creative strength over numerical methods.

Overall, more oriented towards the conception of form than form-finding and
other numerical methods, graphic statics is a strong approach to design which
supports an integral and holistic understanding of architectural and structural
design.
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1.2 Research overview

Bending-active tensile structures have expressive curved shapes, are
lightweight and can be assembled quickly, thus allowing the construction
of innovative small and medium-scale structures such as temporary pavilions.
Resulting from the reciprocal interaction of slender beams, which are actively
bent, and cables or membranes, their equilibrium geometry, however, is complex
and difficult to predict. The current methods used for the design of bending-
active tensile structures are based on form-finding approach in which the final
equilibrium geometry of the structures is searched form. These methods gener-
ally limit the designer’s influence on the final equilibrium geometry and tend to
make the design process less intentional and intuitive.

Research focus Motivated by a seamless integration of architectural and struc-
tural design, the primary aim of this research is to introduce a novel approach
for the design of bending-active tensile structures in architecture.

Embracing both the physical mechanisms and the formal aspect of design,
the proposed approach intends to give the designer more explicit and intuitive
control over the final equilibrium geometry of bending-active tensile structures
and consequently facilitate the integration of geometry-related criteria into their
design. Grounded on a graphical methodology for the structural modelling of
bending-active beams, such form-driven design approach aims to be an alterna-
tive and complementary approach to existing form-finding methods, especially in
the early conceptual stage of the design where the simplicity and transparency
of graphical methods prove to be very valuable.

In order to achieve a more intentional design of bending-active tensile struc-
tures in architecture, this research investigates, on the one hand, the relation
between the physical form-defining mechanisms and the resulting spatial config-
urations and, on the other hand, the role of material as mediator between both.
In particular, this research focuses on the introduction of gradient of geometric
and material properties as a means to integrate these two structural and formal
aspects. The idea is to strengthen and activate the role of material as a mediator
between form and forces, geometry and physical phenomenon, and thus, to give
the designer additional control onto the design process through material related
parameters.

Thesis structure The rest of this thesis is organised in five chapters:

Chapter 2 – Research Framework – outlines the research context within
which the proposed design approach for bending-active tensile structures in ar-
chitecture has been formulated, by exposing its theoretical background and a
literature review. Moreover, the scope of the present work is delineated and
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the research process undertaken for the development of the proposed design
approach for bending-active tensile structures in architecture is highlighted.

Chapter 3 – Structural Model – describes the structural model on which
the form-driven design approach is built. In particular, this structural model al-
lows to describe the static equilibrium of bending-active beams and is based on a
graphical methodology and a simplified mechanical model. From there, a twofold
strategy is proposed to shape bending-active beams into target equilibrium ge-
ometries.

Chapter 4 – Design Approach – introduces the proposed form-driven ap-
proach for the design of bending-active tensile structures consisting of bending-
active beams and pre-stressed cables and cable nets. After a description of the
form-driven approach itself, different graphical and numerical methods are de-
veloped for the generation of pre-stressed cables and cable nets in equilibrium
with the bending-active beams.

Chapter 5 – Design Application – focuses on a case study which was used as
a design experiment to test the applicability of the developed design approach in
a real architectural context. In particular, this chapter presents the form-driven
design of bending-active tensile structure for façade sun-shading.

Chapter 6 – Conclusion – provides a summary of the various contributions
of this research, presents the current limitations and proposes suggestions for
future developments. It finally reflects on the overall content of the thesis.

Related publications Part of this thesis has been published in scientific journals
and presented in international conferences by the author:

Boulic, L. and Schwartz, J.: 2017, Graphic Statics Principles for the Design of
Actively Bent Elements Shaped with Restraining Systems, Proceedings of the
IASS Annual Symposium 2017, Hamburg, Germany.

Boulic, L. and Schwartz, J.: 2018, Design Strategies of Hybrid Bending-Active
Systems Based on Graphic Statics and a Constrained Force Density Method,
Journal of the International Association for Shell and Spatial Structures 59(4),
267–275.

Boulic, L.: 2020, Graphical Method for the Construction of Pairs of 3D Skew
Funiculars in Equilibrium with Coplanar Loads and Controlled Supports’ Posi-
tions, Structural Concrete, (accepted for publication).

Boulic, L., D’Acunto, P., Bertagna, F. and Castellón, J.: 2020, Form-Driven
Design of a Bending-Active Tensile Façade System, International Journal of
Space Structures, (accepted for publication).
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2. Research Framework

2.1 Research context

This section outlines the context of this research. First, bending-active ten-
sile structures are introduced based on definitions, classifications and build ex-
amples. Then, the non-linear equations that govern the static equilibrium and
the large deflection of bending-active beams are presented. Finally, a review of
the existing numerical and graphical methods for the modelling of bending-active
beams and bending-active tensile structures is made.

2.1.1 Bending-active tensile structures

Definition of bending-active structures Bending, when related to a rigid
structure subjected to external loads, is synonymous with deflections that can
compromise the functionality of the structure or cause its collapse. Structural
members are then given large cross-sections to minimise the deformation of the
structure. On the contrary, “active bending” refers to the intentional use of large
elastic deformations for structural and formal purposes. Respectively, the term
“bending-active” characterises a vast range of structural systems which make use
of large deformations as a “self-forming” (Gass 1990), “form-defining” and “self-
stabilising” strategy (Lienhard 2014). Bending-active structures take advantage
of the capacity of slender flexible structural elements, which are, in most cases,
initially straight or flat, to elastically deform and bend into curved geometries.
Strains within the actively bent elements remain infinitesimal but, due to the
elements’ slenderness, it results in large deformations.

As such, in this context, the notion of active bending refers more to a strategy
of form definition than to a particular type of structure. The behaviour of
bending-active structures under loads cannot indeed be generalised to any specific
and inherent mechanism just as no generic geometric definition of these systems
can be established. Nevertheless, all bending-active structures have in common
certain characteristics which derive from the elastic deformations upon which
they are based. First, bending-active structures are lightweight structures. This
is due to the fact that the actively bent elements must necessarily be thin and
slender in order to bend without breaking. Second, owing to the reversible nature
of the elastic deformations, bending-active structures have a capacity to store
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Figure 2.1: Classification of bending-active structures according their typology.

elastic energy and, potentially, to dissipate it. This is the principle on which
the bow, for example, is based. Third, bending-active structures gain structural
stiffness through bending. At the level of the slender elements, curved shapes
have a higher structural height than straight or flat shapes, and the residual
stresses that occur have a stiffening effect. At the global level, the load-bearing
capacity of bending-active structures relies more on the activation of their overall
geometry than on the activation of the very thin cross-sections. In particular,
the generation of double curved surfaces or the combination of bending-active
elements with tensile restraining elements are the main strategies for stiffening
bending-active structures. Finally, bending-active structures have in common
the relative simplicity, rapidity and economy of their assembly process.

Classification of bending-active structures Active bending does not refer to a
particular type of structures in itself, and different typologies can be distinguished
among the bending-active structures (Figure 2.1).

Most of the built bending-active structures belong to well-known classical
structural typologies such as the arches, the grid-shells, or the trusses. Active
bending has indeed proved to be an efficient way to build such typologies, in
particular with advantages in the construction process and in the efficient use of
material.

Arched structures are the most straightforward application of active bending
as a construction principle (Figure 2.3) and are behind many vernacular construc-
tions worldwide (Cataldi 1997). The choice of elastically deformed elements for
construction is then mainly motivated by economic reasons and manufacturing
constraints. Traditional techniques for the construction of huts and temporary
and mobile shelters generally make use of natural stems (branches, bamboo
stems, grass bundles) that are elastically bent for the construction of arches but
also grid-shell structures in the form of domes (Cataldi 1997). Such vernac-
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Figure 2.2: Vernacular bending-active structures – (left) Traditional mudhif collective house by
Madans people in Iraq, (right) traditional hut by Dorze people in Ethiopia.

Figure 2.3: Bending-active arched structures – (left) Forest Pavilion by nArchitects (2011),
(right) AA/ETH Pavilion by the Architectural Association (EmTech) and the Chair of Structural
Design ETH Zurich (2011).

Figure 2.4: Bending-active grid-shells – (from left to right) Mannheim Multihalle by Carlfried
Mutschler & Partners, Frei Otto and Ove Arup & Partners (1975), Pannikar Pavilion by CODA
(2014), UWE Pavilion by the University of West of England and Format Engineers (2016).

Figure 2.5: Bending-active shells – (from left to right) Geodesic Plydome by Buckminster
Fuller (1957), ICD/ITKE Research Pavilion 2010 by ICD/ITKE, University of Stuttgart (2010),
Bend9 Pavilion by Riccardo La Magna (2016).
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Figure 2.6: Bamboo bending-active frames and trusses – (left) Sports hall in Thailand by
Chiangmai Life Architects and Construction (2017), (left) Conference hall in Da Nang by in
Vietnam by Vo Trong Nghia (2015).

ular constructions include for instance the traditional mudhif collective houses
by Madans people in Iraq (Frey 2010), the traditional hut by Dorze people in
Ethiopia (Figure 2.2) or more recently the Bamboo Structure Project in Iran by
Rai Studio (2009) (Bamboo Structure Project / Pouya Khazaeli Parsa 2010).

Bending-active grid-shells, also referred to as elastic grid-shells, consist of
linear elements which are bent and assembled into a regular or irregular dou-
ble curved grid (Figure 2.4). Widely represented in vernacular constructions,
bending-active grid-shells are also used for the realization of modern architec-
tural constructions of medium and large scale including, among several others,
the Savill Garden Gridshell by Buro Happold & Glen Howells Architects (2006)
(Harris and Roynon 2008), the Downland Gridshell by Buro Happold and Edward
Cullinan Architects (2002) (Harris et al. 2003) or the temporary constructions
of the Toledo Timber Grid-shell (2012) (Pone et al. 2013) and the Ephemeral
Cathedral of Créteil (2013) (Du Peloux et al. 2016)). The pioneering project
of the Multihalle Manheim, built in 1974 and designed by Carlfried Mutschler
and Partners, Frei Otto, Ove Arup and Partners (Burhardt 1978), remains the
most outstanding modern application of active bending to the field of architec-
tural construction. In order to increase the structural stiffness of bending-active
grid-shells, additional bracing slats or cables arranged diagonally with respect to
the grid are sometimes added after the erection process.

The use of slender plywood or metal plate elements makes it possible to build
bending-active plate structures in the form of shells and arches (Figure 2.5).
The continuous and double curved surface of the bending-active plate shells
provides them with a geometrical stiffness and allows the loads to be transferred
by membrane action. Exemplary projects include the Plydome structures by
Buckminster Fuller (1957) (Marks 1960, 210-213), the ICD/ITKE Pavilion 2010
(Fleischmann and Menges 2011), the ICD/ITKE Pavilion 2015-2016 (Bechert
et al. 2016), the Studio One Research Pavilion 2017 (Schleicher et al. 2017), the
structures Bend9 and Berkley Weave (La Magna et al. 2016) and the robotically
sewed timber shells Demonstrators A and B (Alvarez et al. 2018). The structural
stiffness of bending-active plate arches can be achieved by an increase in their
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structural height, which can result from the assembly of several arched plates
together (ETH/AA Pavilion (D’Acunto and Kotnik, 2013)) (Figure 2.3), the
twisting of long single plates (Polycentric Pavilion (nARCHITECTS 2016)) or
the braiding of several long plates together (Timber Fabric structures (Hudert
and Weinand 2011, Sistaninia et al. 2013)).

Finally, flexible linear elements can be bent and assembled into frame- or
truss-like structures resulting in bending-active frame and truss structures. Two-
dimensional bending-active frames and trusses are mainly found in recent bam-
boo constructions in Southeast Asia, as evidenced by numerous projects of Viet-
namese architect Vo Trong Nghia (Wind and Water bar (Fearson 2012), confer-
ence hall in Da Nang (Kwok 2015a), Naman beach bar (Kwok 2015b), bamboo
club and café in Vinh city (Purpura 2018)) or by the bamboo sports hall in Thai-
land by Chiangmai Life Architects and Construction (Mairs 2017) (Figure 2.6).
Additionally, several research projects investigate the assembly of linear elastic
elements into bundles in order to generate three-dimensional frame structures
(Bessai 2013, Tamke et al. 2013).

Beyond these classical typologies, the formal possibilities offered by active
bending open the design space to innovative and hybrid typologies incorporating
an enormous potential of topologically complex spatial configurations. New types
of structural systems explore the hybridisation of actively bent elements with pre-
stressed tensile elements resulting in so-called “bending-active tensile (hybrid)
systems” 1, or equally “textile hybrids” (Lienhard and Knippers 2015) (Figure
2.7).

Eventually, as opposed to static bending-active systems, kinetic bending-
active systems take advantage of the elastic deformations on which they are
based to reversibly bend and unfold during their operation time. Such kinetic
structures have applications in particular in façade sun-shading actuated sys-
tems (Lienhard et al. 2011, Knippers et al. 2012, Lienhard, Riederer, Jungjo-
hann, Oppe and Knippers 2013, Körner et al. 2018) and temporary structures
(Tornabell et al. 2014).

1. There is no unified terminology in the research community to describe such newly stud-
ied hybrid structures. In the literature, they are successively named “hybrid bending-active
constructions” (De Laet et al. 2013), “textile hybrids” (Ahlquist 2015, Lienhard and Knippers
2015), “hybrid structures” (Alpermann and Gengnagel 2012, Lienhard, Alpermann, Gengnagel
and Knippers 2013), “bending active tensile membrane hybrid structure” (Deleuran et al. 2015)
and “form-active hybrid structures” (Quinn et al. 2016). (Slabbinck et al. 2017) propose a clas-
sification of these “bending-active tensile hybrid structures” and a corresponding terminology,
but the latter has not been commonly adopted to date. In particular, in the proposed clas-
sification, different terms are introduced according to the degree of interdependency between
the tensile form-active elements and the bending-active elements, “bending-active tensile struc-
tures” denoting structures with a low interdependency compared to so-called “bending-active
tensile hybrid structures” which display a higher interdependency. In this thesis, “bending-active
tensile structures” will be used independently of this distinction, considering that, in all these
hybrid structural systems, there is an interaction between the distinct bending-active and tensile
elements. Therefore, the term hybrid is implicit.
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Figure 2.7: Bending-active tensile structures – (from left to right) Isoropia structure by CITA,
Royal Danish Academy of Fine Arts, and collaborators (2018), Hybrid structure by MPDA19
Studio 2, BarcelonaTech (2019), Form Follows Tension installation by Chair of Structural
Design, Technische Universität München (2015).

The above paragraphs are not intended to be an exhaustive list of all archi-
tectural precedents for the application of the principle of active bending. More
complete inventories can be found in (Lienhard, Alpermann, Gengnagel and Knip-
pers 2013, Lienhard and Gengnagel 2018, Liuti et al. 2018).

Material for bending-active structures The capacity of a structural element
to bend without breaking depends, on the one hand, on its slender geometry
and, on the other hand, on the mechanical properties of the material it is made
of. In particular, a suitable material for active bending applications should display
the following characteristics: (1) a high stiffness to provide the structure with
its final stiffness and to prevent it from deforming, (2) a high bending strength
(yield strength) to provide bending capacity, and (3) a high tenacity to facilitate
handling on site during the structure erection. Considering these three criteria
and those of affordability, environmental footprint and durability, (Kotelnikova-
Weiler et al. 2013) concluded that the best suitable materials are Glass Fibre
Reinforced Polymer (GFRP), Natural Fibre Reinforced Polymer (NFRP) and tim-
ber. In a further comparison between different timber species, (Lienhard 2014,
33-36) highlighted that bamboo stands out thanks to its remarkable qualities
that make it perform similar to GFRP. This explains in particular why bamboo is
so widely used in vernacular architecture for the construction of bending-active
structures.

Definition of bending-active tensile structures Bending-active tensile struc-
tures are “hybrid systems” (Engel 1967), which are based on the combination of
bending-active elements and tensile elements into single unified structural sys-
tems (Figure 2.8). Pre-stressing forces are introduced in the tensile elements
by the bending-active elements, which serve as a supporting and shape-defining
structure for the tensile elements and tend to react to their bending deformation.
In particular, these pre-stressing forces are needed to create the doubly curved
geometry of the form-active tensile elements, namely the membranes and the
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Figure 2.8: Reciprocal interaction between bending-active elements and tensile elements (ca-
bles, cable-nets and membranes) in a bending-active tensile structural system.

cable-nets. In turn, the forces applied by the tensile elements onto the bending-
active elements are responsible for their bending and determine their bent geom-
etry. Bending-active tensile structures benefit from such reciprocal interaction
and perform better than the same elements considered separately. On the one
hand, the tensile elements enhance the overall stiffness of the bending-active
elements through a restraining and stabilising effect. When the bending-active
elements to which they are connected are subjected to applied loads, they tend
to prevent their deformation by a loads transfer. On the other hand, the integra-
tion of bending-active elements within tensile structures allows a wider variety
of the structures’ boundary conditions than in conventional tensile structures,
opening up the range of design possibilities to membranes with free standing
edges, with a reduced number of intermediate supports needed, etc..

Classification of bending-active tensile structures The hybridisation of
bending-active elements and tensile elements offers new formal and structural
possibilities. The diversity of bending-active tensile projects developed in recent
years reflects the exploration of these possibilities, which has been facilitated
by new developments in simulation techniques and numerical tools. While
the use of GFRP tubes as slender flexible beams has, in practice, become
widespread in bending-active tensile structures (with rare exceptions in which
the flexible elements are metal or bamboo rods or plywood strips), different
types of tensile elements are in use in bending-active tensile structures. A series
of bending-active tensile prototypes and built projects is briefly presented here,
classified according to the nature of the restraining tensile elements: coated
woven membranes, knitted membranes and cables.

A first category of built bending-active tensile structures makes use of coated
woven membranes, which are traditionally used for the construction of conven-
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tional tensile structures. It is the case, in particular, of the prototypical reinforced
membrane structure Bat-Sail, which integrates flexible battens into a structural
membrane (Off 2010), the permanent sun-shading structure in Marrakech by
the University of Stuttgart (Lienhard and Knippers 2012) or the self-stressed
prototypical canopy designed at the Vrije Universiteit Brussel (De Laet et al.
2013) (Figure 2.9). Additional examples include structural building components
in the form of arches and columns composed of bending-active linear elements
restrained with a membrane (Alpermann and Gengnagel 2012, 2013), the tempo-
rary pavilion Textile Hybrid M1 (Lienhard, Ahlquist, Menges and Knippers 2013)
or the sculptural hanging structure exhibited during the annual symposium of
the International Association of Shell and Spatial Structures in Hamburg in 2017
(Lienhard et al. 2017). The conventional membranes used in these projects are
woven and the weaving technique only allows the manufacturing of flat pieces of
low elasticity fabric. Considering that the double curved surfaces of form-active
tensile structures are not developable, i.e. they cannot be flattened in a plane
without deformation, the use of coated woven membranes in tensile structures
requires cutting and sewing together fabric panels. In addition, wrinkles are likely
to occur in the membrane if it is not stretched properly, which can occur for ex-
ample if the pattern, cutting or assembly is not precise enough (Lienhard et al.
2017).

A second category built bending-active tensile projects involves knitted mem-
branes as tensile elements. Due to the manufacturing technique they derive from,
knitted membranes have several advantages over woven membranes. On the one
hand, knitted membranes are much more extensible than woven membranes. In
particular, this high elasticity can be taken advantage of in static bending-active
tensile structures, in which it limits the risk of wrinkles, or in kinetic structures,
in which the membranes successively adopt different geometries and prestressing
states and can remain stretched in the different configurations (Aldinger et al.
2018, Puystiens et al. 2019a,b). On the other hand, it is possible to vary the
structure of the knit and to tailor and adapt knitted membranes to the require-
ments of each project. Firstly, it is possible to produce non-developable surfaces
in single pieces directly and thus avoid cutting and assembling different parts.
Secondly, the membrane can have different mechanical characteristics at differ-
ent locations of the structure such as elasticity gradient within the membrane
and reinforcement of certain areas. These last two aspects have been explored
in particular in the Semi-Toroidal (Ahlquist and Menges 2013) and Mobius Rib
Knit (Ahlquist 2015) textile hybrid prototypes, developed at the ICD, Univer-
sity of Stuttgart in 2012 and at the Taubman College of Architecture in 2014.
Ultimately, it is also possible to integrate connection details into the knitted
membranes in the form of sheaths, pockets, holes or any other detail, which fa-
cilitate the assembly of the membranes with the bending-active elements or the
cables (Tamke et al. 2016, Ramsgaard Thomsen et al. 2019). Most recent re-
search projects on bending-active tensile structures have been investigating such
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Figure 2.9: Bending-active tensile structures with coated woven membranes – (from left to
right) Permanent umbrella in Marrakech by the Institute of Building Structures and Structural
Design, University of Stuttgart (2011), bending-active textile hybrid sculpture by Lienhard in
Hafen City University Hamburg (2017), and modular self-tensioned bending-active canopy by
the Vrije Universiteit Brussel (2013).

Figure 2.10: Bending-active tensile structures with a bespoke knitted membrane – (left) senso-
ryPLAYSCAPE (v1.0) by Taubman College of Architecture and Urban Planning, University of
Michigan (2015), and (middle and right) Hybrid Tower by CITA, The Royal Danish Academy
of Fine Arts (2014).

Figure 2.11: Bending-active elements restrained with cables – (from left to right) Windshape
installation by nArchitects (2006), Lace Wall installation by CITA, The Royal Danish Academy
of Fine Arts (2016) and TemporActive Pavilion by Politecnico di Milano (2019).

knitted membranes’ potentialities as evidenced by the Hybrid Towers (Deleuran
et al. 2015, Thomsen et al. 2015) (Figure 2.10) and the Isoropia installation
at 2018 Venice Biennale Danish Pavilion (La Magna et al. 2018). A challeng-
ing aspect though of the tailoring of knitted membranes is to integrate into the
form-finding simulations the highly differentiated material behaviour which result
from such non-standard tensile elements.
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A last category of built bending-active tensile structures employs cables as
a means to bend and brace the bending-active elements (Figure 2.11). Unlike
membranes, which have a biaxial stress state, cables only allow uniaxial loads
transfer and can usually take higher forces than membranes. Notable proto-
typical works are the Windshape ephemeral structure (nARCHITECTS 2006),
the 6m high self-standing Hybrid Tower 2 (Quinn et al. 2016), and the module-
based self-standing Lace Wall (Tamke et al. 2017). Additional examples include
structural building components in the form of restrained arches in which flexible
poles are restrained with radial cables connected to a bottom prestressing cable
(Alpermann and Gengnagel 2012, Mazzola et al. 2019).

Besides, tensile restraining systems of different kinds can be brought together
within the same bending-active tensile structure. Particularly, membranes and
cables can be used in combination, as shown for example by the Hybrid Towers
(Deleuran et al. 2015, Thomsen et al. 2015), Isoropia (La Magna et al. 2018)
and the VUB’s canopy (De Laet et al. 2013) projects.

Challenges associated with the design of bending-active tensile structures
The diversity of new forms that emerges from the bending-active tensile struc-
tures could suggest a simple and smooth design process. On the contrary, these
new formal and structural possibilities have as their counterpart a complex design
and simulation process. The coupling of bending-active elements and tensile ele-
ments induces indeed a complex formation process guided by complex reciprocal
interactions. Moreover, for both bending-active structures and tensile struc-
tures, it is not possible to formulate in advance a geometrical description of the
structure at equilibrium. This is well known in the field of tensile structures:
the geometry of the structure at equilibrium is the result of a close interaction
between form, forces, material characteristics and boundary conditions. This is
why the design process is referred to as form-finding.

The problem of determining the equilibrium geometry of tensile structures
has been solved since the 1970s by various numerical form-finding methods such
as the Finite Element Method (Haug 1972, Haber and Abel 1982), the Force
Density Method (Linkwitz and Schek 1971, Schek 1974) and the Dynamic Re-
laxation (Day 1965, Barnes 1975, 1980). Since then, a large number of ten-
sile structures have been realised thanks to these different calculation methods,
which have been continuously improved.

On the contrary, digital tools for the simulation of elastic curves, which allow
an extensive exploration of bending-active structures in the architectural and
structural field, have only been developed relatively recently, driven in particular
by developments in the field of computer graphics. One of the main difficulties

2. The design of the tower was developed by the author as a participant to the Smartge-
ometry2016 workshop (Gothenburg, Sweden) based on a modelling pipeline provided by the
workshop tutors.
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when simulating the deformation process of elastic elements comes from the
non-linearity of their structural behaviour.

Apart from the recent numerical form-finding methods, which allow an inte-
gral approach to bending-active structures based on their mechanical behaviour,
other empirical and geometric approaches have been used to address the de-
sign of bending-active structures (Lienhard, Alpermann, Gengnagel and Knippers
2013). However, they have a reduced scope of application due to their limitation
in predicting the equilibrium geometry of the structures.

The empirical approach consists in addressing bending-active structures
through physical experiments only and the structures’ geometry and behaviour
are empirically established from the experience acquired over the centuries. This
approach is at work in many examples of bending-active constructions found
in vernacular architecture. Especially in cultural and geographical contexts
where the tradition of bamboo construction is strong, this behaviour-based
approach is still in used for the design of large contemporary structures such as
those designed by Vietnamese architects Vo Trong Nghia (Fearson 2012, Kwok
2015b,a, Purpura 2018).

The geometric approach takes advantage of the geometrical similarities that
some elastic curves share with well-known mathematical curves, in particular the
arc of a circle and the parabola/catenary (Gass 1990). Thus, bending is used
as a means of approximating geometries established separately, in an analyti-
cal way or through hanging chain form-finding models. Richard Buckminster
Fuller was the first one to use the elastic properties of building materials to
build geometrical shapes with architectural potential. As part of his research on
geodesic domes, he constructed a series of Plydome structures (1957) whose
semi-spherical shape is materialised by a set of plywood plates interconnected
at the topological vertices of the dome (Marks 1960). Its methodology, purely
geometrical but nevertheless rigorous, is based on the circular geometry (arc of
circle) that a flexible element takes under pure bending. A few years later, Frei
Otto became interested in elastic grid-shells and in 1974, in collaboration with
the Buro Happold, he built a project that will remain emblematic: the Multihalle
Mannheim (Burhardt 1978). This double curved grid-shell is produced by the
elastic deformation of a lattice of straight elements assembled flat and subjected
to external loads during the erection process. The double curved geometry of the
grid-shell has been established by an analogue model of hanging chains in order
to obtain a structure in compression-only under its self-weight (Figure 2.12).
Indeed, it is then observed that a bent element takes, under certain conditions,
a shape similar to the catenary shape of a suspended chain. Thus, in the case
of the Multihalle Mannheim, bending allowed the erection and realisation of an
approximate funicular shape and the form-finding tool used is classic and does
not involve bending. In the decades that followed, a number of other elastic
grid-shells were constructed using a similar approach: the Savill Garden Gridshell
by Buro Happold & Glen Howells Architects (2006) (Harris and Roynon 2008),
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Figure 2.12: Form-finding of the Multihalle Mannheim elastic grid-shell – (left) Hanging chain
model (1975) and (right) comparison between Elastica and catenary curves (Lienhard 2014).

the Downland Gridshell by Buro Happold and Edward Cullinan Architects (2002)
(Harris et al. 2003). To date, they are, with the vernacular architectural projects
mentioned above, the only large scale architectural projects built on the principle
of active bending. Besides, the equilibrium geometry of elastic elements under
bending correspond to a geometry that minimise the bending potential energy
and the curvature of the bent elements. Based on this observation and on the
properties of geodesic lines to be minimal curvature curves on a surface, another
geometry-based approach consists in bending elements along the geodesic lines
of a free form surface to generate bending-active free-form shells (Pirazzi and
Weinand 2006).

In the context of architectural and structural design, however, the consid-
eration of the mechanical behaviour of slender elastic elements is necessary to
define the equilibrium geometry of bending-active (tensile) systems and to as-
sess internal forces. This requires the elaboration of physical and mathematical
models describing the large deformation of slender elastic elements.
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2.1.2 Modelling elastic curves

Predicting and describing the deformation of slender elastic beams or rods
under loads has been a challenging problem for scientists from the 17th century.
The so-called Elastica problem was first posed by Bernoulli (1694) and its solving
was tightly bound to the development of infinitesimal and variational calculus.
Later on, after the development of the theory of elasticity and of the beam
theory, the problem was formulated in the way it is known in structural mechanics
nowadays.

The next paragraphs are structured as follows. First, the definition and
description of slender beam elements are given. Then, the problem of slender
elastic beams under large deformations and infinitesimal strains is formulated
in the case of plane deformations, highlighting the geometrical non-linearity of
the structural response. Particularly, the analytical solution of the deflection
curve in the case of the Elastica problem is presented, as proposed by Euler
and Bernoulli. Finally, the constitutive equations of the three-dimensional (3D)
static equilibrium of a slender beam are expressed for a general load case and
the resulting torsional and flexural moments acting on the beams are specified
in the context of the theory of rod elements.

Slender beams In structural mechanics, a beam is a three-dimensional body
with two dimensions which are small compared to the third one. It is modelled
in the elastic theory by finite planar surfaces, called cross sections, such that
the set of cross sections’ centroids is a continuous curve (Figure 2.13). This
curve is referred to as the centroidal axis of the beam or, equally, as its axis, and
is the main dimension of the beam. Besides, the cross sections are normal to
the centroidal axis and vary slowly and continuously. Several theories have been
developed to describe the behaviour of beams under external loads. The classical
beam theory, known as the Euler-Bernoulli’s beam theory, neglects shear defor-
mation effects and assumes that, over deformation, the cross sections remain
normal to the deflection curve of the centroidal axis, behave as rigid body and
therefore remain plane.

A slender beam 3 is a beam with at least one of its cross sections’ character-
istic dimensions which is very small compared to the main dimension (i.e. the
beam’s length). When the slender beam is such that its two cross sections’ char-
acteristic dimensions are very small compared to the beam’s length, the slender
beam can then be described as a rod and the Kirchhoff and Clebsch’s theory
of thin and inextensible elastic rods under finite displacements can apply (Dill

3. Sometimes equally referred to as spline beams or splines in the literature (Adriaenssens
and Barnes 2001, Barnes et al. 2013, Van Mele et al. 2013). In the field of manufacturing, a
spline is a thin and flexible piece of wood or metal used to draw smooth curves, mainly used
in timber workshops by stair manufacturers and carpenters or formerly in naval, aerospace and
automotive manufacturing workshops.
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Figure 2.13: Force-couple action at the cross section of an Euler-Bernoulli beam.

1992). It is then assumed the following Kirchhoff-Love hypotheses: (i) cross
sections remain plane, undistorted, and normal to the axis of the rod; (ii) the
transverse stress is zero; (iii) the bending moments and the twisting moment are
proportional to the components of curvature and twist of the axis.

With regard to the context of active bending, in the rest of this thesis, struc-
tural elements described as beams will always refer to slender beams. Besides,
when slender beams will be described as rods, it will be to highlight that they have
a cross section whose characteristic dimensions are very small in relation to their
length.Assuming the elastic behaviour of the slender beams over deformation,
the deflection curves of their axis will be referred to as their elastic curve.

A beam under Euler-Bernoulli’s hypothesis to be subjected to the action
of forces and torques is considered as shown in Figure 2.13. The deflection
curve of its centroidal axis is described by the continuous function γ(s) =

(X(s), Y (s), Z(s)) in the global coordinate system (X, Y ,Z) where s is the
curvilinear abscissa along the centroidal axis of the beam. A local coordinate
system (x(s), y(s), z(s)) is associated to each cross section’s centroid G(s)

such that the axis x(s) is tangent to the deflection curve of the beam and that
y(s) and z(s) are the cross-sectional principal axes. This frame follows the cross
section upon deformation and is called a material frame. The resultant force and
resultant moment acting on the cross section at its centroid G can be expressed
as the following force-couple system:

{
τint

}
=





Nx Mx

Vy My

Vz Mz




G,(x,y ,z)

(2.1)

In the case of a two-dimensional (2D) beam loaded in the plane (X, Y ) of
its centroidal axis, the cross sections are only subject to a normal force Nx along
x , a shear force Vy along y and a bending moment Mz around z acting at their
centroid G. Thus, the force-couple system at the cross section simplifies to:

{
τint

}
=





Nx 000

Vy 000

000 Mz




G,(x,y ,z)

(2.2)
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Theoretical development of 2D elastic curves The study of elastic curves
was initiated over the end 17th century with the so-called Elastica 4 problem.
This problem addresses the deformation of slender elastic beams bending under
normal compressive force. The history of the development of the Elastica curves
has been extensively reported by (Levien 2008) and is shortly recounted below. 5

At the end of the 17th century, the mathematician Jakob Bernoulli analysed
the shape of the deflection curve of a slender elastic beam. Based on infinitesimal
calculus, he formulated the equations and solved the theoretical problem of the
elastic curve of a vertical slender beam fixed at its lower end and loaded with a
conservative vertical load at the upper end (Bernoulli 1694) (Figure 2.14(c)). He
related the local curvature of the deflection curve to the local bending moment.
Fifty years later, under the instigation of his nephew Daniel Bernoulli, Euler
approached the problem through variational calculus and posed the equations
of various fundamental cases of bending (Euler 1744). He related the Elastica
problem to a problem of curvature/energy minimisation. He finally identified the
governing parameters of bending relative to geometry and material, and related
the local curvature to the local bending moment through a new mechanical
quantity, the “flexural rigidity”. A modern and synthetic formulation of the Euler’s
Elastica problem and its analytical solutions based on complete elliptic integrals
of first and second kind can be found in (Timoshenko and Gere 1961, 76-82).
Finally, Navier, often considered as the founder of the general theory of elasticity
and of modern structural analysis, developed the general differential equation of
the elastic curve of bent beams (Navier 1826). He identified the influence played
by the modulus of elasticity E and, with the moment of inertia I (initially referred
as J by Navier), he introduced the governing geometric parameter of the cross
section of the beam.

Given the global coordinate system (X, Y ) shown in Figure 2.14(c), the
deflection of an elastic beam obeys the following differential equation:

Y ′′

(1 + Y ′2)(3/2)
=
MZ

EIZ
= κZ (2.3)

where the prime denotes differentiation with respect to the parameter X. The
right term of equation (2.3) describes the local bending curvature κZ. IZ is
the principal moment of inertia of the cross section around the principal axis
Z, normal to the plane of deformation. EIZ, originally referred to as “flexural
rigidity” by Euler, is defined as the bending stiffness of the cross section of the
beam. In order to make this solution applicable in engineering design, several
simplifications are usually introduced relative to the geometry and loading of
the considered structural element. For common beams with small deflections

4. Elastica means thin strips in Latin.
5. Additionally, (Schwartz 2010) gives a larger overview on the historical development of

the concept of bending in material and mechanical engineering, including the development of
elastic and plastic bending.
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Figure 2.14: Elastica curves – Simply supporter slender elastic beam with an actuating force
F at its sliding support. While bending, the beam gains structural stiffness, in the sense that
the more the beam bends, the larger the actuating force F must be to induce a same given
variation of angle θ. Pcr is the so-called Euler critical actuating force triggering the buckling of
the beam.

compared to their length, the term Y ′2 can be neglected and the equation is
linearised to the well-established formulation in classical structural mechanics:

Y ′′ =
MZ

EIZ
= κZ (2.4)

In the common cases of beams without considerable normal compressive forces,
the equilibrium conditions are formulated assuming an undeformed centroidal axis
of beam, and the deflections are calculated using equation (2.4). The so-called
first order theory is generally used in structural design to calculate structures not
affected by instability problems.

For slender structural elements under considerable normal compressive forces,
the equilibrium conditions have to be formulated considering the deformed cen-
troidal axis of the beam (or column) using (2.3). The so-called second order
theory is generally used in structural design for stability analysis. In the case of a
simply supported beam with uniaxial load, the solution of equation (2.4) leads to
the critical Euler load Pcr under which the beam starts to buckle (i.e. to deform
out of the axis of the load). The elastic deflection curve in the first mode is
sinusoidal.
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The linearisation of equation (2.4) leads in first order theory as well as in
second order theory to an unchanged length of the beam i.e. distance between
the supports.

For slender structural elements subjected to large deformations as for in-
stance the slender beams of bending-active structures, the equilibrium conditions
have to be formulated considering the deformed centroidal axis of the beam, us-
ing the non-linearised formula (2.3). The so-called third or higher order theories
consider the effect that due to the considerable deformations the distance be-
tween the supports is decreasing with increasing deflections (Figure 2.13(a)).

In the context of bending-active structures, under the condition that they are
externally statically undetermined, buckling can be regarded as a phenomenon
of labile equilibrium rather than structural instability leading to collapse. If the
elastic deformation capacity of the material is provided, slender beams keep on
deforming elastically without breaking.

The above relationship between the local bending curvature κZ of a beam
and the bending moment MZ (Equation (2.3)) can equally be found by isolating
a differential segment of a bi-dimensional Euler-Bernoulli beam (Figure 2.15).

The local coordinate system (G, x , y , z) is chosen such that the axis x is
tangent to the deflection curve of th’ beam’s axis at the cross section’s centroid
G and that the axes y and z are the principal axes of the cross section, in such
a way that

∫
S
ydS =

∫
S
zdS =

∫
S
yzdS = 0 and that the axis y belongs to the

oscillating plane of the segment. By definition, the bending moment Mz at the
centroid G around the axis z is:

Mz =

∫

S

σxydS (2.5)

where S is the cross section area. According to the theory of elasticity, the axial
stress σx is proportional to the axial strain εx and is given by:

σx = εxE (2.6)

where E is the modulus of elasticity of the cross section. Besides, as a plane
cross section remains plane and normal to the deflection curve over deformation,
the axial normal strain εx is distributed linearly over the cross-section such that:

εx = εG + κzy (2.7)

where κz is the local bending curvature. Finally, as a result of axes y and z chosen
such that

∫
S
ydS =

∫
S
zdS =

∫
S
yzdS = 0, the combination of equations (2.5),

(2.6) and (2.7) gives:

Mz = EεG

∫

S

ydS + Eκz

∫

S

y 2dS = EIzκz (2.8)

where Iz is the principal moment of inertia of the cross section around axis z ,
also called second moment of area.
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Torsion and the general case of 3D elastic curves In the general case of
a slender beam deforming under loads in 3D space, a bending moment My(s)

around axis y and a torsional moment Mx(s) around axis x may additionally act
at the cross sections’ centroid G, as well as a shear force Vz(s) along z . At any
point of the curve γ(s) = (X(s), Y (s), Z(s)), a curvature vector κ(s) can be
defined. It is normal to the oscillating plane of the deflection curve at that point
and is defined as:

κ(s) =
γ ′(s) ∧ γ ′′(s)

‖γ ′(s)‖3 (2.9)

where the prime denotes differentiation with respect to the parameter s. As
shown in Figure 2.16, the curvature vector κ(s) can be decomposed into two
orthogonal components, κy and κz , parallel to y and z respectively.

Within the scope of the Kirchhoff’s theory of rods, the bending moments
and the twisting moment are assumed to be proportional to the components
of curvature and twist of the axis (Audoly and Pomeau 2010). The bending
moment Mf at the centroid due to combined bending can then be defined as:

Mf = My +Mz = EIyκy + EIzκz (2.10)

If the cross section of the beam is quadratic or circular, the bending moment
Mf and the curvature vector κ are both aligned along the same direction. On
the contrary, in the case of rectangular or elliptic cross sections, Mf and κ are,
in general, not aligned. As for the torsional moment Mt = Mx , it is assumed
to be proportional to the twist τx of the cross sections around the axis and is
given by Mt = GJτx , where G is the shear modulus and J is the polar moment
of inertia of the section. Finally, the vector of the resultant internal moments
M can be written as:

M = EIyκy + EIzκz + GJκx (2.11)

For non-circular cross sections, the torsional moment around the axis x has
to be calculated directly from the shear stresses acting on the cross sections as
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follows:

Mx =

∫

S

(yτyz + yτyz)dS (2.12)

The rotation of the cross sections around the centroidal axis of a structural
element caused by torsion affects the bending stiffness of its cross sections and
can result in a significant out-of-plane deformation of its centroidal axis. In the
context of bending-active structures, this deformation process, although due to
twisting, is equally referred to as “active bending” as the deformations are elastic
and reversible and the structural elements, and more generally the structures,
gain structural stiffness through it.

For certain bending-active structures, their geometry at static equilibrium
is deeply governed by the effect of torsion. In particular, torsion has a non-
negligible impact on structural systems comprised of elements with sections non
radially symmetric to their main axis, such as flat slender beams, and can strongly
drive the design of such structures. The case of a single flat beam bent into an
Elastica and whose ends are then twisted in opposite direction is a clear illus-
tration of this out-of-plane deflection and is reported in (Slabbinck et al. 2017).
Within topologically more complex bending-active structures, torsion can also
arise due to the interconnection of bending-active elements to each other and
affect the overall equilibrium geometry and stresses. The physical interaction of
flat beams to each other, whether a rigid connection (over faces for example)
or a contact-only connection (curved edge against curved edge), induces con-
straints on the twisting degree of freedom of the flat beams’ cross sections and
thus torsion in the flat beams. This is the case of grid-shell structures made of
rectangular cross section timber beams as shown in (Lefevre et al. 2017) and,
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even more significantly, for structures made of wide strips of plywood that are
interlaced. The twisted interlaced structures made from flexible timber strips
of the Radical Wood Pavilion Shanghai 2012 by Aalto University, Finland (Ni-
iranen 2013), and of the different Timber Fabric structures by IBOIS Institute,
EPFL (Nabaei et al. 2013, Sistaninia et al. 2013), are some relevant examples.
Through torsion, these interlaced structures increase their structural depth and
their overall structural stiffness. The wider the single flat beams, the more tor-
sion has a predominant effect onto the outcome geometry, and the less the
bending beam theory is applicable. In particular, in the case of bending-active
plate structures, new mechanical models have to be defined where bending and
torsion are considered in a consistent way (La Magna et al. 2016).



2.1 Research context 35

2.1.3 Numerical methods for the form-finding of bending-active
structures

Finding an analytical solution to the non-linear partial differential equations
that govern the large deflection of a slender beam under external loads is rarely
possible, except for a limited number of relatively simple situations. For instance,
an analytical solution of the deflection curve can be found in the case of the
Euler’s Elastica, a straight regular beam vertically clamped at one end and subject
to a vertical force at its free end (Timoshenko and Gere 1961, 76-82), or for a
straight regular beam clamped at one end and subject to a force and a moment
at the other end (Zhang and Chen 2013). In the general case of slender elements
subjected to any boundary conditions, whether kinematic or static, or with non-
regular material and geometrical characteristics, numerical methods are used to
obtain an approximation of the deflection curves.

Essentially, numerical methods approximate the solution of a problem through
discretisation: the original problem, which is continuously defined, is replaced by
a discrete problem whose solution can be found more easily. Moreover, when
the solution cannot be calculated directly, numerical methods involve an iter-
ative solution process. So-called numerical incremental methods make use of
iterations to advance a solution through a sequence of intermediate steps until a
convergence state is reached. The iteration steps can be compared to small time
increments, although they usually do not connect to a realistic time-dependent
process. Numerical incremental methods are often referred to as being explicit
or implicit. When the calculation of the system configuration at step n + 1 is
based on its configuration at step n, the method is said to be explicit. On the
contrary, when the calculation of the system configuration at step n + 1 entails
solving an equation related to steps n and n + 1, the method is said to be im-
plicit. Implicit methods make it possible to model time-depend phenomena more
precisely since the intermediate configurations are much closer to each other.
However, in return, they are costlier in terms of calculation than explicit meth-
ods. In practice, regarding bending-active structures, the choice of an explicit or
implicit resolution method mainly depends upon the problem to be solved.

On the one hand, for design-oriented problems in which more emphasis is
placed on the geometric configuration of the structure at equilibrium, after the
formation process, than on stresses and deformations, explicit methods are re-
ported as more advantageous (D’Amico et al. 2016). Indeed, as the history of
the structure since its original unstressed configuration does not matter much,
the intermediate configurations leading to the equilibrium do not necessarily need
to be close to each other. Accordingly, the time variable has no physical meaning,
as well as the masses and stiffness parameters involved in the method’s algorithm
which refer only to the numerical process itself and will be likely set according to
prescribed design parameters and/or numerical stability issues (D’Amico et al.
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2016). Additionally, the initial configuration of the structure can be far from
equilibrium.

On the other hand, implicit methods are preferred when a physical simulation
of the structure’s behaviour under prescribed forces or displacements is needed,
for instance in order to simulate the construction process and track the deforma-
tion path or to assess the structure’s behaviour under prescribed loads. In such a
case, intermediate configurations of the systems need to be close to each other
as the simulation is influenced by inherited stress state and that the simulation
may not involve large displacements any more (unless the loads are again very
large). Besides, masses and stiffness parameters are physically meaningful. In
general, implicit methods are considered harder to implement and require extra
computation but there are usually much more stable and so larger time steps
can be implemented.

Overall, the choice of an appropriate numerical method, together with a
mechanical model – which provides the governing equations – and an appropri-
ate kinematic description in the form of a system of variables, also referred as
degrees of freedom (DoFs) – which allows for the description in space of the
position and orientation of each cross section of the discretised slender element,
forms the numerical modelling framework.

Various numerical methods can be found in the literature for the solution of
the non-linear partial differential equations describing the equilibrium of bending-
active structures. The main numerical methods which are currently in use for
the design of bending-active structures, both in academia and practice, are:

• Dynamic Relaxation Method (Day 1965) with 3-DoF beam models (Adri-
aenssens and Barnes 2001, Barnes et al. 2013), with 4-DoF beam models
(Du Peloux et al. 2015), with 6-DoF beam models (D’Amico et al. 2014),
and in combination with the Force Density Method (Van Mele et al. 2013).

• Projective Constraint-based Solver (within Kangaroo2 plugin (Piker n.d.))
(Quinn et al. 2016, Bauer et al. 2018).

• Particle-Spring Systems in the form of custom programmed software en-
vironments (Ahlquist et al. 2015, Suzuki and Knippers 2017, Suzuki et al.
2018).

• Finite Element Method with non-linear solvers and meshed-based (Lien-
hard et al. 2014) or iso-geometric-based (Bauer et al. 2017) discretization
methods.

Additional methods include gradient-based optimisation algorithms (Nabaei et al.
2015, Cuvilliers et al. 2018, Rombouts et al. 2018).

These distinct numerical methods offer significant differences in terms of
implementation, convergence, and interactivity with the designer and the choice
of a method over the others depends on the nature of the problem to be solved.
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Figure 2.17: From-finding of Elastica curves with the dynamic relaxation method – Successive
geometries of the beam throughout the form-finding process, from an initial arbitrary configura-
tion to the equilibrium configuration.Successive geometries of the beam from an initial arbitrary
configuration to its equilibrium configuration.

In particular, for design-oriented problem, modelling frameworks based on the
dynamic relaxation method, on Kangaroo2 ’s projection-based solver and on
particle-spring systems will be favoured, while modelling frameworks based on
the implicit finite element method will be chosen for physical simulations. The
four methods are briefly described below and discussed afterwards.

Dynamic Relaxation Method Among the numerical methods for the design of
bending-active structures, the dynamic relaxation method is probably the most
favoured one. The dynamic relaxation method is a numerical iterative method
for solving mechanical problems based on a set of nonlinear equations. It is
grounded on a pseudo dynamic process and was proposed by Day and by Otter in
the 1960s (Otter and Day 1960, Day 1965). Static equilibrium is regarded as the
limit state of strongly damped vibrations: from a given arbitrary and inaccurate
initial configuration, each node of the structure incrementally oscillates until,
due to artificial damping, the structure comes to rest in a static equilibrium
(Figure 2.17). Although based on different mechanical models and kinematic
descriptions (3DoFs, 3DoFs + two boundary conditions, 4DoFs or 6DoFs), a
large number of computational frameworks for the form-finding of bending-active
structures rely on the dynamic relaxation method (Adriaenssens and Barnes 2001,
Douthe et al. 2006, Barnes et al. 2013, D’Amico et al. 2014, Du Peloux et al.
2015, D’Amico et al. 2016, Bessini et al. 2017, Lefevre et al. 2017). The
different contributions are reviewed in (Lázaro et al. 2018). Dynamic relaxation
is often favoured over other methods owing to its reported simple implementation
and good convergence. Besides, since the dynamic relaxation method is equally
suitable for the form-finding of cables nets and membranes (Day and Bunce
1969, Barnes 1975, 1999), the form-finding of bending-active tensile structures
can naturally be achieved with this method (Barnes 1999, Adriaenssens and
Barnes 2001). Alternatively, the force density method, initially proposed for the
form-finding of cable nets by Schek (Schek 1974), can be implemented in the
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Figure 2.18: Design exploration of bending-active tensile structures with Kangaroo2 ’s solver
in Rhinoceros 3D CAD modelling software environment – Form-found equilibrium geometry of
the structures and their arbitrary original configuration.

dynamic relaxation algorithm to form-find bending-active tensile structures (Van
Mele et al. 2013).

Projective Constraint-based Solver With an algorithm resembling the ki-
netic damping of the dynamic relaxation method, the projective constraint-based
solver of Kangaroo2 (Piker n.d.), a plugin developed by Piker for the visual pro-
gramming environment Grasshopper (Rutten 2009) integrated to Rhinoceros 3D
CAD modeling software environment (Robert McNeel & Associates n.d.), offers
a user-friendly interface able to address many form-finding problems including the
one of bending-active and tensile structures (Figure 2.18). As reported in (Bauer
et al. 2018) and (Cuvilliers et al. 2018), instead of adopting the standard force-
based approach to calculate the acceleration, velocity and ultimately position of
the nodes, as in the dynamic relaxation method, the algorithm of Kangaroo2 ’s
solver makes use of projections. Goal functions are defined for all the nodes and
they return target positions where nodes are projected and that correspond to
their closest zero energy state. More precisely, the new position of a node is
obtained by its projection onto the barycentre of the target positions of each
goal function that affects the node, weighted by their relative strength. It re-
sults that the new position remains within the convex hull defined by the distinct
target positions, avoiding problems of large acceleration vectors, divergence and
instability which might come along with the dynamic relaxation method. Little
information is communicated by the developer onto the algorithm itself but ac-
cording (Cuvilliers et al. 2018), the projective constraint-based solver used would
be derived from the Shape-Up algorithm (Bouaziz et al. 2012) developed in the
field of computer graphics for geometry processing. In the currently available
version of Kangaroo2 (version 2.4.2 at the time of the research), the solver
operates on 3DoF vertices and the goal function related to bending behaviour
does not consider orientation or anisotropy of the cross section neither torsion.
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Figure 2.19: Form-finding of bending-active plate structures based on a finite element analysis –
(top) Classical mesh-based approach with SoFiSTiK ’s software and (bottom) isogeometric-
based approach with Kiwi!3D plugin for Grasshopper.

In particular, the goal function related to bending derive from (Adriaenssens and
Barnes 2001). Goals functions for prestressing membranes and cables can also
be implemented, allowing the design of bending-active tensile structures (Quinn
et al. 2016) (Figure 2.18).

Particle-spring systems Similar as well to the dynamic relaxation method,
particle-spring systems, which originate from the computer graphics industry,
can also be used for structural form-finding applications (Kilian and Ochsendorf
2005). In particular, particle-spring systems are mainly popular among archi-
tects through custom programmed software environments such as springFORM
(Ahlquist et al. 2015), ElasticSpace (Suzuki and Knippers 2017) or Iguana
(Suzuki et al. 2018). Although they offer a high degree of interaction during the
design process, these programs are not as widespread as Kangaroo2 software.

Finite Element Method Very different from the three methods mentioned
above, the finite element method can also be used to address the equilibrium of
bending-active structures. The finite element method is a general method for nu-
merically solving partial differential equations of boundary value problems. It has
indeed established itself as an essential tool in the field of structural analysis, and
its versatility makes it widely applied to a diverse variety of technical problems.
A matrix approach, the finite element method is based on the discretisation of
the object to be analysed into a number of simple and finite elements, through
the generation of a mesh. A weak problem formulation and a linearisation on
each element of the partial differential equations in the form of a linear matrix
equation are then used to calculate an approximate solution of the equations at
the mesh vertices. Unlike the dynamic relaxation method, which uses an iterative
integration scheme, the finite element method is a matrix approach, that uses
in its most common implementation (linear static problems) a single operation
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to solve a system of linear algebraic equations. Applied to the calculation of
solids and structures, the finite element method makes it possible to calculate
the displacements of mesh nodes by solving the linear matrix equation (force
displacement relationship): F = kδ, where F represents the force vector, k the
system stiffness matrix (established from the stiffness matrix of each of the finite
elements), and δ the unknown nodal displacement vector.

In the case of active-bending structures, due to the large displacements they
undergo, a geometric non-linear analysis must be performed. As a consequence,
the acting loads must be applied following an incremental procedure, and the
quantities involved in the problem updated throughout the loading process. In
particular, at each step of the calculation, the initial state of the structure is
inherited from the previous deformed state and the stiffness matrix is updated.

Various incremental procedures can be used to bring slender elements into
their elastically deformed shapes. For structures with low complexity, a sim-
ple way is to perform a number of linear supports displacements as illustrated
in (D’Acunto and Kotnik 2013). Alternatively, for structures with higher com-
plexity and for which incremental supports displacements is no longer possible,
(Lienhard et al. 2014) proposed a form-finding procedure in which virtual ultra-
elastic contracting cable elements pull associated points from an initially planar
system into an elastically deformed configuration. In both cases, the incremental
loading procedure mimics the assembly and erection process of the structure.

If bending-active structures are form-found through the deformation process
of defined elements, this approach cannot be applied to the form-finding of
membranes since their original configuration geometry is only known after the
form-finding process. In relation to this problem and to the need to initialise
the geometry of form-active tensile elements, (Dieringer et al. 2013, Philipp and
Bletzinger 2013) make use of the Update Reference Strategy (Bletzinger and
Ramm 1999) to carry out configuration updates during the form-finding process
of bending-active tensile structures.

As an alternative to the classical mesh-based approach to finite element
method, (Bauer et al. 2017) highlight the potential of using isogeometric analysis
(Hughes et al. 2005), a subgroup of finite element methods, to simulate build-
ing process such as the bending of slender elastic elements. The isogeometric
analysis allows structural analysis to be directly integrated into a computer-aided
design environment (Bauer et al. 2017, Längst et al. 2017). Contrary to the
above mesh-based finite element method in which the structure under analysis is
discretised into finite elements and the calculation performed onto the vertices
of the elements, the isogeometric analysis operates the finite element analysis
directly onto the control points of the NURBS curves, which serve for the ge-
ometry description of the elements. The main advantage of the isogeometric
analysis is that the same mathematical geometry description is used during the
design and the structural analysis, making model conversions no longer required.
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Figure 2.20: Design of Isoropia structure by CITA, Royal Danish Academy of Fine Arts, and
collaborators (2018) – (from top to bottom) Distinct modelling methods and environments
Kangaroo2, Kiwi!3D and SOFiSTiK successively used during the design process.

Diversity and complementarity of the numerical form-finding methods
The wide range of numerical methods and associated modelling tools which
have been developed and released over the last decade can be explained by
the fact that they are not all used for the same purposes. Indeed, each of
them offers specific and relevant strengths with respect to the modelling of
bending-active structures and displays advantages and disadvantages relating
to accuracy, speed, user interfacing and design interactivity. Therefore, the
different methods and associated tools do not exclude each other but, on the
contrary, are complementary and can advantageously be combined during the
design process.

A comparison between three distinct software environments for the design
and simulation of two exemplary bending-active structures, namely SOFiSTiK ’s
Finite Element Method solver (SoFiSTiK AG n.d.) with an active bending mod-
ule for the simulation of large deflections (implicit method), Kiwi!3D new plugin
for Grasshopper based on Isogeometric Analysis (implicit method) and Kan-
garoo2 and its projective constraints-based solver (explicit method) have been
made by (Bauer et al. 2018). It highlights that Finite Element tools provide
more precise simulations but in return present limitations in terms of exploratory
design in a context of parametric modelling. In particular, the form-finding pro-
cess, which has to operate on the original unstressed configuration of the ele-
ments, needs to be replicated for each design iteration, which makes real time
interactions hard to implement, even impossible. Besides, the resort to Finite
Element tools requires not only familiarity with the numerical method that they
are based on but also a good control over the numerical parameters involved in
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the incremental loading procedure, which makes their use difficult for uninitiated
designers.

This is a reason why, even if the explicit finite element methods can be used
for design-oriented problems, implicit software environments based on a projec-
tive constraint-based solver or on particle-spring systems are favoured during the
early exploratory phase of the design of bending-active structures. Although less
precise, these latter environments display the great advantage of providing users
with interactive interfaces allowing design exploration. In particular, Kangaroo2
is valued for its high level of interactivity, accessibility and customisability since
it provides users with an unequalled freedom to script goal functions to suit their
own requirements, and with the possibility to create a design, explore topological
variations and modify accordingly based on real-time feedback on the structural
performance (Quinn et al. 2016, Bauer et al. 2018). In this way, finite ele-
ments methods are rather dedicated to the precise form-finding and structural
evaluation of structures which are first generated with tools based on explicit
methods.

A demonstrative example of the complementarity of the distinct methods
and modelling tools is the design workflow of Isoropia (Figure 2.20), a bending-
active tensile installation built at the Danish Pavilion as part of the 2018 Venice
Biennale (La Magna et al. 2018). The same distinct modelling environments
as those considered in (Bauer et al. 2018) were used to form-find and analyse
the structural behaviour of the structure, each of them being involved within the
design at the stage for which it was the most appropriate. Specifically, a first
stage of the design consisted in a large series of design iterations with the use
of Kangaroo2. An interactive design modelling pipeline (Quinn et al. 2016) gave
the designers the possibility to quickly explore topological variations and modify
the geometry on the go based on structural and architectural requirements. In
a second stage, the results for the first form-finding stage were evaluated with
respect to displacements and stresses under common design load cases, while
the erection process was also considered. This evaluation process was performed
with Kiwi!3D, which favourably and seamlessly combines NURBS modelling with
physical simulations, and implied a sequential calculation. Eventually, a detailed
analysis of the structural behaviour of the canopy was performed at the latest
stage of the development process with the use of SOFiSTiK, providing a deepest
insight into the global behaviour of the structure and into the critical areas of
the elements and therefore prevent potential failure. The authors concluded that
breaking down the workflow between different tools was particularly effective and
beneficial for the speed of execution of the project.

An additional example demonstrating how tools and methods can comple-
ment each other is the design process of the Textile Hybrid M1 (Lienhard,
Ahlquist, Menges and Knippers 2013) which involved in a first instance, as a ex-
plorative tool, a software environment based on particle-spring systems (namely
springFORM (Ahlquist et al. 2015)), and once the global topology of the sys-
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Figure 2.21: Physical models used as a generative driver of the design of bending-active struc-
tures – (from left to right) Conceptual model of the arched roof of Isoropia structure by CITA,
Royal Danish Academy of Fine Arts, and collaborators (2018), exploration of bending-active
arched structures by IACC and CITA (2014) and explorative model for the design of the instal-
lation Lace Wall by CITA, Royal Danish Academy of Fine Arts (2016).

tem was defined used SOFiSTiK to precisely form-find the structures, evaluate
its behaviour under loads and generate the cutting pattern of the prestressing
membrane.

It should also be noted in that these projects, as in many others, additionally
to numerical tools, physical models and experiments keep on playing an important
role as a generative driver of the design process and often contribute to define
the essential concepts of the design (Figure 2.21).
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2.1.4 Graphical method for the modelling of first order elastic
curves

Although not valid for the large deflections of bending-active beams, graphic
statics has proven to be effective at modelling elastic curves within the scope of
the first order theory. Mainly known for the geometric construction of funiculars
and arches in equilibrium with given loads, graphic statics makes it also possible to
graphically find the bending moment diagram and the deflection curve of contin-
uous beams under loads (Ritter and Culmann 1900, Wolfe 1921) (Figure 2.22).
The corresponding graphical procedure involves the geometric construction of
funicular polygons, which correspond in terms of graphical integration to a sec-
ond integral of the loads, as demonstrated by Massau (1878-1887) (Tournès
2003). First, the bending moment diagram of the beam is built as a funicular in
equilibrium with the actual loads acting on the beam. Then, a second funicular in
equilibrium with the bending moments acting on the beam taken as a distributed
load is constructed. This second funicular corresponds to the deflection curve of
the beam by a scaling factor, which depends on the scales of the form diagram
and the force diagram and on geometric parameters such as the position of the
poles in the force diagram.

Figure 2.22: Bending moment diagram and first order elastic curve of slender beams with the
graphic statics method by Karl Culmann (Addis 2007).
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2.2 Research scope

2.2.1 Problem statement

Discussion on existing approaches One of the difficulties associated with the
design of bending-active tensile structures is to define the structures’ geome-
try at equilibrium, particularly due to the geometric nonlinearity of the bending
phenomenon (Lienhard 2014, 15–21). The numerical methods which are cur-
rently used to predict their equilibrium geometry are mainly based on form-finding
algorithms. These complex algorithms are effective, on the one hand, in deter-
mining the structures’ equilibrium geometry from given boundary conditions and
parameters related to the structures and, on the other hand, in analysing the
structures’ behaviour under loads (Section 2.1.3). However, despite the diver-
sity and complementarity of the existing form-finding methods and the related
digital tools, there is a persistent need of a better integration of the designer’s
intuition in the design process (Slabbinck et al. 2017). One of the reasons is that
form-finding methods have the disadvantage of offering only an indirect control
over the final equilibrium geometry of the bending-active tensile structures. This
control is generally achieved by steering the form-found structures towards an
expected output through an iterative adjustment of the parameters that serve as
inputs for the form-finding algorithm (Kilian 2014). However, confronted with
the complex reciprocal equilibrium which underlies bending-active tensile struc-
tures and opaque numerical form-finding processes, the designer often lacks of
an intuitive design strategy to implement the mental idea he/she has formed of
the object to be designed and consequently integrate into the design architec-
tural, programmatic, structural and manufacturing aspects. More specifically,
the designer is confronted with the fact that he/she cannot explicitly control the
equilibrium geometry of bending-active tensile structures. Yet, the possibility to
adjust explicitly their geometry, in particular through the control of the equilib-
rium geometry of the actively bent elements, may appear as particularly relevant
to foster the intuitive and intentional design of bending-active tensile structures
and ultimately provide an integral response to the structural, architectural, and
geometry-related aspects of their design.

Research questions The design of bending-active tensile structures cannot
be released from the physical laws that govern their equilibrium. Faced with
these objective laws, the designer seems to see his/her initiative and influence
limited in the design process. The intention of this research is to question how
far it is possible to preserve the leading role of the designer in the design of
bending-active tensile structures in architecture.

On the one hand, it is a matter of offering the designer a means of control-
ling the geometry of bending-active tensile structures in order to help him/her
implementing his/her design intention. This can be achieved by developing a
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simplified and easily comprehensible structural model that brings out the recip-
rocal dependencies between geometry, forces and physical material quantities at
work in bending-active tensile structures. More specifically, based on the evi-
dence of graphic statics being an efficient, simple and transparent tool for the
consistent structural design of equilibrated architectural forms, the research ex-
plores how graphical methods can support the design of bending-active tensile
structures composed of bending-active beams and pre-stressed cables and cable
nets and ultimately overcome some of the limitations of the current form-finding
methods, for instance by giving emphasis to the final equilibrium geometry.

On the other hand, on the basis of this simplified structural model, design
strategies that take advantage of the reciprocal interactions between geometry-
force-material have to be established in order to support the designer in his/her
role. In the context of a material-based design process such as active bending, the
research investigates how the possibility to specify and control inherent material
properties in a structural design to match a desired equilibrium geometry can be
implemented in the design of bending-active tensile structures.

2.2.2 Research objective and methodology

With the intention to overcome some of the limitations of the existing form-
finding methods, the primary goal of this research is to define a design approach
that connects simply and transparently, yet accurately, the geometric and struc-
tural dimensions of bending-active tensile structures and foster their intentional
design. In an alternative and complementary way to form-finding approaches, the
proposed approach is form-driven and aims to support the designer in material-
ising consistently his/her conceptual intentions and in integrating more easily to
the design geometry-based criteria, especially during the early conceptual stage
of the design.

Grounded on the definition of a simplified structural model for slender elas-
tic beam and on the use of graphical methods, the proposed form-driven de-
sign approach investigates strategies to enforce the bending-active beams of a
bending-active tensile structure to match a target equilibrium geometry through
the adaptation of the beams’ bending stiffness and the restraining effect of pre-
stressed cables and cable nets. In particular, the role of material as a mediator
between form and forces, geometry and physical laws, is asserted and activated,
providing the designer additional lever to influence the design process and in-
tegrate both the mechanical conditions of the bending-active beams and the
specific target equilibrium geometry.

The development of the proposed form-driven design approach for bending-
active tensile structures in architecture is the outcome of three main research
phases:
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1. Structural Model In a first step, a new mechanical model for slender elas-
tic beams was defined (Chapter 3). This simplified model (Boulic and Schwartz
2017) describes the internal and external forces acting on a slender beam that
is elastically deformed in its plane of symmetry and therefore only subjected to
bending (no torsional forces) (Section 3.1). The application of graphic statics’
principles, more specifically the use of a force diagram to represent static equi-
librium of a structural system, led to the visualisation of certain relationships
between the curved equilibrium geometry of a bending-active beam and the in-
ternal and external forces acting on it. In particular, based on the analysis of
the force diagram, two graphical strategies to enforce a bending-active beam
to bend into a specific target geometry were highlighted: on the one hand, the
adjustment of the beam’s bending stiffness along its axis to match the target
curvature of the bent beam (Section 3.2) (Boulic and Schwartz 2018), and, on
the other hand, the application of additional restraining forces onto the beam’s
axis by a post-tensioning restraining system (Section 3.3) (Boulic and Schwartz
2017). Finally, the use and extension of the same mechanical model for the
modelling of bending-active beams in 3D space subjected to torsional forces was
discussed (Section 3.4).

2. Design Approach In a second step, the design approach itself, whose foun-
dations are based on the results provided by the above structural model, was de-
veloped (Chapter 4). This approach is intended for the design of bending-active
tensile structures composed of slender beams elastically bent in their plane of
symmetry and connected together by three-dimensional pre-stressed cables and
cable nets (Boulic and Schwartz 2018). Whereas existing form-finding methods
address the equilibrium of bending-active tensile structures globally, the form-
based design approach establishes their equilibrium geometry by decoupling the
equilibrium of the bending-active beams and that of the pre-stressed elements.
This decoupling allows to consider the bending-active beams directly in their
target equilibrium geometry, while the conditions leading to such a geometric
configuration of equilibrium of the bending-active beams inform the equilibrium
geometry of the pre-stressed elements (Section 4.1).

On the one hand, the above structural model was used for the equilibrium of
the bending-active beams. On the other hand, different methods, both graph-
ical and numerical, were developed for the generation of restraining cables and
cable nets enforcing the equilibrium of the bending-active beams in their tar-
get geometry. First, a fully graphical method (Boulic 2020) was developed to
generate bending-active tensile structures composed of a single bending-active
beam restrained by a 3D cable net deriving from the geometric transformation
of an original 2D tensile restraining system (Section 4.2). Second, specific geo-
metric configurations of bending-active beams and cables were proposed to cre-
ate bending-active tensile structures composed of several bending-active beams
(Section 4.3). Third, in order to develop bending-active tensile structures with a
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more complex and less constrained configuration, an extension of the force den-
sity method (Schek 1974) was formulated for the form-finding of pre-stressed
cable nets under constraints (Section 4.4) (Boulic and Schwartz 2018).

3. Design Application In a final step, a specific bending-active tensile struc-
ture was designed in order to test the applicability of the proposed form-driven
approach to a real and complex design context and illustrate the approach’ po-
tential (Chapter 5). More specifically, this case study consisted in the design of
an external sun-shading façade system whose sun-shading performances are di-
rectly influenced by its geometry. An integral design framework was introduced
to take into account and integrate to the design various architectural, struc-
tural, functional and constructibility criteria directly related to the geometry of
the bending-active tensile sun-shading structure.
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3. Structural Model

This Chapter proposes a novel structural scheme to model the static equi-
librium of bending-active beams deforming elastically in 2D space. It is based
on a simplified mechanical model of the internal forces which act on the beams
and on the implementation of the graphic statics principles to address the static
equilibrium of the beams.

3.1 Bending-active beams in 2D space

The content of Section 3.1 has been partly published in (Boulic and Schwartz
2017).

3.1.1 Mechanical model of bending-active beams

A simplified mechanical model is introduced to describe the behaviour of
slender and elastic beams undergoing in 2D space large displacements and in-
finitesimal elastic strains. More specifically, this model applies to bending-active
beams – and equally to bending-active rods – with a plane of symmetry which
is also the plane of the external loading. As a result, the deformations occur
in that plane of symmetry due to bending moments which are normal to that
plane and there is no torsion around the beams’ axis. Normal sections of the
bending-active beams are considered to remain plane, undistorted and normal
to the beams’ axis after deformation. In particular, the model is described for
bending-active beams whose axis is straight in the undeformed configuration,
corresponding to a zero initial curvature of the beams.

Discrete modelling of a continuous bending-active beam Consider a slen-
der linear beam defined by its axis and with (O, x , y) as plane of symmetry
(Figure 3.1). The curved and continuous axis of the beam is discretised into
linear bars and nodes and the internal and external forces acting on the continu-
ous axis are translated into discrete forces acting at the nodes. In particular, the
beam’s axis is discretised into N bars, which can be of different size (the more
refine the discretisation, the more accurate the modelling will be), and in N + 1

nodes. li stands for the length of bar i and θi for its orientation in relation to the
reference axis x . The distance between nodes i − 1 and i + 1 is li−1,i+1 and EIi is
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Figure 3.1: Discretisation of a bending-active beam.
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Figure 3.2: Discrete shear bending forces in a discretised bending-active beam – Three con-
secutive nodes (i − 1, i , i + 1) and the pairs of shear forces equivalent to the bending moment
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Figure 3.3: Axial forces in a bending-active beam – Free body diagram of the beam (F ) and
force diagram representing its global equilibrium (F ∗). Forces represented as green vectors are
external forces; blue vectors correspond to compressive axial forces while red vectors would
correspond to tensile axial forces.
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the bending stiffness of the beam around the axis z at node i such that (x ,y ,z)
is an orthogonal coordinate system. The angle αi is defined as being θi − θi−1.

As proposed by (Adriaenssens and Barnes 2001), internal forces acting at
the beam’s nodes are of two natures: shear bending forces and axial forces.

Shear bending forces Bending moments acting on a continuous beam can
indeed be translated into discrete forces acting at the nodes of the discretised
beam (Adriaenssens and Barnes 2001). Under the assumption that three con-
secutive nodes (i−1, i , i+1) are close enough, they are assumed to lie on a circle
which radius is the radius of curvature of the beam’s axis at node i (Figure 3.2).
The radius of curvature ρi of the beam’s axis, and hence the bending moment
Mi at node i , can be directly deduced from the nodes’ relative position:

ρi =
li−1,i+1

2 sinαi
(3.1)

Mi =
EIi
ρi

= EIi
2 sinαi
li−1,i+1

(3.2)

The bending moment Mi is translated into two couples of shear forces
(Si ,i−1,−Si ,i−1) and (Si ,i+1,−Si ,i+1) applied respectively at nodes (i − 1, i) and
(i , i + 1). According to the free body diagrams of bar (i − 1) and bar (i), which
must fulfil equilibrium, the magnitude of the shear forces is respectively:

Si ,i−1 = EIi
2 sinαi
li−1li−1,i+1

(3.3)

Si ,i+1 = EIi
2 sinαi
li li−1,i+1

(3.4)

The shear forces (Si ,i−1,−Si ,i−1) and (Si ,i+1,−Si ,i+1) act normal to the bars,
in opposite direction as illustrated in Figure 3 3.

Axial forces Unlike in (Adriaenssens and Barnes 2001) where the axial forces in
the bars depend on the cross-sectional area A of the bars and on their modulus
of elasticity E, in the proposed mechanical model, axial forces are material-
independent and are deduced from the global equilibrium of a free body diagram
of the beam (Figure 3.3). As a result, it is assumed that the beam preserves its
original length while bending. This assumption is in line with the hypothesis of
infinitesimal elastic strains. The axial force Ni in bar i can be obtained simply
from a force diagram, by projecting along ui the inverse of the resultant force
of the external forces Fj acting on the nodes of the free-body diagram of the
beam, with ui to the unite vector along bar i pointing in the direction of node
i + 1 from node i :

Ni = −(

i∑

j=0

Fj · uj)ui (3.5)
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Moments External moments acting on the beam are also translated into equiv-
alent pairs of forces (FMext ,−FMext ) applied at two consecutive nodes perpen-
dicularly to the bar and in opposite direction. The magnitude of the forces
corresponding to a moment Mext applied on bar i is given by:

FMext =
Mext

li
(3.6)

3.1.2 Graphic statics principles applied to bending-active beams

Nodal equilibrium Following the principles of graphic statics, for a bending-
active beam to be in equilibrium, to all its nodes in the form diagram (F ) must
correspond a closed polygon of forces in the force diagram (F ∗) (Figure 3.4).
For each of the nodes, all the internal and external forces acting on it are drawn
end-to-end (clock-wise) in the force plan where they must form a closed polygon.

Graphical construction of a bending-active beam in equilibrium By con-
structing sequentially and alternately its form and force diagrams, it is possible
to graphically construct a discretised bending-active beam in equilibrium, node
by node. This sequential process is based on the fact that the equilibrium of
node i defines the position of node i + 2 in relation to the position of node i + 1

(Figure 3.5). In this way, an entire bending-active beam in equilibrium can be
defined from the position of its nodes 0 and 1 and the external loads acting at
node 0. By changing the position of node 1 of the beam and/or the loads acting
at node 0, a large family of bending-active beams in equilibrium can be generated
(Figure 3.6).

i-1N
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i+1,iS
i,i-1S

Si,i+1

F

i
i-1

N
N

i-1,iS

i+1,iS

Si,i-1 i,i+1S (F*)(F)

Figure 3.4: Nodal equilibrium – Form (F ) and force (F∗) diagrams of a beam’s node i . Different
orange tons are used in order to highlight the distinct pairs of shear bending forces acting at
node i . In this example, only internal forces are acting at node i (shear bending forces and axial
forces) and external loads such as self-weight are not considered.
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Figure 3.5: Node-by-node construction of a bending-active beam in equilibrium – Sequential
graphical construction involving alternately the form diagram and the force diagram of the
beam.
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Figure 3.6: Generation of family of bending-active beams in equilibrium based on the boundary
conditions at node 0: orientation θ0 of the first beam’s segment and external load F .

In case that the equilibrium geometry of the actively bent beam has to fulfil
specific boundary conditions (either static or kinematic), the generative parame-
ters of the beam, namely the orientation θ0 of the first bar of the beam (i.e. the
position of node 1 in relation to node 0) and the external loads acting at node
0, have to be iteratively adjusted until the conditions are met. This iterative
process can be implemented in a digital environment, where the node-by-node
graphical construction of the beam can be automatised. Optimisation algorithms



56 3 Structural Model

can then be used to find the set of above generative parameters that lead to the
equilibrium of the beam under the imposed boundary conditions.

Test case: the Elastica beam In order to validate the proposed modelling
framework, it has been benchmarked with the numerical method of the dynamic
relaxation (Day 1965, Adriaenssens and Barnes 2001). The comparison was
carried out for the case of Euler’s Elastica beam for which an analytical expression
of the deformed shape is known (Timoshenko and Gere 1961, 76–82). The test
considers a straight beam of length l = 2m, pin-ended to two supports 1.4m

apart, which corresponds to a span/length ratio of 0.7 (Figure 3.7). The beam
has a uniform circular cross section of diameter 15mm and a modulus of elasticity
E = 26GPa. The self-weight of the beam is neglected.

For the proposed graphical method, as explained above, the force F acting at
node 0 and the inclination θ0 of the beam at its end have been iteratively adjusted
until the beam reaches the imposed location of its supports. Figure 3.7(a)-(b)
shows the form and force diagrams of the beam finally obtained.

Regarding the algorithm of the dynamic relaxation, it was implemented in the
form of a Python scripting code in the CAD software environment Rhinoceros
(Adriaenssens and Barnes 2001, Douthe et al. 2006).

The bent geometry of the beam, in particular its inclination θ0 at its ends
and the dimensionless quantity F l 2/EI, are compared for the different methods
and for different refinements N of the discretisation of the beam’s axis (Fig-
ure 3.7). The results are summarised in Table 3.1. It can be observed that the
proposed graphical method is as close to the analytical solution as the dynamic
relaxation method. As naturally expected, the difference to the analytical solu-
tion decreases with the refinement of the discretisation. Overall, these results
validate the precision of the proposed graphical method and its ability to describe
the behaviour of bending-active beams in 2D space.

Besides, an upper limit of the shortening of the beam due to its bending
can easily be calculated for the graphically constructed Elastica beam. Given
that the magnitude of the axial forces along the beam’s axis is lower or equal
to that of the external force F , the shortening of the axis of the above 2m long
beam is lower or equal to 0.15mm. This validates the assumption that the beam
preserves its initial length while bending and that axial forces can be considered
as independent from the mechanical properties of the beam.

Normalised force diagram and effect of scaling Consider the form and force
diagrams of a bending-active beam in equilibrium. Normalised forces can be
introduced. They correspond to the actual forces acting on the beam, divided
by a scaling factor, which can be the bending stiffness of the beam EI or a
nominative bending stiffness value EI∗ in case that the beam has a non-constant
bending-stiffness along its axis. The normalised force diagram of the beam can
be assembled from the normalised forces. It actually corresponds to a scaled
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Figure 3.7: Elastica beams obtained by means of different methods – For a same span/length
ratio of 0.7, geometry of the beam obtained with the graphical method (a)(b) compared with
of the geometry form-found with the numerical algorithm of the dynamic relaxation and the
analytical solution of the Elastica (c).

Table 3.1: Geometric comparison of the Elastica beams obtained by means of different methods,
including the proposed graphical method.

N θ0 (◦) F l 2/EI Calculated s/l

Analytical solution - 64.89 11.65 0.700

Graphical method 10 64.09 11.52 0.6998
20 64.70 11.62 0.6999
100 64.84 11.65 0.6982

Dynamic relaxation 10 64.05 11.51 0.700
20 64.61 11.61 0.6994
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Figure 3.8: Normalised force diagram and effect of scaling – Form diagrams (F ) (left), nor-
malised force diagrams (F ∗) (middle) and absolute force diagram (F ∗) (right). A beam with
a bending stiffness EI is bent under the prestressing force F . As the geometry of the beam
is scaled by a factor λ in the form plan (F ), the shear forces are scaled by a factor 1/λ2 in
the force plan (F ∗). In order to equilibrate this new scaled beam, the new bending stiffness
EI ′ and the new prestressing force F ′ must verify F ′/EI ′ = 1/λ2. This can be obtained for
example by the following configurations: (F ′ = F/λ2;EI ′ = EI), (F ′ = F ;EI ′ = EIλ2) and
(F ′ = F/λ;EI ′ = λEI).

version of the actual force diagram (Figure 3.8). Considering normalised forces
instead of the actual forces has no influence on the bent geometry of the beam.

Normalised force diagrams help to understand better the effect of scales on
the bending-active beams. In particular, in those cases in which the self-weight
of the beams is neglected, if the scale of the form diagram of a bending-active
beam is changed, the new and original beams share the same normalised force
diagram. In that way, the relative magnitude of absolute forces and the relative
bending stiffness of the two beams can be deduced from the relative normalising
and scaling of their force diagrams. This property is illustrated Figure 3.8. More
generally, this aspect of the proposed graphical modelling framework allows to
visualise how, the bending stiffness of a beam can have no direct influence on
its bent equilibrium geometry (on the contrary gradients of bending stiffness do)
while it impacts the magnitude of the forces acting on the beam, similarly as
for the analytical solution of the Elastica beam (Timoshenko and Gere 1961,
76–82). When the effect of self-weigh is neglected, this consideration makes
it possible to address the equilibrium of a bending-active beam first with arbi-
trarily normalised forces and then integrate back the material properties. The
corresponding actual forces acting on the beam can be retrieved by scaling its
force diagram by the appropriate factor, without affecting the geometry of the
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beam. Scaling effects on bending-active structures have been discussed in a
broader context in (Lienhard and Knippers 2013).

On the limitation of using graphic statics to form-find bending-active beams
One of the specificities of graphic statics, which constitutes its strength com-
pared to other structural design methods, is the existence of reciprocal rela-
tionships between the form and force diagrams of a structure as successively
established by (Stevin 1586), (Varignon 1725), (Culmann 1866) and (Cremona
1872). In particular, these reciprocal relationships allows to modify the form
diagram of a structure by altering its force diagram and vice versa. These recip-
rocal relationships are explicitly at play in the design of the funicular structures
of an arch or a cable subjected to external loads (Figure 3.9 (left)). For these
structures, specific geometric transformations of their force diagrams make it
possible to generate new funicular shapes all in equilibrium with the same exter-
nal loads. In particular, moving the pole of the funicular’s force diagram along a
line parallel to the virtual line connecting the supports of the funicular results in
funiculars of different height.

When the reciprocal relationships between the form and force diagrams of
a structure become too complex, numerical calculations need to be involved for
the reciprocal geometric transformation of the form and force diagrams. This
is for example the case in the procedure presented above for the graphical con-
struction of a bending-active beam in equilibrium under specific boundary con-
ditions and in which the parameters governing the equilibrium geometry of the
beam have to be searched in an iterative manner. Indeed, in the case of the
equilibrium of bending-active beams, this research could not establish explicit re-
ciprocal relationships between their form and force diagrams. One reason is that
the internal forces involved in the equilibrium of the beams, namely the shear
bending forces, are “active” forces which cannot be calculated prior the equilib-
rium geometry of the beams is established as they depend on it in a non-linear
way – the position of a point i influences the shear bending forces applying at
nodes (i − 2, i − 1, i , i + 1, i + 2). The elastic curve of the axis of a bending-
active beam can be regarded as a funicular curve in equilibrium with the “active”
discrete bending forces (Figure 3.9 (right)). Figure 3.9 illustrates for example
how in the case of a funicular structure, the external loads for which the struc-
ture is designed remain unchanged during the form-finding exploration, while the
discrete bending forces equilibrating an actively-bent beam vary for various geo-
metric configuration of beams. Therefore, in the case of bending-active beams,
the force diagram only cannot be the starting point for the construction of the
form diagram as it is done for the form-finding of funiculars for example.

On how graphic statics is intended to be used Alternatively, in the rest
of this thesis, the graphical representation of the principles of static equilibrium
which is the force diagram is used as a design and analysis tool to deduce what are
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Figure 3.9: Funicular curves and elastic curves – Discrete bending forces (in orange) are repre-
sented as the resultant force of all the shear bending forces acting at each node.

the conditions that make a bending-active beam reach the static equilibrium in
a target geometry which is defined beforehand by the designer. Any plane curve
can indeed be discretised and analysed as an bending-active beam according to
the modelling scheme proposed in Section 3.1 (Figure 3.10). For a given set of
external loads and a given distribution of bending stiffness along the beam’s axis,
nodal forces are calculated and assembled in a force diagram. It is most likely
that the bending-active beam is not in equilibrium in the considered configuration
and that the polygons of forces of the force diagram are not closed. Additional
forces are required in order to enforce the beam to be in equilibrium in the target
geometry under the considered loads and boundary conditions.

Based on the visual representation of static equilibrium and on manipulations
of force diagrams, the rest of Chapter 3 proposes a form-driven methodology
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which allows to equilibrate bending-active beams into target curved geometries
by means of, on the one hand, redistributing internally the shear bending forces
through a controlled variation of the bending stiffness along their axis (Sec-
tion 3.2) and, on the other hand, applying externally additional restraining forces
on the beams’ axis (Section 3.3). In both cases, the target geometries of the
bending-active beams is first defined as plane continuous curves by the designer
based on his/her design intentions and on design requirements and then, the
conditions required for their equilibrium in the target geometries are developed
based on static equilibrium. Starting from the deformed geometry of the beams,
the proposed methodology represents a reverse approach to the form-finding
approaches presented in Section 2.1.3 where the bent geometry is searched for
(Figure 4.1). In an early phase of the design, this approach intends to support a
more intentional and controlled design of the bending-active structures and take
advantage of graphic statics as a powerful design and analysis tool.
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3.2 Shaping bending-active beams by adjusting their
bending stiffness

The curvature of a bending-active beam and its bending stiffness are locally
related with each other as described by Equation 2.3. By precisely controlling
and varying the bending stiffness along the beam’s axis, it is possible to enforce
the beam to bend into a target equilibrium geometry. In nowadays context of
digital fabrication, the production of beams with bespoke bending stiffness is
made possible. Structural elements with a cross section that varies along the
beam’s axis can be manufactured (Brütting et al. 2017) as well as structural
elements with gradient of material properties (Bechert et al. 2016).

(Nicholas and Tamke 2012, Tamke et al. 2012) have illustrated in an experi-
mental and empirical way how adjusting the bending stiffness of flexible elements
can be used to match a target geometry. An analytical use of the curvature-
bending stiffness relationship has been made by (Bechert et al. 2016), under the
assumption of constant bending moment, for the design of initially planar ply-
wood strips whose bent shape is pre-programmed into their bespoke laminate. In
order to retrieve more accurate bending stiffness values, (Brütting et al. 2017)
analytically calculate the local bending moment along the axis of a pinned-end
flat beam from the forces acting at the beam’s ends.

Here, a simple graphical procedure is proposed in Section 3.2.1 based on
the mechanical model of bending-active beams presented in Section 3.1.1 and
on the manipulation of force diagrams. This procedure applies for any support
conditions and loads acting on a beam as long as they are compatible with the
global and local equilibrium of the beam. These global and local conditions of
equilibrium relate to the beam’s bent geometry. They are formulated generally
in Section 3.2.2 and explicitly specified in the case of a beam loaded at its ends
only in Section 3.2.3.

The content of Section 3.2 has been partly published in (Boulic and Schwartz
2018).

3.2.1 Graphical procedure

Consider a bending-active beam in its target equilibrium geometry, it is dis-
cretised and loaded at its nodes. The internal forces acting at each node of
the beam – the axial forces Ni and the shear bending forces Si ,j – can be cal-
culated from the nodes’ position, a nominative bending stiffness of the beam at
its nodes and the external forces acting on the beam, according the mechanical
model presented in Section 3.1.1.

The equilibrium of each node of the beam is studied through the correspond-
ing polygon of forces in the force diagram. Very likely, the polygons of forces do
not close because the internal and external forces acting at the beam’s nodes
are not in equilibrium for the given target equilibrium geometry. By adjusting
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Figure 3.11: Calculation of the adjusted bending stiffness EI along the beam’s axis by means
of manipulation of the beam’s force diagram – Shear bending forces for a nominative constant
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Figure 3.12: Influence of the beam’s support conditions on the distribution of the bending
stiffness EI along the beam’s axis.

the bending stiffness of the beam at its nodes, it is possible to extend or shrink
the shear bending forces and, ultimately, close the polygons of forces.

The beam’s bending stiffness that corresponds to the target equilibrium ge-
ometry, the external loads and the support conditions is calculated node by node,
through an iterative graphical procedure which is illustrated in Figure 3.11. Given
that the previous nodes are in equilibrium, at node i , the shear bending force Si+1,i
needs to be multiplied by a factor λi+1 in order to close the polygon of forces of
node i . λi+1 relates to the variation of bending stiffness, in relation to the nomi-
native bending stiffness, which is required at node i + 1 to satisfy the equilibrium
of node i . When considering the equilibrium of node i + 1, the shear bending
forces Si+1,i and Si+1,i+2 are multiplied by λi+1 and the shear bending force Si ,i+1 is
multiplied by λi . As shown in Figure 3.11, this node-by-node graphical procedure
is initiated at node 0. After all the polygons of forces of the force diagram have
been rebuilt, the non-uniform distribution of bending stiffness along the beam’s
axis is found.

3.2.2 General conditions on the external loads

Given a target equilibrium geometry of the bending-active beam, different
support conditions and external loads can be considered which result in differ-
ent non-uniform distributions of bending stiffness along the beam’s axis (Fig-
ure 3.12). This aspect can be taken advantage of in a design perspective as
the same curved geometry can be materialised by many different bending-active
beams. However, a bending stiffness distribution cannot be found for any sup-
port condition and external loads. The beam must be a statically determined
system and the loads be consistent with the target equilibrium geometry.

Consider the case of a bending-active beam supported at its ends on supports
which can transfer to the beam punctual forces and moments in the form of
torques of forces. In order to generate a statically determined system of external
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Figure 3.13: Equilibrium conditions of a bending-active beam sub-system in relation to its local
curvature.

forces compatible with the bent geometry of the beam, the external forces acting
on the beam must satisfy, on the one hand, the global equilibrium of the beam
and, on the other hand, the local equilibrium of the beam with its internal forces.
This means that the external forces must meet global and local conditions, which
translates into a restricted range of inclination and magnitude of each of the
external forces relatively to the other ones.

• First, the resultant force of the external forces acting on the beam must
be null as well as the resultant moment of the external forces and external
moments acting on the beam. This last condition should be verified at any
node of the beam’s axis and in particular, at its ends, where it is supported.

• Second, these two conditions must also be respected for any sub-system
of the beam. More specifically, the orientation of the bending moment
generated at the end of any beam’s sub-system must be compliant with
the orientation of the beam’s curvature at that node. In particular, in
the case of a node being an inflection point of the beam’s axis curve, the
external forces and external moments acting on the beam must verify that
the bending moment is null at that node (Figure 3.13).
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• Third, the equilibrium of the nodes 0 and 1 at the beam’s ends provides
local conditions on the external forces and external moments acting at
those nodes. In particular, the corresponding polygons of forces in the
diagram of forces must close. Figure 3.14 shows under which conditions
(orientation of the external force F0 acting at node 0, presence of an
external torque (FM, −FM) acting at node 0 or not, its direction), it is
possible to close the polygon of forces of node 0 by changing the magnitude
of S1,0, i.e. adjusting the bending stiffness of node 1.
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Figure 3.14: Local equilibrium conditions at the end of a bending-active beam. Possible ori-
entation of the external load and moment acting at the end node in relation to the target
equilibrium geometry of the beam.
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3.2.3 Conditions on the external actions in the case of a beam
loaded at its ends only

In the specific case of a beam loaded at its ends only (no loads applied
along its axis), the aforementioned conditions can be expressed more explicitly
in relation to the bent geometry of the beam. Depending on the support
conditions and on the target equilibrium geometry of the beam, the target equi-
librium geometry limits, even defines in a unique way, the feasible orientation
of the loads at its supports which meet both the global and local conditions of
equilibrium.

Figure 3.15 presents nine possible configurations, considering different sup-
port conditions and the presence or not of inflection points along the beam. In
the case of configurations 1, 4, 5, 7, 8 and 9, the beam can only be in equi-
librium if the reaction forces are inclined along one specific direction, directly
related to the bent geometry of the beam (alignment of supports and/or inflec-
tion point(s)). This relates to the fact that inflection points and rotation-free
supports correspond to a null bending moment. Regarding configurations 2, 3
and 6, global and local conditions of equilibrium are fulfilled as long as the in-
clination of the reactions forces remains between limit angles which are related
to the beam’s bent geometry as well (represented as green dashed areas in the
different illustrations). The definition of the limit angles emerges from the in-
tegration of the different ranges of feasible orientation which emanate from the
various local and global conditions, and is further detailed through the various
examples presented below. Because the beam is only loaded at its ends, the
reaction force at one end is the reverse of the reaction force at the other end.

Configuration 1 The first example to be considered corresponds to configura-
tion 1 in Figure 3.15 and is a bending-active beam which is pinned at both ends
A and B and bends without inflection point. Because of the pin connections,
the bending moment at ends A and B is null and the force F acting on end A
must therefore generate a moment which is null at end B. Consequently, the
force F must be aligned to the line connecting A and B. The equilibrium of
any sub-system of the beam implies that F is oriented towards end B. This
corresponds to the classical configuration of the Elastica and the calculation of
the corresponding non-uniform bending stiffness distribution along the beam’s
axis is illustrated in Figure 3.11.

Configuration 2 The second example is depicted in Figure 3.16 and considers
a pinned-fixed beam which bends without inflection point. It corresponds to con-
figuration 2 in Figure 3.15. Two distinct conditions required for the equilibrium
of the beam need to be fulfilled: first, the local condition of equilibrium at pinned
end A, which involves the tangent line to the beam at A (Figure 3.14(a)) ; and
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second, the global condition of equilibrium at end B in relation to the direction
of the external bending moment MB.

Configuration 3 The third example is a beam fixed at both ends which bends
without inflection point. It corresponds to configuration 3 in Figure 3.15 and
is illustrated in Figure 3.17. The external bending moments MA and MB acting
at ends A and B have been chosen such that they have the same direction.
The direction of the force F acting on the beam’s ends is constrained by two
conditions of equilibrium. The first condition that must be fulfilled is the global
moment equilibrium of the beam at end B. The second condition relates to the
local equilibrium of forces at end A as depicted in Figure 3.14(b): the orientation
of the external bending moment MA in relation to the orientation of the beam’s
curvature at end A imposes an additional constraint on the feasible orientation
of force F .

Configuration 6 The fourth example considers a beam fixed at both ends
whose deformed geometry displays an inflection point. Such configuration is
similar to configuration 6 in Figure 3.15 and is illustrated in Figure 3.18. The
beam can be subdivided into two sub-systems, from the inflection point I to each
end of the beam. As the inflection point coincides to a null bending moment,
each sub-system corresponds to a beam in configuration 2 and its feasible support
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Figure 3.15: Different possible bent geometries taken by of a slender beam loaded at its ends
only in relation to the different support conditions.
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conditions can be analysed accordingly. In addition to these various conditions
imposed on the direction of force F , an additional global condition should be
fulfilled emerging from the global equilibrium of the moments acting on the
beam. It derives from the identical direction of the external bending moments
MA and MB and, in addition to limit the direction of force F , it governs the
values of MA, MB and F in respect to each other.

Two interconnected beams The fifth example presented in Figure 3.19 con-
sists of two beams which are fixed at one of their ends and whose other free
ends are tangentially connected together. One of the beams displays an inflec-
tion point in its bent configuration, while the other beam not. In addition to
the conditions imposed by the equilibrium of each of the beam considered sepa-
rately, further conditions emerge from the global equilibrium of the whole system
as detailed further in Figure 3.19.
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Figure 3.16: Determination of the feasible acting loads in the case of a pinned-fixed beam
(Configuration 2 in Figure 3.15).
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Figure 3.17: Determination of the feasible acting loads in the case of a pinned-fixed beam
(Configuration 3 in Figure 3.15).
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Figure 3.18: Determination of the feasible acting loads in the case of a fixed-fixed beam with
an inflection point (Configuration 6 in Figure 3.15).
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3.3 Shaping bending-active beams with external
restraining forces

Based on a graphical representation of the principles of static equilibrium, this
section introduces a new methodology for the shaping of bending-active beams
into target plane equilibrium geometries by means of additional restraining forces
applied onto the beams’ axis. In particular, such restraining forces can be applied
onto the beams’ axis in the form of external post-tensioning systems.

In the design of structures, external post-tensioning systems can indeed be
used to apply additional loads to a structure in order to equilibrate its geometry
which would, otherwise, not be in equilibrium or at the cost of large bending mo-
ment and cross sections. Such a principle has been used for instance in the design
of the stone façade of the Pavilion of the Future (Seville Universal Exposition,
1992, Peter Rice) where post-tensioning cables support the funicular equilibrium
of a semi-circular stone arch (Lenczner 1994). Graphic statics represents an
efficient method to design and define the geometry of such post-tensioning equi-
librating systems as illustrated by (Todisco et al. 2016) who present a graphical
method for the design of externally post-tensioned pin-joined funicular struc-
tures. In their work, the restraining system applies to the stone structure the
loads its geometry requires to behave as a funicular system, meaning that the
stone structure is only under compressive forces. In regard to bending-active
structures, (Alpermann and Gengnagel 2012) make use of a simplified static
model to find the geometry of the cable system that forces a bending-active
beam to bend into a semi-circular arch. However, this static model is based on
a strong restriction due to the assumption of constant bending moment distri-
bution over the beam’s axis.

The methodology introduced in this section, on the contrary, covers the
generation of restraining post-tensioning systems for the shaping of bending-
active beams into any plane and continuously curved equilibrium geometry. Sec-
tion 3.3.1 details how the restraining forces which are required to enforce the
equilibrium of bending-active beams in target geometries are determined. This
is based upon the mechanical modelling scheme of bending-active beams intro-
duced in Section 3.1 and the geometric analysis of force diagrams. Section 3.3.2
explains the graphical construction of restraining post-tensioning systems which
apply on the beams’ axis appropriate restraining forces. Different design param-
eters are then identified and illustrated. Section 3.3.3 presents how the method
of graphic statics can be used to assess the maximum load that can be applied
on a triangulated post-tensioning restraining system without causing its recon-
figuration into another equilibrium geometry. Eventually, in Section 3.3.4, the
methodology is qualitatively validated through a physical test.

The content of Section 3.3 has been partly published in (Boulic and Schwartz
2017).
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Figure 3.20: Graphical determination of the additionally required restraining forces – (a) Dis-
cretisation of the continuous target equilibrium geometry of the beam; (b) Calculation of the
bending forces (orange tone) which only depend on the deformed geometry of the beam and on
its bending stiffness (considered as constant along the beam’s axis in this example); (c) Deter-
mination of the axial forces (blue colour) in relation with a given set of external forces (green
colour) (d); (e) Determination of the missing forces (purple colour) which are additionally
required to bend the beam into the target equilibrium geometry.

3.3.1 Graphical determination of the required restraining forces

Any plane continuous curve representing a target equilibrium geometry of the
bending-active beam can be discretised and analysed according to the mechanical
modelling scheme introduced in Section 3.1 (Figure 3.21). First, the continuous
curve is discretised into bar elements. Second, the bending forces are calculated
based on the relative position of the nodes and on the beam’s bending stiffness
at the nodes. Third, the axial forces acting along the beam’s axis are deduced
from the external loads which are considered to act on the beam. For each of
the beam’s node, internal and external forces acting at the node are assembled
into a polygon of forces in the force diagram (Figure 3.20). It is most likely
that these polygons do not close and that additional forces are required in order
to form closed polygons and consequently ensure the equilibrium of the beam’s
nodes. These missing forces are the restraining forces Fr i which are necessary
to enforce the beam to bend into the considered target geometry. They will be
provided additionally and externally to the beam.

The axial forces along the beam’s axis depend on the external loads which
are originally considered (green forces in the diagrams). Applying onto the beam
additional restraining forces amounts to modify the external forces acting on the
beam, which in turn should affects the axial forces (Section 3.1.1). In fact, as
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Figure 3.22: Geometric demonstration of the non-uniqueness of the required restraining forces –
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graphically shown in the example of Figure 3.21, the axial forces Ni(F ) calculated
from the original external forces Fi happen to correspond to the axial forces
Ni(Fr) calculated with the restraining forces Fr i as part of the new external forces.
The force diagram can be rebuilt by permuting the order in which the forces
acting on one node are assembled. It appears then clearly that the axial force Ni
is indeed the opposite of the projection along ui of the new sub-resultant force
Rr i =

∑i

0
(Fj + Fr j). Another property is also evidenced in the force diagram (e)

of Figure 3.21: the resultant force of the restraining forces graphically calculated
is null which means that the global equilibrium of the beam is not affected by
the restraining forces.

The further study of the force diagram of the bending-active beam indicates
that it is actually possible to choose the direction of the additionnal restraining
forces. Figure 3.22 shows how the axial force Ni+1 is affected by a change of
direction of the restraining force Fr i+1 and how it remains in equilibrium with the
sub-resultant force Rr i+1 =

∑i+1

0
(Fj + Fr j). As a consequence, Fr i+1 can have

any direction except that of ui+1.

3.3.2 Graphical construction of external post-tensioning
restraining systems

Restraining forces can be applied to a bending-active beam by means of an
external post-tensioning system consisting in several spokes connected to the
beam, whether in tension or in compression, themselves connected to a bottom
cable. The spokes apply onto the beam’s axis the required restraining forces
thanks to the effect of the prestressing forces acting in the bottom cable in
relation to the length and orientation of the spokes. In turn, the bottom cable is
shaped by the forces acting in the spokes. As a funicular system, the geometry of
the bottom cable can easily be determined graphically by means of a geometric
construction.

Geometric construction of funicular systems with graphic statics Funicular
structures are structural systems with such a geometry that, at static equilib-
rium and for the loads for which they are designed, they are only subjected to
compression-only or tension-only axial forces. A chain hanging under its self-
weight or a cable tightened under the action of suspended weights are examples
of simple funicular structures. It is precisely from the observation of the latter
system that Varignon (Varignon 1725) establishes the existence of reciprocal
relationships between the funicular polygon of the cable and the polygon of the
forces acting on the cable. Such reciprocal relationships between the form and
force diagrams are at the basis of graphic statics, a method developed during the
19th century (Karl-Eugen 2008) by protagonists like Culmann (Culmann 1866)
and Cremona (Cremona 1872) for the solution of static problems by means of
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Figure 3.23: Graphical construction of a 2D funicular structure with given supports: (a) Con-
struction of an auxiliary funicular structure to determine the line of action of the resultant force;
(b) Construction of different funicular structures in equilibrium with the given supports.

geometric constructions only. It is therefore not surprising that graphic statics
provides an efficient and easy-to-use method for exploring funicular forms in 2D.

The geometric construction of a simple funicular consisting of a cable un-
der tension (or equally of an arch under compression) in equilibrium with given
boundary conditions, such as the magnitude and the line of action of the applied
forces and the number and location of the supports, is a well-known procedure
in 2D graphic statics. The first step of this procedure consists in the definition
of the resultant force of the applied loads and its line of action. This is done
through the construction of an auxiliary funicular in the form diagram which
satisfies the equilibrium conditions but not necessarily the geometric conditions
of the supports (Figure 3.23(a)). The auxiliary funicular is derived from a force
diagram constructed from the loads and from an arbitrarily chosen point on the
force plane. This point is referred to as the pole of the force diagram, and will
define the orientation of each segment of the funicular. When extended, the
first and last segments of the auxiliary funicular intersect at a point which has
the particularity of lying on the line of action of the resultant force. This line of
action is fully defined from that point and the resultant force vector. The line of
action of the resultant force is unique regardless the position of the pole which
was chosen for the construction of the auxiliary funicular. The second step of
the procedure consists in the construction of the desired funicular, which satis-
fies the geometric conditions of the supports. A point of the line of action of
the resultant force is chosen from which the reaction forces at the supports are
determined in the force diagram (Figure 3.23(b)). The new corresponding pole
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Figure 3.24: Graphical construction of the restraining system – (a) Additional restraining forces
required for the equilibrium of the bending-active beam in the target equilibrium geometry; (b)
Restraining system built from a force diagram (d) considering the opposite of the required
restraining forces; (c) Self-stressed restrained bending-active beam.

of the force diagram is defined and from there, the entire geometry of the new
funicular is established. Selecting another point along the line of action of the
resultant force results in a displacement of the pole of the force diagram along
a line called the closing string, which is parallel to the virtual line that connects
to each other the two supports of the funicular structure.

Design of a post-tensioning restraining system The funicular geometry of
the bottom cable is graphically determined based on the forces acting in the
spokes, which correspond to the reverse of the restraining forces to be applied
on the beam.

In the particular case in which the bending-active beam and the post-
tensioning restraining system form a “closed” pre-stressed system and the
system’s self-weigh is neglected, the position of the supports of the bottom
cable must correspond to the beam’s ends and the reaction forces at the bottom
cable to the forces acting at the beam’s ends. There is then a unique funicular
geometry for the bottom cable to be in equilibrium with these conditions
(Figure 3.24(c)). The obtained restraining system is comprised, on the one
hand, of tension and compression spokes which apply to the beam’s axis the
restraining forces and, on the other hand, of a bottom cable which applies at
the beam’s ends the main prestressing force responsible for the beam bending
(Figure 3.24(b)).
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Figure 3.25: Restrained bending-active beams with variations in the direction of the restraining
system’s spokes – The original pre-stressing force F is kept identical in the three cases.
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Figure 3.26: Restrained bending-active beams with variations in the original pre-stressing force
F inducing a variation in the amount of pre-stressing in the restraining system – The spokes’
direction is kept identical in all the four cases.



3.3 Shaping bending-active beams with external restraining forces 81

For a given bending-active beam and its target equilibrium geometry, various
different restraining systems that enforce the beam’s equilibrium in the target
geometry can be designed. Variations of different kinds can be introduced.

Variations in the direction of the restraining spokes The possibility to freely
choose the direction of the restraining forces (Section 3.3.1) can be exploited in
the design of the restraining system. Figure 3.25 shows for the same equilibrium
geometry of the bending-active beam different possible restraining systems re-
sulting from different spokes’s directions. One of the possible consequences of
this variation is to change the force in the spokes from tension to compression
or vice-versa.

Variations in the magnitude of pre-stressing forces acting in the bottom
cable Another influencing parameter for the design of the restraining system
is the magnitude of the pre-stressing force F applied at the ends of the beam.
Modifying the magnitude of the force F affects the magnitude of the restraining
forces and the funicular shape of the bottom cable. Figure 3.26 illustrates the
changes induced by variations in the pre-stressing force F . The larger the force
F , the closer the bottom cable is to the beam, and the larger become the forces
in the restraining system, in both the spokes and the bottom cable.

Variations in the support conditions of the restraining systems Figure 3.27
illustrates the wide range of restraining systems originating from variations in the
support conditions of the bottom cable. As mentioned before, one possibility is
to generate a self-stressed system by connecting the bottom cable to the beam’s
ends and assuming that the bottom cable fully provides the prestressing force F
required at the beam’s ends to bend it (Figure 3.27(a)). Alternatively, it can be
assumed that the restrained bending-active beam is partly pre-stressed externally
at its supports (Figure 3.27(b)). Often, it turns that to obtain a self-stressed
restrained bending-active beam with a tensile-only restraining system, the bottom
cable has to be very close to the beam (Figure 3.26(a) and Figure 3.27(a)).
Activating separately the supports of the beam and that of the restraining system
makes it possible to design a wide range of bending-active tensile systems with
a tensile-only restraining system. Separating the supports of the beam from
the ones of the restraining system also allows for modification of the funicular’s
geometry (Figure 3.27(c)). The number of supports can be varied, as well as
the orientation and magnitude of their reaction forces (Figure 3.27(d)-(f)).
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Figure 3.27: Restrained bending-active beams with variations in the support conditions – The
original pre-stressing force F is kept identical in the three cases.
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3.3.3 Evaluation of the maximum loads before deformation of a
bending-beam restrained by a triangulated tensile system

As mentioned in Section 2.1.4, form-finding algorithms are necessary to per-
form a structural analysis of bending-active tensile structures under loads. In
particular, under the action of loads, bending-active tensile structures tend to
deform and to reach another state of equilibrium whose geometry is different
from prior loading. Yet, as detailed below, in the case of a bending-active beam
restrained by a triangulated restraining system, graphical methods can be used
to determine the maximum loads that the bending-active tensile structure can
withstand until it starts deforming.

A bending-active tensile structure consisting of a bending-active beam and a
restraining tensile funicular is considered (Figure 3.28(a)). By means of subdi-
visions of the polygonal cells of the funicular’s force diagram (Akbarzadeh et al.
2014), a new triangulated restraining system can be graphically obtained (Fig-
ure 3.28(b)). Compared to the original restraining funicular, the triangulated
restraining system provides the bending-active tensile structure with an increased
stability and a higher structural stiffness. The triangulated hybrid structure re-
sults to be a self-stressed structure and it is supported by a fixed support at
its one end and a rolling support at its other end. A load F0 is applied at a
node of the system and its effect onto the system’s equilibrium is studied. More
specifically, the effect of the load on the pre-stressed tensile retraining system is
evaluated.
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Figure 3.29: Bending-active beam restrained by a triangulated tensile system under punctual
load – (a) Load acting on the truss-like restraining structure and the corresponding reaction
forces, (b) Force flow within the truss-like structure for a load of magnitude F0, (c) Forces in
the tensile restraining system before loading, (d) Updated force flow in the tensile restraining
system under loading and scaled force diagram of the truss-like structure.
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The proposed structural evaluation is based on the analysis of the self-
stressed bending-active tensile structure as a truss structure, meaning that the
bars of the beam and the cables of the restraining system can take equally tensile
or compressive axial forces (Figure 3.29(a)). A load F0 is applied at one node of
the structure. In a first step, the internal force flow induced within the truss-like
structure by the load is determined. It goes through the definition of the stat-
ically determinate reaction forces at the truss’s supports and the construction
of the force diagram of the truss (Figure 3.29(b)). The magnitude of load F0
is arbitrary, only its line of action and its direction matter. In a second step,
the bending-active tensile structure without loading and the truss-like structure
under loading are combined. The tensile forces from the truss-like system add
tension in the prestressed cables of the triangulated restraining system while the
compressive forces have the effect to reduce the prestressing force within the
cables until the prestressing force is lost. In a third step, the force diagram of
the truss-like structure is scaled so that a first cable stops being active. This
happens when the tensile force acting in a cable of the triangulated restraining
system equals the compressive force acting in the respective bar of the truss-like
structure (Figure 3.29(d)). If a cable loses its prestressing effect on the beam,
the beam, and with it the whole structure, will deform until another state of
equilibrium is reached. The maximal force FL that the system can support until
it deflects towards another state can then be accessed from the scaled force
diagram.

3.3.4 Qualitative physical test of the proposed method

Small scale prototypes of restrained bending-active beams have been built
in order to qualitatively validate the proposed method. They consist of ply-
wood strips which are shaped into a target equilibrium curved geometry with a
restraining system made of cables and sticks. The physical prototypes show a
good convergence with the calculation as shown in Figure 3.30. Slight differ-
ences in geometry are noted. They could be explained by the fact the prototypes
have been built at a rather small scale where the measurement uncertainties of
fabrication have a stronger influence. Another reason could be that the discreti-
sation of the equilibrium geometry is not refined enough to ensure its precise
modelling.
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Figure 3.30: Actively bent plywood strip shaped with a restraining system – Built (top) and
calculated (bottom) structures.
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3.4 On the extension to 3D space

This section considers the case of slender beams which are actively bent in
3D space. As the deformations no longer occur only in the symmetry plane of
the beams, torsion appears in the beams in addition to bending and influences
their equilibrium geometry, as described in Section 2.1.2. Different kinematic
descriptions of slender beams used for the modelling of torsion are discussed, as
well as the extension of the modelling scheme presented in Sections 3.1, 3.2 and
3.3 for bending-active beams in 2D space to the case of bending-active rods in
3D space.

3.4.1 On different kinematic descriptions of slender beams
considering torsion and on the use of graphic statics

A slender beam under large deformations in 3D space can be described by
the position of its axis and the orientation of its cross sections in relation to
its axis. For each node of the beam’s axis, up to 6 degrees of freedom (DoFs)
can be defined: 3 translational DoFs corresponding to the node’s position and
3 rotational DoFs describing the orientation in 3D space of the beam’s cross
section at that node. In the literature, different frameworks can be found for
the modelling of slender beams in 3D space. Most of them solve the static
equilibrium of the acting loads through a similar dynamic relaxation process,
but they adopt various kinematic descriptions of the beams – 3-DoF, 3-DoF
with boundary, 4-DoF and 6-DoF formulations – in accordance with additional
hypothesis which are specific to each of the various modelling frameworks. In
practice, 4-DoF formulation are required to model accurately the behaviour in
3D space of a slender beam under external loads. Four is actually the minimal
number of DoFs that enables to describe torsion in the beam.

Three different modelling frameworks are outlined and discussed below.

3-DoF-element formulation A first framework, based on a 3-DoF-element
formulation, has been proposed by (Barnes et al. 2013) for the modelling of
slender beams which are initially curved. The bending and torsional moments
in a beam are expressed as pairs of opposite forces calculated from the relative
position of four consecutive beam’s nodes. An artificial calibrating factor de-
pending on geometric parameters is required to adjust the torsional stiffness of
the initially curved beam and provide satisfying results. However, in the general
case of initially straight beams, this method is no longer valid. This observation
is easily illustrated in the case of a bending-active flat beam, initially straight,
whose ends are twisted in opposite direction, as depicted in Figure 3.31. The flat
beam’s axis remains straight and the relative position of the nodes unchanged
while the angle of twist of the flat beam’s cross sections linearly increases along
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the axis, demonstrating that the single position of the nodes fails in modelling
torsion inside a bending-active flat beam.

In order to do so accurately, the orientation of the beam’s cross sections
over deflection has indeed to be considered. In relation to Euler-Bernoulli’s beam
theory, as the cross sections are assumed to remain perpendicular to the axis,
not all the 3 rotational DoFs are necessary. The cross sections’ orientation can
be defined by one scalar only: the angle of twist around the axis. The orientation
of the material frame associated to the cross sections is assessed in relation to
a zero-twist frame. This zero-twist frame, also referred to as a Bishop frame
(Bishop 1975), is obtained from the parallel transport of an initial tangent frame
along the axis of the beam (Hanson and Ma 1995). Stretching and bending of
the beam are related to the deformation of the axis, while its twisting is related
to the rotation of a material frame associated to each point on its axis.

3-DoF-element formulation and two boundary conditions (D’Amico et al.
2016) adopt a Bishop frame to describe the orientation of the material frame
associated to the beam’s cross-sections. Under the assumption of a quasi-static
distribution of the angle of twist along the beam’s axis, they are able to reduce
to 3 translational DoFs and two boundary conditions the number of DoFs of
their model. Given the cross-sections’ orientation, the combined bending and
twisting moment is computed. Following up the contribution of (Adriaenssens
and Barnes 2001), this moment is approximated by equivalent pairs of opposite
forces. The equilibrium equations are then solved by a dynamic relaxation al-
gorithm. According to the authors, this modelling framework has proved to be
a valid trade-off in terms of accuracy level and calculation time in relation to a
more accurate 6-DoF-element formulation (D’Amico et al. 2014). However, two
critical observations can be formulated against the application of this modelling
framework to general cases.

The first observation relates to the hypothesis of quasi-static treatment of
the twisting DoF, which is valid for certain configurations only. Figure 3.32
shows the case of a flat beam bent and twisted into two different configurations,
and the related material and Bishop frames along the flat beam’s axis. In the
first configuration (Figure 3.32(a)), where the flat beam is bent into an Elas-
tica whose ends would have been shifted apart orthogonally to the main bending
plane, the quasi static treatment of the twisting DoF could be seen as a reason-
able assumption as the angle of twist of the cross sections varies monotonically
along the flat beam’s axis. On the contrary, in the second configuration (Figure
3.32(b)), where the flat beam is bent into an Elastica whose ends have been
twisted in opposite direction, the rotation of the cross sections with respect to
the Bishop frame is not uniform along the axis as it increases and then decreases,
which invalidates the hypothesis of quasi-static distribution of the twisting DoF.
Although attractive because it reduces the number of DoFs per node and the
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Figure 3.32: Flat beam actively bent into two spatial configurations and variation of its cross
sections’ angle of twist along the beam’s axis – The bent geometry of the flat beam has been
approximated from physical observations, but this approximation does not affect the observation
made on the distribution of angle of twist along the beam’s axis. Material frame in blue, and
zero-twist Bishop frame in brown.

number of equations to be solved, this hypothesis seems rather inaccurate in the
general case of bending-active beams in 3D space.

The second critical observation connects to the application of pairs of op-
posite forces at the beam’s nodes as a means to generate torsional moment in
the beam. Considering a finite difference modelling of three-dimensional contin-
uous beams, and taking example onto the modelling scheme used for continuous
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beams deflecting in the plane by (Adriaenssens and Barnes 2001), equivalent
pairs of nodal forces are searched for in order to reproduce the combined moment
acting on the beam’s cross sections. In the most general case, this combined
moment can be decomposed into a twisting moment, tangent to the beam’s
axis, and the bending moment, normal to the axis. As illustrated in Figure 3.33,
a pair of opposite forces acting at the ends of a beam’s segment fails to gen-
erate a twisting moment, since the resulting moment is normal to the segment.
(D’Amico et al. 2014) make actually only use of the bending moment normal
to the beam’s segment to calculate the shear forces. Although pairs of equiva-
lent shear forces accurately describe the bending moment only, such a modelling
scheme shows an inherent limitation of nodal forces to consider torsional effect.

4-DoF-element formulation (Lefevre et al. 2017) make use of a 4-DoF-
element formulation of the beams and a Bishop frame. The difference of their
approach lies in the definition of the internal nodal forces and the internal mo-
ments acting at the beam’ nodes. They are respectively calculated from the
derivation of the elastic potential energy in respect to the nodes’ position and to
the cross-sectional angle of twist. A dynamic relaxation algorithm is performed
on both the translational and rotational DoFs. On the one hand, a minimisation
process of the translational kinematic energy based on the nodal forces allows
to find the nodes’ position. On the other hand, the angle of twist results from a
minimisation process associated to the rotational kinematic energy and based on
twisting moment. According to the authors, this modelling framework provides
good results in terms of geometry and stress in comparison to FEM methods.

As a matter of fact, at least 4 DoFs are required to accurately consider
torsion in bending-active beams. 4-DoF-elements means that four equations are
required in order to describe and calculate the equilibrium configuration of the
beams or systems of beams. Graphic statics only provides three equations in the
form of the force diagram. These equations correspond to the static equilibrium
of the forces acting on the structural system. One additional diagram or equation
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related to the twisting moment would therefore be necessary in addition to the
usual force diagram. In such a case, the major interest of graphic statics of
using a unique geometric object for the description of the static equilibrium of a
structural system would be lost. Besides, the recourse to simplifying hypothesis
such as the quasi treatment of the twisting DoF would make possible the use
of a single force diagram to address the equilibrium of a beam as it reduces to
3 DoFs the kinematic formulation of the beam element but its relevance and
accuracy is limited to specific configurations only.

3.4.2 Graphic statics principles applied to torsion-free rods in 3D
space

Under certain conditions, the effect of torsion on the equilibrium of slender
beams can be neglected in comparison to the effect of bending. In those cases,
a bending-only modelling of the beams can be a good first step before further
design explorations and the 3-DoF-element formulation of slender beams under
large deformation presented in Section 3.1 remains valid.

Cases where torsion can be neglected More specifically, the relative effect of
bending and twisting is quantified by the twist-to-bend ratio, η = EI/GJ, where
EI is the bending rigidity and GJ is the torsional rigidity of the structural element.
High values of η represent a structural element which can twist more easily than
it can bend. For those elements, torsion have a preponderant influence on their
bent geometry. (Vogel 1992) established a comparison between the twist-to
bend ratios of several structures with different cross section and material. For
instance, it is illustrated that a schematic U-shape cross section of a banana leaf
has a large twist-to-bend ratio of 68, while in comparison, a bar of homogeneous
and isotropic material with circular cross section has a twist-to-bend ratio equal
to 1 + ν (Vogel 1992), equivalent to about 1.3 for a metal bar or a pultruded
GFRP bar. Torsion has a limited influence onto the deformed geometry of
elements with quadratic or circular cross section and can be neglected to a
certain extent.

Based on this consideration, the rest of this section is limited to torsion-free
slender beams with quadratic or circular cross section. These slender structural
elements will be referred as torsion-free rods, according the definition given in
Section 2.1.2.

Modelling scheme A torsion-free rod with a quadratic or circular cross section
is considered.

Internal forces in the rod are calculated in the same way as in the case of
slender beams deforming in their plane of symmetry (Section 3.1). Shear bending
forces are calculated according to (Adriaenssens and Barnes 2001). The two
pairs of opposite shear forces acting respectively on the nodes (i , j) and (j, k) and
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Figure 3.34: Internal forces in a torsion-free rod in 3D space – (a) Shear bending forces
calculated from the relative position of three adjacent nodes of the rod, (b) Axial force in the
rod’s segments calculated from the projection along the segment direction of the sub-resultant
force of the external forces acting on the rod.

corresponding to the bending moment Mj lies on the plane defined by the nodes
(i , j, k) (Figure 3.34(a)). Axial forces are calculated from the global equilibrium
of a free body diagram of the rod, based on the projections along the direction
of the rod’s segments of sub-resultant forces of the external forces acting on
the rod (Figure 3.34(b)). External forces can be of different kinds (restraining
forces, punctual forces, self-weight, external torques, etc.) and are applied onto
the nodes of the rod.

For each node of the rod, all the forces acting at it are assembled in a
force diagram where they must form a closed polygon if the node is in static
equilibrium.

Sequential construction of a torsion-free rod in equilibrium in 3D space
Following the same principle as in the case of bending-active beams deforming in
2D space, it is possible to sequentially construct a torsion-free rod in equilibrium
in 3D space through a graphical procedure. The rod is built node by node, by
building successively its form and force diagrams (Figure 3.35). The position of
the node i of the rod’s axis is determined in relation to the position of the two
previous nodes i − 1 and i − 2, and from the polygon of forces corresponding
to the static equilibrium of node i − 2. The shear force Si−1,i−2 required to close
the polygon of forces of node i − 2 defines the position of node i . The graphical
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construction is initiated at one of the rod’s ends, and initial parameters have to
be chosen: the relative position of node 0 and 1, the external force F0 acting
on node 0 (line of action, direction, and magnitude) and the external moment
M acting at node 0 (line of action, orientation and magnitude) expressed as a
pair of opposite forces (FM,−FM). By varying these parameters, a large family of
equilibrated elastic curves of torsion-free rods is generated (Figure 3.36). The
sequential construction process does not allow to directly control the overall
geometry of the rod, and in particular the position of its ends. Therefore, if
specific boundary conditions have to be met, the generative parameters of the
rods have to be iterative varied. If no external bending moment is applied to
node 0, or if the force FM lies in the plane defined by the external force F0 and
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Figure 3.35: Sequential graphical construction of a torsion-free rod in equilibrium in 3D space–
(a) Sequential construction of the form diagram and force diagram of the rod, (b) Entire rod
and its corresponding 3D force diagram.
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Figure 3.36: Family of 3D torsion-free rods – With respect to the generative parameters of
their sequential construction: position of nodes 0 and 1, magnitude and orientation of external
force at node F and magnitude and orientation of external bending torque (FM , −FM).
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Figure 3.37: Restraining forces required in order to shape the torsion-free rod into a given
3D target equilibrium geometry under the specified external forces – Blue, respectively red,
represents structural elements in compression, respectively in tension. Dark green, respectively
light green, represents external forces, respectively additional restraining forces.

the segment (0, 1), then the generated rod will be plane, corresponding to the
scenario addressed in Sections 3.1, 3.2 and 3.3.

Equilibrating torsion-free rods in 3D space with additional restraining forces
Considering a curve in 3D space as the target equilibrium geometry of a torsion-
free rod and external loads, it can be calculated from a force diagram the ad-
ditional forces that are required to enforce the static equilibrium in the target
geometry under such considered loads. In a similar way as in 2D space, the addi-
tional restraining forces fulfil the global equilibrium of the rod with the external
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loads and the axial forces. These additional forces can be applied externally to
the rod by means of connected struts and ties. In practice, the orientation in
3D space of such restraining elements, make their use difficult from a design
perspective. Indeed, Figure 3.37 illustrates how the struts and ties restraining
the rod might scatter.

In a similar way as in 2D space, the configuration of the polygons of forces
shows that the orientation of the restraining forces can actually be chosen inside
specific planes (see Figure 3.38 (left)). In theory, this property could make pos-
sible a better control of the orientation of the restraining additional elements.
However, contrary to the case of beams actively bent in their plane of symmetry,
the direction of the restraining forces cannot be chosen independently to each
other as the different planes in which the restraining forces can be chosen de-
pend on the orientation of the restraining forces at the other nodes of the rod.
Figure 3.38 (right) illustrates this dependency.

Issues related to the use of 3D vector-based graphic statics In addition to
presenting problems of visual readability, the manipulation of 3D force diagrams
is ruled by the properties of 3D geometry. In particular, in 3D geometry, two
non-parallel lines do not meet unless they are coplanar. This trivial observation
makes impossible the scaling of shear bending forces through local adjusting
of the rod bending stiffness in order to generate closed polygons of forces as
proposed in Section 3.2 for the case of 2D force diagrams (Figure 3.39).
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Figure 3.38: 3D polygons of forces balanced with additional restraining forces (in purple) –
Different possible restraining forces can fulfil the local and global equilibrium of the torsion-free
rod. At each node, these different possible restraining forces lie on a specific plane. Such plane
is dependent on the orientation of the restraining forces at the other nodes of the rod.
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Figure 3.39: Unbalanced 3D polygon of forces – Manipulation of shear bending forces magnitude
by means of bending stiffness variation fails to close the polygonal cell of forces as two non-
parallel lines do not necessarily meet in 3D space.

Concluding remark The modelling scheme introduced in Section 3.1 for the
modelling in 2D space of bending-active beams can be applied to the modelling of
torsion-free bending-active rods in 3D space. The use of this modelling scheme
in combination with force diagrams allows for the sequential construction of
torsion-free rods that are actively bent in 3D space. Nevertheless, the ability
and effectiveness of the graphical method to determine the conditions leading
to the materialisation of a given geometric curve by the equilibrium of a slender
rods actively-bent in plane is not replicated in the case of slender elements under
large deformations in 3D space. For this reason, in the rest of this research work,
the bending-active beams, whether flat beams or rods, will only be subjected to
bending moments, they will have a plane of symmetry and will be loaded and
deformed in this plane, so as to avoid torsion.
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4. Design Approach

Grounded on the equilibrium of bending-active beams in 2D space, which was
addressed in previous Chapter 3, this Chapter is devoted to form-driven design
strategies for 3D bending-active tensile structures constisting of bending-active
beams, which are bent in their plane of symmetry, and restraining tensile systems,
in the form of cables and cable nets.

4.1 Form-driven design approach

Novel form-driven design approach A novel approach is introduced for the
design of 3D bending-active tensile structures composed of bending-active
beams, which are bent in their plane of symmetry and whose bent equilibrium
geometry is plane, and 3D restraining cables and cable nets (Boulic and Schwartz
2018). The primary objective of this novel design approach is to compensate
for the lack of direct control over the final deformed equilibrium geometry of
bending-active tensile structures, from which existing form-finding methods
suffer as explained in Sections 1.1, 2.1.3 and 2.2.1. By providing explicit control
on the bent equilibrium geometry of the bending-active beams and, to a lesser
extent, also on the equilibrium geometry of the restraining tensile systems, the
introduced design approach intends to complement and enrich the range of
existing form-finding methods for the design of bending-active tensile structures.
In particular, the possibility of having such an explicit control on the equilibrium
geometry of bending-active beams is considered particularly relevant during the
initial design phase as it facilitates the integration of various geometry-based
aspects into the design. Besides, as it is based on a simple mechanical model
of slender beams (Section 3.1) and on 2D equilibrium conditions, the novel
approach offers an intuitive understanding of the mechanical behaviour of
bending-active tensile structures, together with the different parameters that
rule their equilibrium. These two advantages are a valuable aid for the ultimate
integration of architecture and structure.

The so-called form-driven approach elaborated in this Chapter differs signif-
icantly from the form-finding approaches described in Section 2.1.3. The main
difference between form-finding and form-driven approaches lies on the static
problem to be solved since its formulation in the two approaches is inverted
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1 Equilibrium of actively bent elements in 2D

1.1 Introduction

Write a small introduction?

1.2 Modeling of a beam element with bending only

Mi = κi(EI)i

Si ,i−1 =
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2 sin(αi)
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e32b2
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2

)2
e2b2

)

ymax =
0.75f

Eκmax

1.2.1 Finite difference modelling of the continuous beam

The spline beam is discretised in linear elements, and forces are applied at the nodes.
Internal forces in the beam are of two natures: bending and axial forces. The spline beam is
discretised in N linear elements, also referred as bars. These do not need to have the same
length but the discretisation should be fine enough to ensure an appropriate accuracy of
the modelling. The bars are defined by the position Pi of the N + 1 nodes i of the spline; li
stands for the length of bar i and θi for its orientation in relation to a reference axis of the
plane of the spline. The distance between nodes i − 1 and i + 1 is represented by li−1,i+1
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Figure 4.1: Schematic comparison between a form-finding based approach and the proposed
form-driven approach in the context of active bending – L beam’s length, A beam’s cross
sectional area, I beam’s second moment of area, E beam’s modulus of elasticity, ν beam’s
Poisson’s ratio.

with respect to each other (Figure 4.1). In the form-finding approach, the goal
is to find the equilibrium geometry that a given bending-active (tensile) struc-
tural system takes under imposed boundary constraints. On the contrary, in the
form-driven approach, the aim is to define local and global conditions necessary
to meet a given geometrical configuration of equilibrium of the bending-active
structural system. That is, the length L of the slender beams, their cross-
section area A and their bending stiffness EI, as well as the boundary conditions
are input parameters in the form-finding approach while they are outputs of the
form-driven approach. Conversely, the equilibrium geometry is the output of the
form-finding algorithms while it is the input of the form-driven approach.

As opposed to most of the form-finding design approaches exposed in Sec-
tion 2.1.3, in which both the geometry of the bending-active elements and
the tensile elements are form-found at once, controlling the geometries of 2D
bending-active beams within a 3D bending-active tensile structure is achieved by
addressing successively the equilibrium of the bending-active elements and the
one of the tensile elements, provided that equilibrium conditions between the two
structural sub-systems are fulfilled. As an initial step, the target bent equilibrium
geometry of each of the bending-active beams is defined as a plane continuous
curve, considering various aspects, such as structural, functional, aesthetic and
environmental criteria. The equilibrium of the beams in their target bent equi-
librium geometry is achieved by combining a controlled variation of the bending
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stiffness of the cross-section along the axis of the beams and additional forces
along the axis of the beams through restraining systems, two concepts which
have respectively been introduced in Section 3.2 and Section 3.3. Accordingly,
in a second step, the global and local equilibrium of the beams is considered and
a compatible set of pre-stressing elements is generated.

Different design strategies The design of bending-active tensile structure ac-
cording to the form-driven approach begins with the definition in 3D space of
the plane continuous curves which correspond to the desired bent equilibrium
geometry of bending-active beams’ axis. In order to fulfil the equilibrium of the
beams in their target geometry, the restraining tensile elements must apply onto
the beams’ axis prestressing forces which are coplanar with their bending planes
(Figure 4.2). This condition of equilibrium induces that specific compatible re-
straining cable nets must be generated in accordance with the beams’ target
equilibrium geometries. Two different strategies can then be distinguished to
design such bending-active tensile structures and in particular to define such
compatible restraining cables and cable nets. They are illustrated in Figure 4.3.

• Design strategy 1 – Equilibrium of the bending-active beams through
adapted bending stiffness First, the target equilibrium geometry of each of
the 2D bending-active beams is defined. Second, a compatible set of pre-
stressing elements is generated, in such a way that these tensile elements
apply onto the beams ’axis a set of restraining forces that are coplanar
with the beams’ bending planes, making sure that no torsion appears in
the beams. Third, for each beam, the global equilibrium is fulfilled by solv-
ing the reaction forces at the beam’s supports and the local equilibrium
is verified by ensuring that the applied forces generate locally a bending
moment compatible with the beam’s curvature. Finally, in a last step, the
variable bending stiffness along the various beams’ cross-sections is calcu-
lated such that the beams meet the equilibrium in the target geometries
under the considered pre-stressing forces as explained in Section 3.2.

• Design strategy 2 – Equilibrium of the bending-active beams through re-
straining forces First, the target bent equilibrium geometry of each of
the 2D bending-active beams is defined by the designer according vari-
ous design parameters such as architectural, structural, environmental and
manufacturing aspects. Second, based on the bending stiffness of the
beams along their axis and on an initial set of acting loads, the restraining
tensile forces required to bend the beams in their target equilibrium geom-
etry are calculated according to the methodology presented in Section 3.3.
Finally, a set of compatible pre-stressing elements is generated in such a
way that these tensile elements apply onto the beams’ axis the restraining
forces previously calculated.
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Figure 4.2: Concept of the form-driven design approach – Decoupling of the 2D bending-active
beams and the 3D restraining cable nets and condition of equilibrium between the two structural
subsystems.
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Figure 4.3: The two design strategies constituting of the form-driven approach.



4.1 Form-driven design approach 103

Generation of compatible restraining cable net systems Different meth-
ods, both graphical and numerical, have been investigated in order to generate
restraining cables and cable nets compatible with the equilibrium of the bending-
active beams in their target bent geometry.

First, in Section 4.2, a graphical procedure is presented for the design of
3D funicular systems based from the transformation of an original 2D funicular
system (Boulic 2020). Thanks to this graphical procedure, the results established
in Section 3.3 for the shaping of single slender beams into target equilibrium
geometry by restraining funicular systems are extended to the design of bending-
active tensile structures consisting in single beams restrained with two 3D skew
funicular systems unfolding on either side of the beams’ bending plane.

Second, in Section 4.3, specific 3D arrangements of bending-active beams
and pre-stressed cables that ensure the mutual equilibrium of each sub-systems
have been identified thanks to the study of the form and force diagrams of
continuous lines of cables. These specific patterns are based on geometric con-
ditions and, although relatively specific, are flexible enough to allow different
spatial configurations of beams and cables to be explored.

Third, in Section 4.4, a non-linear formulation of the force density method
has been implemented in order to form-found the equilibrium geometry of cable
nets under the design constraints imposed by the condition of equilibrium at the
beams’ nodes (Boulic and Schwartz 2018). The resort to this numerical method
makes it possible to design bending-active tensile structures of higher complexity,
regarding both the number and spatial arrangement of the bending-active beams
and the topology of the cable nets.

In the form of a diagram, Figure 4.4 summarises the different graphical
and numerical methods that are employed within the general form-driven design
approach of bending-active tensile structures. It highlights, for each of the two
design strategies – Design strategy 1 and Design strategy 2, which are the
graphical and numerical procedures that are employed to address, on the one
hand, the equilibrium of the bending-active beams in their 2D target equilibrium
geometry, and on the other hand, the generation in 3D space of tensile restraining
cables and cable nets that are compliant with the 2D equilibrium of the bending-
active beams.
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Figure 4.4: Graphical and numerical procedures employed to successively address the equilibrium
of the bending-active beams and the pre-stressed cables and cable nets within a bending-active
tensile structure for each of the two distinct form-driven design strategies.
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4.2 Graphical construction of restraining cable nets

This section addresses the graphical construction of 3D funicular restraining
systems in equilibrium with coplanar loads for the shaping of single bending-active
beams which are bent in their plane of symmetry.

Considering a bending-active beam bent in its plane of symmetry, the ad-
ditional restraining forces which are needed to shape the beam in its target
equilibrium geometry are a set of coplanar loads. A graphical method for the
construction of 3D funicular systems in equilibrium with such co planar restrain-
ing forces is exposed. It is based on the geometric transformation of original 2D
funicular systems, whose graphical construction is simple and well-established.

This section has been published with minor changes in (Boulic 2020).

4.2.1 Design of 3D funicular structures with graphical methods

3D funicular structures from the skewing of 2D funicular structures While
2D graphic statics efficiently allows the construction of 2D funicular structures
for the transfer of a set of given loads to specified supports (Section 3.3.2), it
does not offer, in most cases, such an elegant and straightforward procedure for
solving the same problem in 3D space. Some of the methods used instead to
address similar 3D funicular structures (Block 2009, Lachauer and Block 2012,
Ohlbrock et al. 2017) share common principles with graphic statics, but couple
these principles to numerical simulation tools. On the contrary, in particular
cases, specific fully-graphical procedures can be defined: for example, a graphical
method using polyhedron-based 3D graphic statics has been proposed for the
construction of constrained funicular forms for a simple, determinate boundary
condition (Akbarzadeh et al. 2015, 2016).

As demonstrated by Rankin (Huerta 2010) when applied to simple structural
systems, geometric operations capable of transforming a structure while pre-
serving its static equilibrium allow the generation of more complex systems at a
lower cost. This paper focuses on the construction of 3D funicular structures
from original 2D funicular structures, in a purely geometric manner, with vector-
based 3D graphic statics. More specifically, the paper deals with the generation
of 3D funicular structures, in equilibrium with given coplanar loads and supports
located on either side of the plane of the loads, from the spatial transformation
of original 2D funiculars, designed in the plane of the loads (Figure 4.5).

The construction of such 3D funicular structures involves the following steps:
first, an original 2D funicular in equilibrium with the coplanar loads that are con-
sidered is designed following the methodology described above (Figure 4.5(a));
then, this 2D funicular is split into two superimposed funiculars (Figure 4.5(b));
and finally, each of these funiculars and the spokes that transfer the loads onto
them are deployed into a 3D funicular structure on one side of the plane of the
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Figure 4.5: Pair of 3D skew funiculars from a transformed 2D funicular – (a) Original 2D
funicular, (b) Superimposed 2D funicular subsystems, (c) Funicular subsystems unfolded on
either side of the loading plane, along direction eu.

loads, to the supports that are considered, while the position of the points of
application of the loads is kept unchanged (Figure 4.5(c)).

The applied geometric transformation is such that the 2D funicular is the
projection of the nodes of the 3D funiculars onto the plane of the loads along
the direction of projection eu, meaning that the nodes of the 3D funiculars are
obtained by moving the nodes of the 2D funicular along the direction eu. It results
that the equilibrium of the internal forces along the original plane is preserved
over the transformation and that the force diagram of the 2D funicular is the
projection of the force diagram of the 3D funiculars along the direction eu. The
two newly constructed 3D funiculars including the various spokes are not plane
anymore but skew, unless their new supports and the points of application of the
loads are coplanar. The exact position of the 3D funiculars’ nodes, which relates
to the inclination of the spokes that connect the points of application of the
loads to the skew funicular, is determined with the force diagram, ensuring the
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Figure 4.6: Skew funicular from a transformed 2D funicular – Construction of skew funicular
subsystems from the arbitrary translation of 2 adjacent nodes along direction eu.

equilibrium of the internal forces of the structure along the direction of projection
eu. Additionally, the two skew funiculars are unfolded on either side of the plane
of the loads in such proportions that the equilibrium of the internal forces along
eu is preserved at the points of application of the loads (Figure 4.5(c)).

The two skew funiculars can be built graphically by successively solving the
equilibrium of their various nodes (Figure 4.6). Considering one skew funicular
only, the position of its nodes is determined by the arbitrarily translation along
eu of two adjacent nodes (translations u0 and u

(′)
1 in Figure 4.6). Unfortunately,

the position of the funicular’ supports (translation u(
′)
7 in Figure 4.6) cannot be

controlled directly with this procedure. In a digital and parametric environment,
it is possible to vary the translation vector of the two initiating nodes until the
boundary conditions are met. The aim of the contribution is to establish a fully
graphical procedure that allows the direct construction of the skew funiculars in
equilibrium with given supports.

More generally, geometric transformations of 3D structural systems which
preserve static equilibrium are of growing interest. (Fivet 2016) enumerates
projective transformations which can be applied onto the form diagram of a
structure in equilibrium while (D’Acunto et al. 2017) elaborate on the geometric
transformations which can be performed on the force diagram of a structure in
equilibrium in the context of vector-based 3D graphic statics.

4.2.2 Graphical method

A graphical procedure is proposed in order to transform 2D funiculars into
pairs of skew funiculars which are in equilibrium with coplanar loads and supports
whose position is controlled. This procedure keeps the simplicity of the graphical
construction of a 2D funicular in the plane, by making use of the reciprocal and
linear relationships between the form and force diagrams of the funicular structure
over the investigated geometric transformation.
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Figure 4.7: Three funiculars originating from one support and the linear relation they share,
expressed through spokes’ poles Oi in the force diagram.

Linear relationships over the transformation: graphical demonstration For
the sake of clarity, especially regarding the readability of the force diagrams, only
the skewing of one of the two superimposed 2D funiculars is considered in the
following paragraphs.

Three distinct skew funiculars, originating from one of the specified supports
and based on the skewing of the considered 2D funicular subsystem, are built
node by node with the help of a force diagram (Figure 4.7). It can then be noted
that these three skew funiculars, as well as their corresponding force diagrams,
are connected to each other geometrically. Considering that their force diagrams
are located in the force space (F*) such that they are aligned which each other
along the direction eu, such that the poles of the three force diagrams overlay for
example, the segments corresponding to the forces within the funiculars’ spokes
are extended with straight lines. Three by three, these lines intersect at a unique
point, referred to as a spokes’ pole, which reflects some linear relationships over
the geometric transformation of the force and form diagrams. For each node
of the force and form diagrams, the coefficient of linearity of the translation
operation from the original 2D funicular differs; however, the points of the force
diagrams, as well as the nodes of the skew funiculars, move along the direction
eu in the same relative proportion (Figure 4.7(b)). Besides, the location of the
spokes’ poles depends on geometric parameters of the original 2D funicular and
on how the diagrams are placed in relation to each other in the force space (F*).
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Figure 4.8: Construction of a skew funicular with given supports through auxiliary skew funic-
ulars.

Procedure From that observation, if the geometry of two skew funiculars orig-
inating from one of the desired supports is known, the skew funicular ending at
the second desired support, together with its force diagram, can be deduced from
the relative position of the skew funiculars’ ending supports (Figure 4.8). In a
similar way as in 2D, where an auxiliary funicular is required to build a funicular
through two given supports, two auxiliary skew funiculars are needed in 3D to
build a skew funicular through two given supports.

For the sake of simplification, the system shown in Figure 4.7 and Figure 4.8
is such that eu is parallel to the x axis and that loads are parallel with each
other and along the z axis. Under those conditions, and if the loads are equally
distributed between the two skew funiculars, a symmetric structure ensures that
the forces along eu, which are generated at the points of application of the loads
by the two skew funiculars, cancel each other. However, any skewing direction
eu can be chosen as long as (eu ∧ ey)∧ (eu ∧ ez) 6= 000 (Figure 4.11), the loads do
not need to be parallel with each other (Figure 4.10) and the proportion of loads
taken by each of the two skew funiculars can be unequal (as illustrated in the
asymmetric configurations of Figure 4.9). Obviously, any 2D funicular structure
with more than two supports can also be extended to the third dimension thanks
to this graphical procedure. The position of the supports can be freely chosen
for one of the two skew funiculars and the relative position of the supports of the
two skew funiculars on the either side of the plane of the loads is directly related
to the proportion of the original loads taken by each skew funicular (Figure 4.9).
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Figure 4.11: Skewing of a 2D funicular along an arbitrary skewing direction eu not coplanar to
the loading plane.

Linear relationships over the transformation: analytical demonstration
The linearity of the skewing transformation is demonstrated here analytically.
A skew funicular structure can be regarded as a network structure composed
of n free nodes, which are not loaded, nf fixed nodes, which are the supports
of the structure and the points of application of the loads, and m branches,
which connect the nodes to each other. According to the force density method
(Schek 1974), which is introduced with further detail in Section 4.4.1, the
coordinates x , y , u of the free nodes within the coordinate system (ex , ey , eu)
can be deduced from the coordinates xf , yf , uf of the fixed nodes, based on the
following relations:

x = −(CTQC)−1CTQCf xf

y = −(CTQC)−1CTQCf yf

u = −(CTQC)−1CTQCf uf

(4.1)

where C is the [m × n] connectivity matrix of the free nodes, Cf the [m × nf ]
connectivity matrix of the fixed nodes and Q the [m×m] diagonal matrix of the
force density of the branches.

A translation of u ′A and u
′
B of the supports’ positions along direction eu results

in new fixed nodes coordinates x ′f = xf , y ′f = yf and u ′f = (u ′A, u
′
B, 0, . . . , 0).

Let’s be A the [n × nf ] matrix −(CTQC)−1CTQCf . From equation 4.1, the new
coordinates of the free nodes are:

x ′ = x , y ′ = y , u ′/i ∈ <1, nf>, u ′i = Ai1u
′
A + Ai2u

′
B (4.2)

Equation 4.2 shows the linear dependency to u ′A and u
′
B of the nodes’ translation

along direction eu. It also shows that the coefficient of proportionality is different
for each free node and depends on the connectivity and force density matrices.
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4.2.3 Increasing topological complexity through force diagram
subdivisions

One of the properties of funicular structures is their ability to derive many
other funicular structures from the subdivision of the polygonal cells of their
force diagram. These new structures share the same boundary conditions as the
original structure but have a more complex topology. The subdivision operation
results in a redistribution of the internal force flow by branching original members
of the structure with newly created members. This structural and geometric
property has been illustrated in the case of 2D structures with nodes connecting
at least three branches (Akbarzadeh et al. 2014), and in the case of 3D structures
with nodes connecting at least four branches (Akbarzadeh et al. 2015).

Subdividing vector-based force diagrams is being investigated in the context
of skew funiculars in order to explore the graphical construction of systems which
are topologically more complex than the original 2D funicular.

There are two ways to divide a polygonal cell: by a point in its convex
domain, or by its edges. The subdivision by an inner point of the cell preserves
the boundary conditions of the corresponding node while creating new branches
from the original branches (Figure 4.12(b)). On the contrary, a subdivision of
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Figure 4.13: Generation of 2D complex structures through centre-vertexes subdivisions of the
force diagram – (a) Initial funicular configuration, (b) a first centre-vertexes subdivision of the
polygonal cells (F*) and two possible corresponding branched funicular (F), (c) and (d) a second
centre-vertexes subdivision of the cells (F*) and a possible branched funicular (F).
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Figure 4.14: Generation of 3D funicular systems through centre-vertexes subdivisions of the
force diagram – (a) Original 2D funicular configuration, (b) centre-vertexes subdivision of
the polygonal cells (F*) and a corresponding branched funicular (F), (c) and (d) subdivisions
operated on the 3D skew funicular directly.

the cell involving the subdivision of an edge of the cell provokes the duplication of
the branches corresponding to the divided edges (Figure 4.12(c)) and therefore
affects the boundary conditions of the corresponding node.

Centre-vertexes subdivision In the case of an original triangular cell, a divi-
sion by an inner point of the cell generates three sub-cells that are themselves
triangular, and consequently new nodes in the form diagram with three branches
(Figure 4.12(a)(b)). The newly created nodes and branches are located in the
plane of the original branches. Therefore, transformation of the form and form
diagram of a funicular with only 3-valent nodes involving only this kind of sub-
division can equally be performed on the original 2D funicular or on the skew
funiculars, according to the procedure detailed by (Akbarzadeh et al. 2014).
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Figure 4.16: Generation of 3D funicular systems through edge subdivisions of the force dia-
gram – Iterative construction of the 3D skew branched structure thanks to auxiliary systems.

Figure 4.13 shows a 2D funicular structure originating from successive subdivi-
sions of the force diagram’s cells by an inner point and Figure 4 13 illustrates
how the subdivisions can equally be performed directly on the 3D skew funicular
or performed on the original 2D funicular and then projected onto the 3D skew
funicular.
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Edges subdivision When a cell division involves subdividing an edge of the cell
(Figure 4.12(c)), the new resulting branches might not remain coplanar with
the original projected branches when projected in space (Figure 4.12(e)(f)).
This is because the funicular surface generated by the new branches has the
characteristic to be doubly curved. Therefore, when a transformation of the
original network involves edge subdivision, it is not possible to subdivide on the
force diagram of the skew funicular directly. It is necessary to subdivide first
the 2D funicular (Figure 4.15) and then build the corresponding skew structure
(Figure 4.16).

To graphically construct such a skew funicular structure node by node, the
translation of a certain number of nodes along the skewing direction eu has to
be chosen arbitrarily (parameters (t ′ ,t ′′ ,t ′′′) in Figure 4.15 and Figure 4.16).
However, the incorrect position of these nodes leads to a divergence of the
system: at some point of the construction, branches in the form diagram do not
intersect while they should (nodes I and I ′ in Figure 4.16(1)). As a consequence,
their correct position has to be found iteratively through the construction of
auxiliary systems. In the example of Figure 4.16, for given translations (t ′′′1 , t

′′
11),

two values of t ′ , t ′111 and t
′
112, are arbitrarily chosen from which are built two

auxiliary systems with non-intersecting branches, respectively nodes I110 and I
′
111

and nodes I112 and I
′
112, and the translation t ′110 making branches to meet at node

I110 is determined through a linear interpolation which can be done graphically,
and satisfies:

t
′
111 − t

′
110

t ′112 − t ′110
=
I
′
111I110 · eu
I ′112I110 · eu

=
I111I110 · eu
I112I110 · eu

(4.3)

Still, branches of the skew funicular structure do not meet at J. The same
procedure is repeated for translations (t ′′′1 , t

′′
12). From the auxiliary systems (t ′′′1 ,

t
′′
11, t

′
110) and (t ′′′1 , t

′′
12, t

′
120), the translation t ′′10 is found allowing branches to

intersect at I and J. The translations t ′′10 and t
′
100 are such that:

t
′′
11 − t

′′
10

t ′′12 − t ′′10
=
J
′
11J10 · eu
J ′12J10 · eu

=
J11J10 · eu
J12J10 · eu

=
t
′
110 − t

′
100

t ′120 − t ′100
(4.4)

A total of 6 auxiliary constructions is needed to build a complete skew funicular
structure derived from edge-edge subdivision of the original 2D funicular, and
14 auxiliary constructions would be required in order to find the skew structure
(t ′′′1 , t

′′
11, t

′
110) reaching the second support at a specified position (it would be done

by repeating the same procedure as above for a new arbitrarily chosen transla-
tion t ′′′2 and a linear interpolation). Obviously, in a numerical and parametric
environment, it is possible to automate these graphical constructions.
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4.2.4 Examples of design application

Funicular systems made of pairs of skew funiculars in equilibrium with copla-
nar loads, and whose graphical construction has been detailed in Sections 4.2.2
and 4.2.3, can be applied to the conceptual design of bending-active tensile
structures in which they allows restraining single bending-active beams which are
bent in their plane of symmetry. More widely, such 3D funicular structures can
be applied to the conceptual design of any other load bearing structures in which
the design loads are coplanar. In order to illustrate such possibilities, two design
applications have been developed.

The first example investigates the use of tensile funicular systems to restrain
bending-active beams which are bent in their plane of symmetry. The hybrid
structure shown in Figure 4.17 consists of two slender beams, actively bent into
arches and restrained by means of a cable net. According to the form-driven
design method of bending-active tensile systems presented in Section 4.1, the
restraining forces required to enforce the beam to bend into the target equilib-
rium geometry that is considered are graphically calculated (Figure 4.17(a)) and
applied to the beam by means of a restraining cable net (Figure 4.17(b)), a 3D
tensile funicular system, that unfold of each side of the bending-active beam and
generates an enclosed space (Figure 4.17(c)). The developed bending-active
tensile structure results from the spatial assembly of two beam/skew funicular
systems and the addition of a compressive strut which provides the cable net
with an additional support necessary for the equilibrium of the whole structure
(Figure 4.17(top)). Subdivisions of the cable net’s force diagram have been op-
erated in order to densify the number of cables and give a stronger feeling of
space enclosure.

The second example consists of a deck arch bridge in which the self-weight of
the deck is transferred to two skew compressive arches through inclined columns.
The bridge, depicted in Figure 4.18, rests on three supports. The resultant of the
self-weight of the deck has been first considered, therefore acting along the plane
of symmetry of the deck. A compressive 2D funicular has then been designed in
the plane of the loads. From there, two skew funiculars in equilibrium with half
of the self-weight of the deck have been graphically built after which they have
been shifted apart from each other in order that the deck is supported by two
rows of inclined columns. Consequently, the deck has been structurally activated
either in tension or in compression in relation to the inclination of the supporting
columns.
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Figure 4.17: Bending-active tensile structure – (a) Restraining forces required to bend the beam
into its target equilibrium geometry given that its bending stiffness is constant bending stiffness
along their axis; (b) Plane restraining funicular system providing the beam the restraining
forces it requires; (c) Spatially unfolded restraining funicular system; (d) Spatial assembly of
two arched beams restrained by 3D funiculars with a compressive strut.
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Figure 4.18: Deck arch bridge with three supports – (a) Skewing of a plane columns-arch
system; (b) Shift of the two skew sub-systems along skewing direction; (c) Activation of the
deck.
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4.3 Geometric patterns of restraining cables

In this section, graphical methods have been further explored in order to
graphically generate restraining tensile systems able to connect in 3D space
several bending-active beams, which are bent in their plane of symmetry, while
ensuring their static equilibrium in their 2D target geometry. In particular, several
geometric configurations of pre-stressed cables have been established to connect
bending-active beams together while applying onto their axes forces which are
coplanar with their bending planes.

4.3.1 Condition of equilibrium between the beams and the cables

In a bending-active tensile structure composed of pre-stressed cables and
bending-active beams that are bent in their plane of symmetry, the cables must
apply onto the beams’ axis forces which are coplanar with the beams’ bend-
ing planes. This is the condition for not generating torsion around the beams’
axes and making possible the static equilibrium of the beams in their 2D target
geometries.

This translates into the following geometric constraint: at any point of a
beam’s axis where cables are connected, the cables must be either one, and in
this case, the single cable must lie in the beam’s bending plane (Figure 4.19(a)),
or at least two, and in this case, at least two of the cables must be laid on either
side of the beam’s bending plane (Figure 4.19(b)). Under this condition, it is
possible indeed to decompose the restraining force Fr acting on the beam’s axis
into two pre-stressing forces Fc and F ′c applied each by one of the two cables,
or conversely, it is possible to adjust the prestressing force Fc and F ′c in each of
the two cables so as to obtain a resultant force in the beam’s bending plane:

(Fc + F
′
c) ∧ n = Fr ∧ n = 000 (4.5)

5

5

5

5

5

5

5

5

5

5

5

O

O

O

O

O

O

O

O

O

O

O

s

1

3

2

4

1

1

z

y

x

u

(F) (F*)

(a)

(b)

(c)

2

u

z

y

x

u

x

y

z

O

(a)

(b)

(c)

(b)(a)

(a) (b)

x

y

z

(a) (b)

1O O3
O2

(F)

(F)

(F*)

(F*)

O

(b)

(a)

s

EI
EI*

z
y

x

u

u

Paper FIB Journal

x

y

z

(a) (b)

(c) (d)

(F) (F*)

z

u

(b)(a)
(F*)(F)

C

z
y

x

z
y

x

z
y

x

z
y

x

F*F

O

C

2 31 O OO

F F*

u

x

y
z

F*

z

y

x

FF

x

y
z

u

F*

F

Madrid

F*

F

z

F

y

x

F

=

(F*)

F

(F)

F*

s
1

1

EI
EI*

x

y
z

x

t'    - t'
t'    - t'

J     - J

y

J     - J

z

11 10

12 10

= 110 100

120 100

==
t''   - t''
t''   - t''11 10

12 10

x

J'    - J
J'    - J

y

11 10

z

12 10t'    - t'
t'    - t'

J     - J
J     - J11 10

12 10

= 110 100

120 100

110112(t' , t'' , t'''  ),(t' , t'' , t'''  ), (t' , t'' , t'''  )1 111 11111 111111(t' , t'' , t'''  )111 10010(t' , t'' , t'''  )110010120121101 11 1 1(t' , t'' , t'''  )(t' , t'' , t'''  ), (t' , t'' , t'''  ),

==
t'    - t'111

t'    - t'
110

112 110

111 110

112 110

111 110

112 110

I'    - I
I'    - I

I     - I
I     - I

==
t''   - t''
t''   - t''11 10

12 10

J'    - J
J'    - J

11 10

12 10

F*F F*F F*F F*F F*F F*F

F

F*

F

F*

F

F*

F

F*

F

F*

F

F*

x

y

z

y

x

x

y

z

y

x

z
y

x

*

F

EI

u

EI

F

s

u

F

x̄

ȳ

z̄

3. 4.
(F*)(F)

c

(F*)

a
b

u

(F)

b''a''
c''

F

(F*)

A

(F)

x

A

z

y

B

(F)
(F*)

(F*)

(b)

u

F

(F)

(a)

(F) (F*)(F) (F*)

(b)(a)

s

(a)

*

u

z
y

x

EI

z
y

x

EI

z
y

x

1001 10

b'a'

(t' , t'' , t'''  )

c'

O1

O

O

O

O

O

110

2

3

4

5

6

c''

1

b''

c'

b'
; = =

11

c

b

b''

a''

b'

a'

b

(t' , t'' , t'''  ),

a
==

(t' , t'' , t'''  ),121 120 1001

2

10

u

z

(t' , t'' , t'''  )

2 1

1 11(t' , t'' , t'''  ),

F*

(t' , t'' , t'''  ),1 1(t' , t'' , t'''  )111

F*

11 112 11

F* F*

110111(t' , t'' , t'''  )11

F*

1

F*

(a) (b)

(c)(b)(a)

F*

111

z

y

x

(t' , t'' , t'''  )111

(F)

1

(F*)

u

11(t' , t'' , t'''  ),(t' , t'' , t'''  ),1 1(t' , t'' , t'''  )111 11 112 11 110

1101 11(t' , t'' , t'''  ),(t' , t'' , t'''  ),121

z

y

x

120 100

y

x

1

(F) (F*)

u

10

= =

(t' , t'' , t'''  )

=

100

=

(b)

constrained solution

1

(c)

(b)(a)

10(t' , t'' , t'''  )4.

x

y

z

(F*)

3.

(F)

2.

1.

110I
111I

111I'

112I

112I'

x̄

ȳ

z̄

linear solution

(F*)(F)

s

EI
EI*

(b)(a)

constrained solution
(F) (F*)

(F) (F*)

(F) (F*)

3

4

O
O

6

(F)

O

(F*)

3O
4O
6O

3O

4O

6Od' e'
ed

3O

4O

6O

a a' a'' b; b'

linear solution

b''

(b)

c''

In-plane slender bent beams in space Compliant three-dimensional cable net

c'cb''

Target geometry
of the 2D beams

Target geometry
of the 2D beams

b'b

c

Bending
stiffness

Compliant
3D cable net

a
b

Restraining forces

b''

Bending stiffness

a''
c''

e
d

e
d

Restraining forces

3D cable net

b'a'
c'

e'd'e'd'

D

(a)

z

u

F*

F

s
1

1

EI
EI*

s

s

EI
EI*

EI
EI*

Cable net compliant with the beams' plane
Graphic Statics // restraining forces cFDM // planes

Restraining forces to ensure equilibrium

u

Adapted bending stiffnessCable net compliant with the restraining forces
Graphic Statics // adapting EIcFDM // vectors

Initial geometry of the 2D beams
Cable net support points

x

y
z

u

D

q ++

F

z
y

x

F

4

3

2

1

A

A

A

A

0A
0

1

2

3

4(A  , q )
(A  , q )

(A  , q )

(A  , q )
(A  , q )

G

4

3

2

1
0

4

3

2

1

u

u

u

u
0

u

F*

(F*)(F)

A

B

u

Strategy 1 Strategy 2

IN
PU

TS
O

U
TP

U
TS

FORM-FINDING APPROACH

A

L, A, I and E, ν L

EI

(F) (F*)

FORM-DRIVEN APPROACH

O
U

TP
U

TS
IN

PU
TS

DESIGN STRATEGY 1 DESIGN STRATEGY 2

(c)

(b)

*EI
EI

s
1

1

F F*

EI

u

F*F

F* F*FF

2Dfun_method

(a)

A

B

1.
F*F

O3
O

(b)

z

y

x

2

u

II

2.

111

I 111

I'
I' 112

110

112

F*F

3.

J

J
J

10
11

12J'
J'

11
12

F*F

(a)

(b)

(c)

B

A

4.

J
I

(F*)(F)(F*)(F)
(b)(a)

t'
t'''t'' J

I t'
t'''t'' J

I t'
t'''t'' J

I t'
t'''t''

F*F

(d)

z

y

x

t''t'''
t'

1

2

3

4

1 2

3 4

(a)

(c)

F*

EI
EI*

s

2

(c)

(b)

F

F*F

I
J

(a) (b)
(F) (F*) (F) (F*)

F*F

u

F*F

B

A

(c)

u

F*F

z
y

x

z
y

x

(F*)(F)

(F*)(F)

z

(F*)

y

x

(F)

(F*)(F)

(b)(a)

z

(c)

y

x

(d)

(F*)(F)

z

(F*)

y

x

(F)

z
y

x

z
y

x

z
y

x

F

u

F*

z
y

x

z
y

x

d
e

F*F

u

d
e

F*F

z

y

x

A

B

E

e'
d'

=
d

d'

e

e'

O

O

O3

4

O5

6

e'
d'

O1

O2

=
d

d'

e

e'

1

2

3

4

(a)

1

1
s

EI
EI*

1

43

21

u

u

F F*

z
y

x

constrained solutionlinear solution

z

y

x

(a) (b)

u

(c)

t''t'''
t'

F F*

z
y

x

I
J

(F)

z
y

x

u

(a) (b)

(b)

(c)

(F*) (F*)

(b)

s
1

1

F

EI

F*

EI*

(a)

z
y

x

z
y

x

u

(F)

(F*)(F) (F*)(F)
(a)

(c) (d)

(F*)(F)(F*)(F)

(F*)(F)(F*)(F)

111(t' , t'' , t'''  )1 11 1111 11 111 111

constrained solution

(t' , t'' , t'''  )(t' , t'' , t'''  ), (t' , t'' , t'''  ),112 110

10010(t' , t'' , t'''  )110010120121101 11 1 1(t' , t'' , t'''  )(t' , t'' , t'''  ), (t' , t'' , t'''  ),

2.1.

3. 4.

A

B

6O
O

O
O
O

O
5

4

3

2
1

F*

B

A

D

C

linear solution

EI
EI*

s

EI
EI*

s s

*EI
EI

EI
EI*

s

F*

6O

O

EI

O

*

s s

*EI
EI

3

4

(c)(b)(a)

u

(F*)
(F)

*EI
EI

s

EI
EI*

s

12
11

J'
J' 12

11
10

21

J
J

J

(F*)

12

linear solution

linear solution constrained solution

constrained solution

(F)

s

EI
EI*

F*F

F F

(F*)(F)

(d)(c)

y

z

x

x

y
z

(d)

(b)

(c)

(a)

OLD

(d) (e) (f)

z

x

y

(b)

(a)

développer deux exemples entiers avec les splines

2 31 O OO
O

F F* F F*

F F F

F* F*

F*

E

x

y
z

2D bending-active beams

6O

3D cable net

O

Restraining forces

O
O
O

Bending
stiffness

O
5

Target geometry
of the 2D beams

4

3

2
1

Bending stiffness

Restraining forces

F*

Compliant
3D cable net

Target geometry
of the 2D beams

u

DESIGN STRATEGY 1 DESIGN STRATEGY 2

(a)

F

Equilibrium of slender
beams in the plane

Generation of compatible restraining
three-dimensional cable net systems

GRAPHIC METHOD NUMERICAL METHOD

DESIGN APPROACH 1

DESIGN APPROACH 2

x̄

ȳ

z̄

A

B
ū

z̄

ū

(b)

(c)

(F*)(F)

A

s

EI
EI*

(b)(a)

(F) (F*)

O OO2

3

3

O

O

1

(b)(a)

(c)

(b)

(a)

F

F

x̄

ȳ

z̄

z

y

x

x̄

(d)

z

y

x

ȳ

z̄

F*

F*

b)

y

z

a)

(c)

(a)

(b)

y

z

x

(a) (b) (c)

(b)(a)

u

4

3

x̄

O
O

O

ȳ

6

F*
F*

F

z̄

F

x̄

ȳ

z̄

*EI
EI

s

x̄

ȳ

z̄

JJ' JJ'1211

J

x̄

10

ȳ

z̄

x̄

ȳ

z̄

2 1

a)

y

z

x̄

ȳ

z̄

(b)

u

(a)

(b)(a)

x

(a)

y
z

(b)

(f)(e)(d)

(c)(b)(a)

(a) (b)

(a) (b)

(b)(a)

2.1.

3. 4.

t'
t'''t''

b)

3Dfun_inclined_spokes

J

z
y

x

I

z
y

x

z
y

x

(F)(F)

(F)

u

A

(F)

B

(F*)(F*)

3Dfun_3fun

a'

(F*)

a
=

(F)

b'
b

b'
a'

(F*)

a
b

(F)

(F*)

c

b

a

(F) (F*)(F)

a'
a

=

(F)

=
b'

(F*)

b c
c'

a'

(F)

b'
c'

(F*)

u

6

5

(F*)

O

4

3

2

(F)

O

O

O

O

(F)

1O

6

5

(F)

4

3

2

O

(F)

O

O

O

O

(F*)

O1

(F) (F*)

(F*)(F)(F*)(F)

(F*)(F)(F*)(F)

(F*)(F*)

(F*) (F*)

u

u

q

F*

A

B

u

A

B

u
1

0 0

7

1u'

7u'

B

A

ū

z̄

x̄

= ===

(c)

(b)

2

a a' a'' b;

1

b' b''

EI
EI*

s

c''c'c

F

b''b'b

(a)

(a)

ū

A

a

(a) (b)

b

c''b''a''

z̄

ū

(a)

b'a'
c'

O
O

O6

4

3

3Dfun_constr

b)

a)

a) b)

c)

z
y

x

u

d

(b)

43

e

21

1

3

2

2

3

4

=
d' e'

ed

z̄

ū

z̄

ū
d' e' d' e'

d e

O

F*

F*F*

F

O

FF

O

6

4

3

ū

z̄

ū

II

z̄

ȳ

x̄

111

I 111

I'
I' 112

110

112

B

1

A
u u

A

B

1 11(t' , t'' , t'''  )111

(t' , t'' , t'''  )101 1001201 12(t' , t'' , t'''  ),(t' , t'' , t'''  ),111 110 (t' , t'' , t'''  )101 100

1101111211111 (t' , t'' , t'''  )11(t' , t'' , t'''  ),(t' , t'' , t'''  ),111

(b)

s

*EI
EI(c)

u

A

B

A

A

B

u

J11 J12

J10
11J' J'12

F*

(c)

F*

(F*)

F

(a)

EI
EI*

s

1

F

2

(c) EI
EI*

s

(b)

A

u

x

y
z

constrained solutionlinear solution

2 1

(F)
(c) (d)

F*F*F*

FFF

3Dfun_3supports

(b)(a)

idea

linear solution constrained solution

(b)

(F*)(F)

A

B

description

21

(a) EI
EI*

s

1

(F*)(F)

J
JJ

II
I

112

2Dfun_method

U incliné

111

Subdivision noeuds trois branches

110

11 12
10

I'112I'111

1

3

2

2

3

4

(b)

(a)

(a)

s

EI
EI*

43

21

(e)(d)

(c)(b)(a)

(c)

(b)(a)

1

z

u

Cable net compliant with the restraining forces
cFDM // vectors

Restraining forces to ensure equilibrium
Graphic Statics // restraining forces

Cable net compliant with the beams' plane
cFDM // planes

Graphic Statics // adapting EI
Adapted bending stiffness

s

EI
EI*

O1

O

O

O

O

2

3

4

O5

6

t'

Subdivision noeuds quatre branches

Subdivision noeuds trois branches

b)

t''

z

t'''

y

z

Strategy 1 Strategy 2

Initial geometry of the 2D beams
Cable net support points

y

eu

x

e'

ȳ

y

z

d'

IJ

e'

t''t'''

d'

t'

(F)

=

(F*)

(F*)(F)(d)

(b)

d

d'

e

x̄

e'

c''

b''

c'

b'
; = =

x̄

c

b

b''

a''

b'

a'

b

a
==

d
e

ȳ

d
e

(b)(a)

(b)

z̄

(a)

z

z̄

ȳ

(F) (F*)

(F) (F*)(c)

(a)

eueu

x

y

z

x̄

x

y

z

(F) (F*)

(F) (F*)

(d)

(b)

ȳ
x̄

z̄

ue

z

ue

(F) (F*)

(F) (F*)(c)

(a)

z

y

x

ue

u

z

e

ue

ue

z

x

y

z

b)

c)

a)

x

y

z

x

u

y

z

x

y

z

e

4O
3O

6O

eu

(F*)

(F*)

x

y

z

(F)

z

ue

x

y

z

(F)

(b)

(a)

ue

z

ue

x

y

z

(F*)(F)

y

z

ue

z

ue

(F*)(F)

6

5

4

3

2

O

O

O

O

O
1O

c'

1

a' b'

z
y

x

F*F

F

F*F

u

c

a
b

u

b''a''
c''

z
y

x

F*F

2.1.
(F*)(F)(F*)(F)

A

B

A

F*F

3. 4.
(F*)(F)(F*)(F)

A A

B

1001 10(t' , t'' , t'''  )1101 11(t' , t'' , t'''  ),(t' , t'' , t'''  ),

a)

121 120 100

a)

1 10(t' , t'' , t'''  )

1

b)

11(t' , t'' , t'''  ),(t' , t'' , t'''  ),1

c)

1(t' , t'' , t'''  )111 11

d)

112 11 110111(t' , t'' , t'''  )111

J
I

J
JJ

II
I

112111
110

11 12
10

I'112I'111

t'
t''

t'''

u

x

y
z

F*FF*F

F*FF*F

A

B

(F*)(F)(F*)(F)
(a) (b)

F

(a) (b) (c)

(d) (e) (f)

Dissertation Latex

F*F

F

t'
t'''t''

x

2

y
z

u

F*

u

F*

F*F*

F*F

F F

F

F* F*

FF F* F*

F

F*

a)

c)

a)

b)

F

= ==

O

=
a

A

B

a'

B

a''

O

b)

OO2 31

(b)

b)

(a)

(c)

(b)

(a)

(b)(a)

(b)(a)

(a) (b)

(F) (F) (F*)(F*)

(F*)(F) (F*)(F)

(F*)(F) (F*)(F)

(F) (F*)(F) (F*)

u

u A

B

u

A

B

u
1

0 0

b

7

1u'

7u'

B

A
a b

c''b''a''

d e

;

d e

b' b''
c''c'

F*F

c

u

b''b'

Dissertation

b b'a'
c'

u

O
O

O6

4

F*

3

F

F*F F*F

B

A

F

A

B

F

B II

A

1111 11 111 111(t' , t'' , t'''  )(t' , t'' , t'''  ), (t' , t'' , t'''  ),112 110111

=

(t' , t'' , t'''  )1 11

4.3.

2.1.

1(t' , t'' , t'''  )10 100(t' , t'' , t'''  ),(t' , t'' , t'''  ), (t' , t'' , t'''  )11111 110 12 120 10 100

111

I 111

I'
I' 112

110

112

d'

J

J
J

10
11

12J'
J'

11
12

2.

e'

1.
(F*)

e

F*

(F)

F*

(F*)

d

(F)

A

B

A112I'

111

111
110

112II

I uI'

u

(b)(a)

F F*

d'

z
y

x

e'

a) b) c)

d'

u

z

e'

O

O
O

6

4

3

Compatible 3D cable net

u

x

y
z

B

F

(d)
(F) (F*)

(F) (F*)

d) e)

cF Fc F'c

Fcn
1

1cF

Fcn

cF

F F

FF

F

r-F r-F

RR

R

R

F

F'u

F
F'

F
F'

F'
F

R

R

R R

F'
F

uF'

F

F'
F

F

F'u

F
F'

R

R

F F

F

rv

F F1

F

FF

0

2

3
4

FF

FF

R R

F'

F'

F

F

u

F'

F

F

u

F'

uF'

F F'
F

uF'

F F'
F

F
F'

F

uF'

F

D

FA

F

C

F

F"

F'

B

F

F'

F

u

F'

F'
F

F

R

R

F'

F"

F

F"F'

F

F

F'

F'u

F'

F

u

F
F'

F
F'

F

F

F

BBA

A

F

F

A

B
R

BA

F
F'

R
F F

F

F'u

R

F

F

F'

F'u

F' F

F

F'u

RR

F

F'

F

u

F'

F'
F

F

uF'

F

F
F'

F'

F"

F

1

1

1

1

1

1

1

1

D
ES

IG
N

 IN
PU

TS

D
ES

IG
N

 IN
PU

TS

1

1

1

1

1

1

1

1

1

1 1

1

1

1

1

1 1

1

1

1 1

1

1

1

D
ES

IG
N

 IN
PU

TS

D
ES

IG
N

 IN
PU

TS

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

uF"

F"F"

F"

F"

F"u

F"

uF"

F"

r

FF

F"

F"u

F"u

F"

F"u

F"
F"u

F"
F"

F"u

F"uuF'

F"

F"

u

F"

F'u uF"

F"uuF'

uF"

F"

F"u

F"

F"

F"

uF"

uF"

F"

F"

uF"

F"

F"

u

F"

F"u

F"

F'u
uF"

, EI

L,L, A, I and E, ν

3

1

2

4 4

2

1

3

u

z

4

2

3

1

u

z

z

u

z

u

s

s

s

n

nj

n

Ni

ni

2

2

2

2

2

2

2

2

2

2

2

O

O

O

O

O

O

O

O

O

O

O

1

1

6
45

3

1

2

1

1

1

1

1

1

1

1

1

O

O

O

O

O

O

O
O

O
O O

O

O

O

O

O

O

2

2O

O1

1O

O

• Graphic Methods
• cFDM_plane

• Graphic Methods
• cFDM_plane

• Graphic Methods
• cFDM_vectors

• Graphic Methods
• cFDM_vectors

• Force diagram

• Force diagram

• Force diagram

• Force diagram

z

z

x

x

z

x

z

x

x

z

u

u

u

y

zz

z

Top viewTop view

z

Top view

y

z

z z

z

z

y

z

z

x

x

u

x x

x

x

x

x

x

x

y

y

z

z

c c

11

11J'

J' 12

12J'

J'

I'

I

I

I'

E

Figure 4.19: Geometric conditions of equilibrium between the beam and the pre-stressed cables.
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Figure 4.20: Design methodology of a bending-active tensile structure based on open lines of
restraining cables.

4.3.2 Lines of cables

A set of n pre-stressed cables assembled end-to-end is considered. They
form a line of cables which connects successively several beams to each other
while meeting the geometric condition of equilibrium explained in Section 4.3.1.
Because the forces applied by the cables on the beams’ axis must be in the
beams’ bending planes, the prestressing force acting in one of the cables of the
line determines the distinct prestressing forces in the other cables of the line. As
a result, the several restraining forces applied by a line of cables to the various
beams it connects cannot be defined independently from each other. For this
reason, the design of tensile bending-active structures based on lines of cables
follows Design strategy 1 as defined in Section 4.1 in which the restraining forces
applied to the beams’axis are defined first and the beams’ bending stiffness is
adjusted afterwards. The methodology consists in these steps:

• First, definition of the 2D target equilibrium geometry of the beams as
plane continuous curves (Figure 4.20(a));

• Second, definition of the lines of cables meeting the geometric constraint
related to the 2D equilibrium of the beams (Section 4.1) (Figure 4.20(b));

• Third, definition of the prestressing forces in the lines of cables (one input
prestressing force per line of cables) (Figure 4.20(c));

• Fourth, solving the global equilibrium of the beams considering all the
restraining forces applied to them (Figure 4.20(d));
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• Fifth, calculating the distribution of bending stiffness along the beams’
axis which matches to the beams’ target equilibrium geometry and their
boundary conditions (Figure 4.20(e)).

Two distinct configurations of lines have to be distinguished. The first situ-
ation corresponds to open lines of cables, meaning that the first and last cables
of the line are not connected to each other (Figure 4.21(a)). The second situa-
tion corresponds to closed line of cables: the first cable is connected end-to-end
to the last cable in such a way that the line of cables forms a loop on itself
(Figure 4.21(b)).

Open lines of cables In the case of open lines of cables, any geometric config-
uration of the cables and the beams that satisfies the above geometric condition
of 2D equilibrium of the beams is valid. It must, of course, be ensured that
the forces applied by the lines of cables on the beams meet the local equilibrium
conditions related to the curved geometry of the beams, which are detailed in
Section 3.2.2. The design of bending-active tensile structures with open lines of
cables follows the above steps and is further detailed in Chapter 5 which presents
the design of a façade bending-active tensile structure based on this approach.

Closed lines of cables In the case of closed lines of cables, the first cable and
last cable must produce on the beam to which they are connected a resultant
force which lies on the beam’s bending plane (Figure 4.21(b)). This additional
condition implies more specific conditions regarding the relative arrangement of
the beams’ bending planes and the lines of cables. Different specific spatial con-
figurations that meet this additional condition have been identified. Figure 4.22
shows two different configurations involving a closed line of cables in equilibrium
with forces that, two by two, are coplanar.

The first configuration is a closed line of four cables which connects four
arbitrary points in 3D space. As shown in Figure 4.22(a) (top), a closed line
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Figure 4.22: Equilibrium of closed lines of 4 and 8 cables with pairs of coplanar forces – (top)
Equilibrium of the cables with the coplanar forces and (bottom) corresponding self-stressed
structures and their force diagram.

of four cables which connects four points (A,B, C,D) is indeed in equilibrium
with two pairs of coplanar forces (FA, FC) and (FB, FD). The orientation and
magnitude of forces FA, FC, FB and FD depend on the position of the points
(E, F ), which belong respectively to segments AC and BD. The resultant force
of FA and FC is the reverse of the resultant force of FB and FD and both resultant
forces lie on the same line of action, the line connecting E and F . This allows
to build a self-stressed structure as shown in Figure 4.22(a) (bottom).
In particular, this configuration can be applied to a closed line of four cables
connecting four points located on the half axes of two beams, which are bent
in their respective plane of symmetry and intersected in their central part, as
illustrated in Figure 4.23. Given that points E and F are on the intersection
of the two beams’ bending planes, forces (FA, FC) and (FB, FD) will be in the
beams’ bending planes. The position of points A and C along respectively the
first and the second halves of first beam and the position of points B and D
along respectively the first and the second halves of the second beam can be
any. This makes the pattern of cables flexible to implement and allows multiple
variations of restraining tensile systems in the case of two bending-active beams
that intersect as evidenced in Figure 4.23.
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Figure 4.23: Equilibrium of bending-active tensile structures from two intersecting bending-
active beams and closed lines of four restraining cables.
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Figure 4.24: Equilibrium of a bending-active tensile structure from four intersecting bending-
active beams and closed lines of eight restraining cables

The second configuration (Figure 4.22(b)) considers the case of a closed line
of eight cables connecting eight points in 3D space (A1, A2, B1, B2, C1, C2, D1, D2).
These points are the vertexes of two squares (A1, B1, C1, D1) and (A2, B2, C2, D2)

of different sizes, which are oriented at 45 degrees with respect to one another
and belong to parallel planes, and whose centres E1 and E2 are aligned according
to the normal to their plane. The pre-stressing force in each cable of the line is
constant and is balanced at each point by a force which is in the plane defined
by the point and the squares’ centres.
Figure 4.24 shows a structure composed of four beams of two different lengths
that intersect in their middle. They are arranged in radial symmetry by alter-
nating the long and short beams. The bending planes of these four beams
intersect along a single straight line. The eight-cable line pattern detailed above
is used to connect the beams together and apply restraining forces to them.
Five lines of chains are defined and the constant pre-stressing force in each
of them is set. Globally, for each beam, the restraining forces applied by the
cables are in equilibrium. However, for the short beams, the restraining forces
are not compatible with the curvature of their target equilibrium geometry and
additional forces are added at the ends of the short beams in the form of either
a closed line of four cables or fixed supports to reach the local condition of
equilibrium of the beams. Once the external forces acting on the beams are
compatible with their global and local equilibrium, the bending stiffness along
the beams’ axis is calculated.
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4.4 Form-finding of restraining cable nets

In this Section a non-linear formulation of the force density method is pro-
posed to form-found cable nets compatible with the equilibrium of bending-active
beams which are bent in their plane of symmetry. The content of this Section
has been published in (Boulic and Schwartz 2018).

4.4.1 Force density method

The force density method is a numerical method for the form-finding of
general pin-jointed network structures, which was developed by Schek (Schek
1974). It is based upon the introduction, for each of the network’s branches, of
the force-length ratio, which is referred to as the force density. The assumption
that the force densities remain constant during the form-finding process makes
it possible to linearise the geometrically non-linear equations of static equilibrium
that rule general network structures, and thus solving them directly in one go.

In particular, the force density method allows to form-find pin-jointed network
structures based on the network’s topology, nodal loads, force densities, and fixed
supporting nodes. In the linear formulation of the method, the coordinates of
the network’s free nodes are linearly calculated from the force density vector,
the position of the network’s fixed supporting nodes, the network’s connectivity
matrix and the nodal loads (Figure 4.25).

Similar to graphic statics, the force density method is a geometric stiffness
method which only involves geometric parameters in the equilibrium definition of
a structure, the way how the structure is materialised has not an explicit influence
on the equilibrium definition. In particular, according to the linearised governing
equations, the equilibrium position of a free node of the network corresponds to
the barycentre position of its adjacent nodes weighted by the force density of
the connecting branches (Figure 4.26). From this point of view, the existence
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Figure 4.25: Form-finding of a cable net with the force density method – (a) Arbitrary initial
configuration of the net prior to form-finding; (b) Equilibrium configuration of the cable net
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Figure 4.26: Equilibrium position of a single node within a pin-jointed network – (a) Equilibrium
of branch forces acting on one free node; (b) Barycentre of adjacent nodes weighted by the
force density of the connecting branches.

of a solution to the equations is assured as long as the branches of the network
have all a positive force density or all a negative force density. In this case, in
the network’s equilibrium configuration, the free nodes remain in the convex hull
defined by the fixed nodes.

Form-finding networks under additional given constraints necessitates to ex-
tend the original linear formulation of the method to a non-linear formulation,
meaning that, on top of the regular equilibrium equations, additional constraints
have to be satisfied. For that purpose, a new force density vector, which fulfils
these additional constraints, is searched for, based on an iterative minimisation
process. Such additional constraints can consist for instance in imposing the
length of a branch (Schek 1974), constraining a free node of the network to
a given plane, line or point (Lachauer and Block 2014), or imposing the inten-
sity of the reaction force at a fixed node (Malerba et al. 2012). In the case of
the form-finding of cable nets compatible with the equilibrium of bending-active
beams which are bent in their plane of symmetry, the nodes of the cable nets
which are connected to the beams are fixed nodes of the networks, and the re-
action forces at these fixed nodes need to be constrained to the beams’ bending
planes or to prescribed restraining forces, coplanar with these planes.
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The following paragraphs introduce further the linear formulation of the force
density method and present two non-linear formulations of the force density
method for the form-finding of cable nets with constraints onto the reaction
forces at some fixed nodes.

Linear formulation of the force density method For a detailed description
of the method, one can refer to (Schek 1974). Here, the general notations are
introduced and the equations are shown. For a given network composed of ns
nodes (n free nodes and nf fixed nodes) connected by m branches, the following
matrices and vectors can be defined:

• Cs , [m×ns ], connectivity matrix (also called branch-node matrix) describing
the topology of the net. If branch k connects node i to node j , then Cs(k, i)
equals 1 and Cs(k, j) equals −1; all other elements of Cs are 0. Cs can be
portioned into two matrices: C, [m × n], connectivity matrix of the free
nodes, and Cf , [m × nf ], connectivity matrix of the fixed nodes;

• xs , ys , zs , [ns × 1], coordinates of the nodes projected along the usual
orthonormal coordinate system (ex , ey , ez), and its sub-vectors x , y , z ,
[n× 1], coordinates of the free nodes, and xf , yf , zf , [nf × 1], coordinates
of the fixed nodes;

• fx , fy , fz , [n × 1], nodal loads projected respectively along ex , ey ,ez ;

• rx , ry , rz , [nf ×1], reactions forces at the fixed nodes projected respectively
along ex , ey ,ez ;

• l , [m × 1], length of the branches, L = diag(l);

• t, [m × 1], forces in the branches;

• u = Csxs , v = Csys , w = Cszs , [m× 1], coordinate differences per branch;

• U = diag(u), V = diag(v), W = diag(w);

• q = L−1t, [m × 1], force density of the branches, Q = diag(q);

• D = CTQC and Df = CTQCf .

It results from the partition of the matrix Cs that:

u = Csxs + Cf xf , v = Csys + Cf yf , w = Cszs + Cf zf (4.6)

The 3ns equilibrium equations can be expressed by the following system:

fx = CTUL−1t, fy = CTV L−1t, fz = CTWL−1t (4.7)

By introducing the matrices D = CTQC and Df = CTQCf , and by combining
equations 4.6 and 4.7, the system of equilibrium equations becomes:

Dx = fx −Df xf , Dy = fy −Df yf , Dz = fz −Df zf (4.8)

whose solution is:

x = D−1(fx −Df xf ), y = D−1(fy −Df yf ), z = D−1(fz −Df zf ) (4.9)
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Figure 4.27: Linear formulation of the force density method – Form-finding of a cable net based
on its topology, the vector q of the force density of its branches and the fixed position of the
support nodes. The reaction forces of the cable net at the beams’ nodes are not coplanar with
the beams’ bending planes.

Non-linear formulation of the force density method In the extension of the
force density method to the form-finding of network under constraints, the addi-
tional constraints which have to be fulfilled by the network have to be formulated
in the form of a general equation:

g(x(q), y(q), z(q), q) = 000 (4.10)

The function g is referred to as the objective function. The vector q that
solutions equation 4.10, is iteratively searched for following the Newton method.
For that, an initial force density vector q(0) is chosen and a vector ∆∆∆q satisfying
the following linearised condition is searched for:

g(q(0)) +
∂g(q(0))

∂q
∆∆∆q = 0 (4.11)

By introducing the matrix G and the vector ρ as:

GT =
∂g(q(0))

∂q
and ρ = −g(q(0)) (4.12)

equation 4.11 becomes:
GT∆∆∆q = ρ (4.13)

Equation 4.13 is underdetermined and admits an infinite number of solutions.
Among these solutions, the solution ∆∆∆q which has the minimum norm is searched
for (Schek 1974, Malerba et al. 2012). It is given by the equation:

∆∆∆q = G(GTG)−1ρ (4.14)

The vector ∆∆∆q is then used to define a new density vector q(k+1)

q(k+1) = q(k) + ∆∆∆q (4.15)

and the method is iterated until |∆∆∆q| < ε.
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Figure 4.28: Non-linear formulation of force density method with reaction forces constrained to
given vectors – Form-finding of a cable net with reaction forces at some fixed nodes constrained
to given vectors. The thickness of the cable net branches is proportional to their force density,
which illustrates the redistribution of force density within the network.

4.4.2 Constraining reaction forces of a cable net

Constraining reaction forces to given vectors Extending the force density
method to the form-finding of network structures with prescribed reactions forces
(Figure 4.28) has been proposed by (Malerba et al. 2012). The corresponding
equations are:

gx = C
T

f Uq − rvx = 000 (4.16)

gy = C
T

f V q − rvy = 000 (4.17)

gz = C
T

f Wq − rvz = 000 (4.18)

where rvx , rvy and rvz are the prescribed reactions forces at the constrained fixed
nodes projected respectively along ex , ey and ey .
The Jacobian matrixes of the objective functions are given by:

GTx = C
T

f U − C
T

f QCD
−1CTU (4.19)

GTy = C
T

f V − C
T

f QCD
−1CTV (4.20)

GTz = C
T

f W − C
T

f QCD
−1CTW (4.21)

Finally, the vector ∆∆∆q can be calculated from:

∆∆∆q = −G(GTG)
−1
g(q) (4.22)

with:

G =
[
Gx Gy Gz

]
and g =



gx

gy

gz


 . (4.23)
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Figure 4.29: Non-linear formulation of force density method with reaction forces constrained to
given planes – Form-finding of a cable net with reaction forces at some fixed nodes constrained
to given planes. Thickness of the cable branches proportional to their force density illustrating
the redistribution of force density within the network.

Constraining reaction forces to given planes The reaction forces r = (rx , ry , rz)

at the network’s fixed nodes satisfy the equilibrium equations:

rx = CTUL−1t, ry = CTV L−1t, rz = CTWL−1t (4.24)

It is supposed that the reaction forces of a set of pi fixed nodes are constrained
to be in the plane πi , which is defined by its normal ni = (ni x , ni y , ni z). Being r i x ,
r i y , r i z the sub-vectors of the reaction forces at the pi nodes along ex , ey and ey ,
the coplanarity condition takes the form of the following equation:

gi = ni xIpi r i x + ni yIpi r i y + ni zIpi r i z = 000 (4.25)

Considering r similar conditions, the reactions forces of the pi nodes
(i ∈< 1, r >) of r sets of points are assumed to be constrained to r dif-
ferent planes. Additionally, it is assumed that the r sets of pi constrained
points (i ∈< 1, r >) are mutually disjointed and that

∑
i
pi = nc 6 nf . By

introducing the diagonal matrices Nx , Ny , Nz , [nc × nc ], and the sub-vectors r x ,
r y , r z , [nc × 1], of the reactions forces of the nc constrained fixed nodes, all the
coplanarity conditions can be written in the general form:

g(x(q), y(q), z(q), q) = Nxr x +Ny r y +Nzr z = 000 (4.26)

where:
r x = C

T

f Uq, r y = C
T

f V q, r z = C
T

f Wq (4.27)

The Jacobian matrix G of g is given by:

GT =
∂g

∂q
=
∂g

∂x

∂x

∂q
+
∂g

∂y

∂y

∂q
+
∂g

∂z

∂z

∂q
+
∂g

∂q
(4.28)
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It is shown in (Malerba et al. 2012) that:

∂x

∂q
= −D−1CTU, ∂y

∂q
= −D−1CTV , ∂z

∂q
= −D−1CTW (4.29)

Besides, the partial derivatives of g regarding x , y and z are:

∂g

∂x
= NxC

T

f QC,
∂g

∂y
= NyC

T

f QC,
∂g

∂z
= NzC

T

f QC (4.30)

This comes from:

∂r x
∂x

=
∂

∂x
(C

T

f UL
−1t) = C

T

f

∂

∂x
(UL−1t) = C

T

f

∂

∂x
(Uq)

= C
T

f

∂

∂x
(Qu) = C

T

f Q
∂

∂x
(u) = C

T

f QC

(4.31)

and:
∂r y
∂x

=
∂

∂x
(C

T

f V L
−1t) = C

T

f

∂

∂x
(V L−1t) = C

T

f

∂

∂x
(V q)

= C
T

f

∂

∂x
(Qv) = C

T

f Q
∂

∂x
(v) = 0

(4.32)

And similarly:
∂r y
∂y

= C
T

f QCand
∂r z
∂z

= C
T

f QC (4.33)

and:
∂r y
∂z

= 0,
∂r x
∂y

= 0,
∂r x
∂z

= 0,
∂r z
∂x

= 0,
∂r z
∂y

= 0 (4.34)

The last term of the Jacobian matrix is given by:

∂g

∂q
= Nx

∂r x
∂q

+Ny
∂r y
∂q

+Nz
∂r z
∂q

= NxC
T

f U +NyC
T

f V +NzC
T

f W (4.35)

Finally, the Jacobian matrix can be expressed as follows:

GT =NxC
T

f U +NyC
T

f V +NzC
T

f W

−NxC
T

f QCD
−1CTU −NyC

T

f QCD
−1CTV −NzC

T

f QCD
−1CTW

(4.36)

The vector ρ can be calculated :

ρ = −q(q) = Nxr x +Ny r y +Nzr z

= NxC
T

f Uq +NyC
T

f V q +NzC
T

f Wq
(4.37)

as well as the vector ∆∆∆q:

∆∆∆q = G(GTG)−1(NxC
T

f Uq +NyC
T

f V q +NzC
T

f Wq) (4.38)
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4.4.3 Design examples

Three bending-active tensile structures have been developed as examples
to illustrate how the constrained force density method for the generation of
compatible cable nets is combined to the form-driven design approach and what
are the design possibilities it offers.

Vaulted structure The first example illustrates the two different strategies of
implementation of the from-driven approach presented in Section 4.1: Design
strategy 1 – Equilibrium of the bending-active beams through an adapted bending
stiffness, which is associated with the force density method with constraints on
the forces applied by the cable net to the beams to prescribed planes, and Design
strategy2 – Equilibrium of the bending-active beams through restraining forces,
which is associated with the force density method with constraints on the forces
applied by the cable net to the beams to prescribed vectors. Starting from
the same target equilibrium geometry of two bending-active arched beams, two
distinct bending-active tensile structures are designed following each of the two
strategies. Figure 4.30 details for each of the two strategies the successive design
steps and the final result. In addition to sharing the same target equilibrium
geometry of the two beams, the two structures have in common a cable net
with same topology and fixed points. On the contrary, the two cable nets which
are form-found with the force density method under constraints have a different
equilibrium geometry, the forces in the beams are different as well as the beams’
bending stiffness. In both strategies, certain parameters can be adjusted in order
to generate design variations while keeping the equilibrium geometry of the beams
unchanged: the initial force density vector to start the iterative search of the
non-linear solution of the cable net, the reactions forces at the beams’ supports,
the amount of the pre-stressing force in the beams, the beams’ bending stiffness
and the lines of action of the restraining forces in Design strategy 2.

Structure with six cantilevering beams The second design example imple-
ments the form-driven design approach through Design strategy 1, in which the
equilibrium of the beams in their target geometry is achieved through an adapted
bending stiffness. The bending-active tensile structure consists of six beams ra-
dially clamped in the ground at one of their ends and support for a wrapping
prestressing cable net pulled in its centre downward (Figure 4.31). In turn, the
cable net bends the beams in their planes of symmetry towards the centre of
the structure. The beams have a non-constant bending-stiffness which is ad-
justed in order to match the target equilibrium geometry of the beams under
the restraining forces which are applied to them by a cable net from-found with
the force density method under the constraint that the restraining forces are
coplanar with the plane of the beams. Once the cable net with restraining forces
coplanar with the beams’ planes has been form-found, each beam’ bending stiff-
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ness is calculated. It has to be checked that the restraining forces transferred
by the cable net to the beams fulfil the local and global conditions of equilibrium
discussed in Section 3.2.2. If not the case, the initial force density vector, the
topology of the cable net, the target equilibrium geometry of the beams, and
the boundary conditions of the structure might be iteratively adjusted in order
to reach a possible state of equilibrium.

Structure with two arched beams The third structure consists in a pre-
stressed cable net supported by two bending-active arched beams (Figure 4.32).
The design of this tent-like structure was carried out according to Design strat-
egy 2, in which the equilibrium of the bending-active beams in their target ge-
ometry is achieved through appropriate restraining forces. The beams’ bending
stiffness, which is considered as constant along their axis, constitutes an initial
input of the design as well as the equilibrium geometry of the arched beams.
The additional restraining forces required to bring the beams into equilibrium in
the desired geometry in relation to an initial set of loads at the beams’ supports
is calculated. As demonstrated in Section 3.3.1, the lines of action of the re-
straining forces can be adjusted by the designer. Finally, as its topology and
the fixed position of its supports are defined, the geometry of the cable net is
generated through a constrained force density method where the prestressing
forces applied by the cable net to the beams’ axis are constrained to the reverse
of the restraining forces required for the equilibrium of the beams.

The form-finding of such a cable net with a non-linear formulation of the
force density method is initiated from a linear solution, calculated itself from an
initial force density vector of the cable net’s branches. Two variations of the cable
net have been produced to show the impact of the initial force density vector
onto the equilibrium geometry of the cable net, and how the force densities
are redistributed within the cable net branches in order to meet the imposed
constraints. Eventually, it is illustrated through these two variations how different
cable nets can be explored while keeping unchanged the equilibrium geometry of
the beams.
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Figure 4.30: Design of a vaulted structure following each of the two possible form-driven design
strategies.
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Figure 4.32: Bending-active tensile structure with two arched beams – (a) Restraining forces
required to bent the beams into their target equilibrium geometry according to their bending
stiffness; (b),(c) Axonometric view of the structure and top view of the cable net for the initial
linear solution and the final solution for two different initial force density vectors. In the top
view, the thickness of the cable net branches is proportional to the their force density.
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5. Design Application

This Chapter presents an architectural application of the form-driven design
approach elaborated in Chapter 4. Through this architectural application, the
objective is to highlight the strengths of the form-driven approach in comparison
to conventional form-finding approaches, especially for those design scenarios
in which it is more convenient to consider the bent equilibrium geometry of the
structure as the input rather than the output of the design process. In this regard,
a self-supporting sun-shading façade system is used as a case study since both
structural and sun-shading requirements, which strongly rely on the geometry
of that system, have to been addressed simultaneously. The conventional way
to design bending-active tensile structures through form-finding does not offer
a direct control over the final bent shape, which would be beneficial during the
conceptual design phase of such sun-shading system as the geometry strongly
influence the sun-shading performance of the structure.

The sun-shading façade system was developed in 2018 by the author in col-
laboration with Pierluigi D’Acunto (ETH Zurich, Chair of Structural Design)
and Federico Bertagna (University of Pisa, Department of Civil and Industrial
Engineering), based on an original idea of the author, Pierluigi D’Acunto and
Juan José Castellón (ETH Zurich, Chair of Structural Design / Rice University,
School University). The physical experiments and the manufacturing of the pro-
totype were undertaken by the author and Federico Bertagna. Special thanks
go to Alessandro Tellini and Denizay Apusoglu (ETH Zurich, Rapid Prototype
Laboratory) who provided support during the development of the experiments
and the manufacturing of the prototype, and to Artai Sanchez for his help with
the visualisations.

This Chapter has been published with minor changes in (Boulic et al. 2020).
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5.1 A bending-active tensile sun-shading façade
system

The case study developed in this Chapter consists in the conceptual design of
a static, self-standing, sun-shading façade system, which is exemplarily applied
to the glass curtain wall of the HIB office building of the ETH Science City
Campus in Zurich (Switzerland), with the aim of improving the thermal and
visual comfort of the building’s occupants. The HIB office building has indeed
fully glazed façades which allows maximising the visual connection between indoor
and outdoor spaces but, in turn, increases the risk of thermal overheating and
glare inside the building, thus affecting its occupants with potential thermal
and visual discomfort. In order to overcome these issues, external sun-shading
systems can be effectively used as a way to protect the exposed façades.

In architecture, bending-active structures can be very valuable solutions for
the design of external sun-shading façade systems. This has been effectively
demonstrated in relation to kinetic structures made of bending-active plates
(Lienhard et al. 2011, Knippers et al. 2012, Lienhard, Riederer, Jungjohann,
Oppe and Knippers 2013, Körner et al. 2018). Regarding static bending-active
tensile structures, various aspects motivate their use in the context of façade
design. First of all, bending-active tensile structures are remarkably lightweight
systems, as they take advantage of the mutual interaction between actively bent
elements and tensile elements and make efficient use of the structural perfor-
mance of both subsystems. This property allows bending-active tensile struc-
tures to be used for building façade retrofitting. Second, bending-active tensile
structures provide integrated solutions where both actively bent and tensile el-
ements can perform for various functional purposes other than the structural
one, such as sun-shading or more generally protection from the elements (Lien-
hard and Knippers 2012, De Laet et al. 2013, Lienhard, Ahlquist, Menges and
Knippers 2013). Third, from an architectural standpoint, bending-active tensile
structures are generally endowed with distinctive aesthetic connotations and are
characterised by a strong formal expression.

The proposed sun-shading system is made of slender beams that are actively
bent and a series of pre-stressed strips working in tension (Figure 5.1). The pre-
stressed strips fulfil two functions: on the one hand, they shape and stabilise the
actively bent beams; and on the other hand, they act as sun-louvers preventing
the sun beams to hit the glazed façades (Figure 5.6). Each beam is anchored at
its ends to the frame of the curtain wall. Its shape is dependent, on the one hand,
on its bending stiffness, which varies along its axis due to a variable cross-section
geometry, and on the other hand, on the restraining effect of the pre-stressing
strips, which, in turn, bring additional stability and stiffness to the construction.
The global geometry of the structure is informed by a solar analysis to prevent
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Figure 5.1: South-west façade of the HIB building at ETH Science City Campus in Zurich:
photograph of the current state (top); collages with the proposed sun-shading bending-active
tensile structure at two distinct times of the year: March 28, 14:30 (middle) and October 5,
11:45 (bottom).

overheating and glare inside the building, while maintaining appropriate internal
lighting conditions (illuminance levels within an acceptable range of 100 - 3000
lux and reduction of the glaring risk on the work plane).

The conventional way to design bending-active tensile structures is through
form-finding. This approach, however, does not offer an explicit control over
the final equilibrium geometry of structure which would be beneficial during the
design phase as the geometry directly impact the sun-shading performance of
the system. On the contrary, the sun-shading façade system designed here takes
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advantage of the form-driven design approach. Thanks to it, the bending-active
beams can be directly designed in the equilibrium geometry that best fulfils the
sun-shading purposes of the façade system, and the solar and visual analysis –
a geometry-based analysis – can be performed independently of the structural
analysis. An integral design framework is introduced which is grounded on the
form-driven design approach for bending-active tensile structures and on different
parametric models. In particular, this integral design framework makes it possible
for multiple factors to be considered within the design process. As a result, the
global geometry of the sun-shading façade system can be informed by both
structural and functional requirements, including, among others, the protection
from direct solar radiation and the visual connection between the interior and
the exterior of the building.

The rest of the Chapter is structured as follows. Section 5.2 synthetically
describes the form-driven method that has been employed to generate the geom-
etry of the bending-active tensile façade system. Moreover, this section gives an
overview on how the proposed integral design framework articulates the different
steps of the design process. Section 5.3 defines the indoor comfort evaluation
criteria used for the visual and thermal assessment of the designed façade sys-
tem. This section also outlines the iterative design process based on a thorough
solar and visual analysis, which informed the geometry of the proposed sun-
shading system. Section 5.4 explains in detail the different parametric models
on which the proposed integral design framework is based upon. Finally, Sec-
tion 5.5 presents the construction of a 1:2 scale prototype of the façade, with a
focus on the related material and fabrication investigations.
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5.2 Application of the form-driven design approach

5.2.1 Form-driven design methodology

As presented in Section 4.1, in the form-driven approach, the control of
the 2D geometry of bending-active beams within a 3D bending-active tensile
structure is achieved by addressing successively the equilibrium of the bending-
active beams and the one of the tensile elements, provided that equilibrium
conditions between the two structural sub-systems are fulfilled. Two different
strategies for implementing the form-driven design approach are described in
Section 4.1. The strategy that is implemented in the design of the sun-shading
bending-active tensile structure corresponds to Design strategy 1 in which the
equilibrium of the bending-active beams in their target geometry is achieved by
adjusting their bending stiffness along their axis. It is summarised in Figure 5.2:

• In the first step (Figure 5.2(a)), the desired curved target equilibrium ge-
ometry of each of the 2D bending-active beams is defined, considering
various aspects, such as structural, functional, and environmental criteria;

• In the second step (Figure 5.2(b)-(c)), a compatible set of pre-stressing
elements is generated, in such a way that these tensile elements apply a
series of forces Fr i onto the axis of the beams; these forces are in the
beams’ planes and do not generate any torsion on the beams;

• In the third step (Figure 5.2(d)), the global equilibrium of each beam
is fulfilled by ensuring that the applied forces generate locally a bending
moment compatible with the curvature of the beam; in particular, this step
involves the solution of the reaction forces at the beam’s supports;

• Finally, in the last step (Figure 5.2(e)), the variable bending stiffness along
the various beams’ cross-sections is calculated such that the beams meet
the equilibrium in the target geometries under the considered pre-stressing
forces.

5.2.2 Open lines of cables

In order to fully control the equilibrium configuration of the hybrid structure,
the geometry of the tensile elements can be directly designed in its equilibrium
configuration as well. This is done through specific compatible arrangement
of cables as described in Section 4.3, and, in particular, open lines of cables
are used for the design of the sun-shading façade system. For each node of
the beam to be restrained, two straight pre-stressing cables are introduced that
connect the actively bent beam to their neighbouring beams or to the system’s
boundaries (Figure 5.2(b)-(c)). The pre-stressing forces Fc and F ′c in each of
the two cables are assigned so that their resultant force Fr lies on the beam’s
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plane (Figure 5.2(f)), which corresponds to:

(Fc + F ′′′c) ∧ n = Fr ∧ n = 000 (5.1)

where n is the normal vector of the beam’s bending plane. As explained in
Section 4.3, the condition of equilibrium between the beam and the cables is
achieved independently for each node.

5.2.3 Integral design framework

Within its scope of applicability, the form-driven approach involving open lines
of cables as described above allows decoupling the generation of the geometry of
a bending-active tensile structure from the assessment of its static equilibrium.
This makes it possible to first focus on the generation of feasible bending-active
tensile structures whose shape can be easily controlled and adjusted according
to geometry-dependent criteria, before integrating further structural and man-
ufacturing aspects into the design. Figure 5.3 summarises the integral design
framework described above, which relies on the use of three parametric models:
the first one (Geometric parametric model – Section 5.4.1) defines the geometry
of the bending-active tensile structure, the second one (Structural parametric
model – Section 5.4.2) performs the structural evaluation, and the last one
(Manufacturing parametric model – Section 5.4.3) addresses questions related
to fabrication.
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Figure 5.2: Form-driven design methodology of the bending-active tensile sun-shading façade
system.
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Figure 5.3: Integral design framework based on three different parametric models.



146 5 Design Application

5.3 Geometric studies

The design of a sun-shading system that protects a glazed building façade
should respond to sometimes-contradictory requirements for the thermal and
visual comfort of the building’s occupants. On the one hand, the solar gain
through direct sun exposure of the façade should be reduced during summer and
to a less extent, over spring and autumn, in order to prevent the internal over-
heating of the building and to reduce the energy consumption of active cooling
systems. Moreover, during winter, daylight glare discomfort of the building’s
occupants caused by the low position of the sun in the sky should be eliminated.
On the other hand, the visual comfort of the building’s occupants should be
satisfied throughout the year, by preserving as much as possible suitable lighting
conditions as well as the views to the outside offered by the glazed façade.

5.3.1 Description of the case study and definition of the indoor
comfort evaluation criteria

The sun-shading façade system used as a case study in this work has been
designed for an office building located in Zurich (Switzerland) at the ETH Science
City Campus. The building consists of a main volume containing office spaces,
sitting on top of a smaller volume with workshops and technical rooms. At
present, the building lacks an external sun-shading system. Considering the
orientation of the building and the fact that the surrounding buildings naturally
generate shadow, the most exposed façades of the building that require sun
protection are the south-west façade and part of the south-east one (Figure 5.4).
The indoor zones located behind the exposed façades are distributed on two floors
and consist of one circulation space and two different workspaces (Figure 5.5).

In order to evaluate the indoor comfort of the building’s occupants, several
evaluation criteria were defined in relation to thermal, lighting, and visual con-
nectivity aspects. Since the thermal comfort in an indoor space strongly depends
on the amount of solar radiation that enters the building through its façades,
the related metric which was considered is the following:

• Solar radiation [kWh]: The total incident direct solar radiation received by
the glazed façades over a day.

Regarding the indoor visual comfort, three different aspects were considered:
the illuminance level, the risk of glare and the visual connection to the outside.
They are respectively evaluated according to the following metrics:

• Illuminance level [h]: The average time of a working day (9am-6pm) for
which the illuminance value [lux] of an ideal horizontal work plane, posi-
tioned at 0.9m above the floor, remains within the acceptable range of
100 - 3000 lux (Mardaljevic et al. 2012);
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Figure 5.4: HIB office building chosen as a case study – (top) Situation and orientation of the
building; (Bottom) Axonometry of the part of the building used for the solar and visual analysis.

• Glare level [h]: The average time of a working day (9am-6pm) for which
an ideal horizontal work plane, positioned at 0.9m above the floor, is under
direct sunlight. This measure is directly related to the glare risk;

• Visual occlusion level [%]: The percentage of visual occlusion of the hori-
zon surface from a grid of points inside the building located 1.2m above
the floor, which corresponds to an ideal eye height when sitting.

The metrics were assessed for the different indoor zones with the Grasshopper ’s
(Rutten 2009) plug-in Ladybug (LLC 2013) in the Rhinoceros CAD environment
(Robert McNeel & Associates n.d.) Figure 5.5 presents the average values over
the calculation area. The solar analysis of the building in its current configuration
– without sun-shading system – allowed clarifying the needs of the building in
terms of solar protection, and in particular, to identify the most critical times
of the year and of the day when major indoor discomfort occurs. It helped to
initialise the step-by-step design development presented below. Above all, it
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served as a reference to weigh the benefits brought by the distinct sun-shading
systems explored below in relation to the considered metrics.

5.3.2 Design development

The shape of the bending-active tensile sun-shading structure to retrofit the
previously described building has been obtained through successive transforma-
tions of a generic sun-shading system, considering the above thermal and lighting
criteria. Through this progressive geometric definition, starting from simple con-
figurations, the complexity of the structure has been gradually increased in itera-
tive steps and new geometric parameters have been introduced (Figure 5.5). The
following paragraphs offer an overview of this parametric study, while a complete
description of the parametric model used in step 3 is presented in Section 5.4.

Step 1: Combination of horizontal and vertical brise-soleils In the first step,
different modular configurations, combining conventional vertical and horizontal
rectangular brise-soleils, were explored in order to assess the general dimensions
of the structure – i.e. the relative spacing, depth and orientation of the sun-
shading elements (Figure 5.5, cases 1.a and 1.b).

Step 2: Introduction of curved sun-shading elements in place of the verti-
cal brise-soleils In the second step, the vertical brise-soleils were replaced by
curved sun-shading elements. The upper horizontal sun-shading elements were
then adjusted accordingly. An investigation was conducted to determine the ge-
ometry of the curved elements that contributes the greatest to the reduction of
the solar radiation on the façade and the risk of glare (Figure 5.5, cases 2.a and
2.b).

Step 3: Transition to a bending-active tensile system In the third step,
the geometry resulting from the previous step was modelled in the form of a
bending-active tensile structure following the rules presented in Section 5.2.2.
To simplify the calculations, the tensile elements were replaced with a continuous
ruled surface. Multiple parameters were used to describe the geometry of the
sun-shading structure (Section 5.4.1) and different variations of these parame-
ters were tested to produce various spatial configurations, such as those ones
in Figure 5.5. At last, additional parameters were introduced to enable the top
down control of the global geometry of the sun-shading structure at the building
scale, and thus break the modularity of the structure. This additional differ-
entiation of the system allowed for a better negotiation of the different design
requirements. Moreover, the above continuous ruled surfaces were replaced with
wide strips, whose widths were adjusted to balance the conflicting requirements
for sun protection and internal illuminance level.
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Figure 5.5: Solar and visual analysis and design development.
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Figure 5.6: Interior view of the office with the proposed sun-shading system applied on the
façade.

5.3.3 Design outcome

Through geometric variations along the two façades of the building, the
designed bending-active tensile sun-shading façade system offers a global solu-
tion to a time dependent issue. The different requirements in terms of visual
and thermal comfort, which are sometimes conflicting over time, are negotiated
through an appropriate geometry of the system. In particular, the proposed sys-
tem is more open at the level of the workspaces in order to maximise the visual
connection of the occupants to the outside, while preventing the risk of glare
(Figure 5.6). On the contrary, in other parts of the façade, particularly on the
south-western side where the corridors are located, the system is more closed.
From a structural standpoint, neighbouring beams are interconnected with the
sun-shading strips that work in tension, overall generating a continuous structure
along the façades.

In relation to the considered indoor comfort evaluation criteria, the designed
sun-shading façade system performs in a similar manner as conventional sun-
shading configurations (as case 1.a and 1.b.). However, in the proposed system,
unlike in conventional systems, the structure and the sun-shading function are
fully integrated. The sun-shading tensile strips unfolding on either side of the
beams are structurally active and offer an integrated solution for wind bracing,
while the resort to discrete cables decreases the system’s windage. The resort
to active bending allows to activate thin sections of material.
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5.4 Parametric models

As explained in Section 5.2.3, the integral design framework involves three
different parametric models, which are detailed below.

5.4.1 Parametric geometric model

In accordance with Sections 5.2.1 and 5.2.2, each actively bent beam and
the related tensile elements of a beam-cables cluster are defined geometrically
one after the other and can be adjusted any of the two at any time.

Figure 5.7(a)-(b) shows the different geometric parameters involved in the
generation of the bending-active beams. The planes where the beams’ axes are
located are oriented with an angle α

′(′)
i with respect to the façade. The beams

are modelled as NURBS curves, each of which is defined by 4 control points:
two points located on the façade, at the level of the frames, (M

′(′)
i , P

′(′)
i ), and

two other points, N
′(′)
i and O

′(′)
i , resulting from the intersection of the beam’s

bending plane and two straight lines (resp. N ′(′)N and O′(′)O).
As for the straight cables, they are geometrically arranged in 3D space to

reproduce the global geometrical features of sun-shading configuration 2.b, as it
was found to be a satisfying solution with regards to the considered thermal and
lighting metrics. The spatial layout of the cables emerges from the progressive
transformation of a simple planar system consisting of a beam restrained with
radial cables as detailed in Figure 5.7(b), while preserving the conditions for a
2D equilibrium of the beams. For each cluster, the position of points A, B, C,
D, E and F of Figure 5.7(b) can be adjusted, as well as the distribution of the
anchorage points of the cables along the curves AP , BD, CE, BF .

Finally, the parameters related to both the beams and the cables layout
are integrated resulting in the complete geometric model of the sun-shading
structure (Figure 5.7(c)). Global and local parametric variations can then be
implemented.

5.4.2 Parametric structural model

Once the overall system geometry is established, pre-stressing forces are
assigned to the cables. Given equilibrium equation 5.1, for each two cables con-
nected to a node of the beam, a pre-stressing force Fc is assigned to one of the
two cables (Figure 5.8(a)) and the pre-stressing force F ′′′c in the other cable and
the resulting restraining force Fr are derived accordingly (Figure 5.8(b)). Be-
sides, pre-stressing forces in each pair of cables can be adjusted independently.
Regarding the support conditions of the beams, it was decided that each beam
was pinned to the façade. Because of the static indeterminacy of the system, the
reaction forces at the supports balancing the forces applied by the cables cannot
be uniquely determined but are defined based on their overall resultant force
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Figure 5.7: Parametric geometric model – (a) Parametric definition of the actively-bent beams
as NURBS curves; (b) Generation of the parametric volumetric tensile sun-shading sub-system,
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geometry of the bending-active tensile sun-shading structure obtained thanks to the global
parametric geometric model.
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Figure 5.8: Structural evaluation of the bending-active tensile structure – (a) Assignment of
pre-stressing forces in the cables, (b)-(c) Calculation of restraining forces, (d) Solving of global
equilibrium through reaction forces.
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(Figure 5.8(d)). The reaction forces component along the direction that con-
nects the two beam’s ends together (along z here), governs in which proportion
the target geometry of the beam at equilibrium is reached through an adaptation
of the beam’s cross sectional bending stiffness or through the restraining effect
of the pre-stressing cables.

Finally, for each beam, a non-constant bending stiffness is determined ac-
cording to the graphical method proposed in Section 3.2, in such a way that the
beam bends into the previously defined equilibrium geometry under the action of
the previously defined pre-stressing forces (Figure 5.9(b)).

5.4.3 Parametric manufacturing model

The calculated bending stiffness EI is not constant and varies along the
axis of the beam. Since a differentiation of the elastic modulus E along the
beam is rather difficult to implement even if possible (Bechert et al. 2016), such
variations are obtained here by tailoring the geometry of its cross-section and thus
the quadratic moment of inertia I along the bending axis. One possible way to
produce beams with variable cross-sectional areas is to laminate the beams out of
individual elastic lamellas, with variable width and length but constant mechanical
properties. To keep the position of the main axis of inertia constant, the lamellas
are assembled symmetrically with respect to the axis of the beam. For example,
in the case of a section composed of 5 symmetrical layers (Figure 5.9(c)), the
quadratic moment is given by the following formula:

Ix =
e0
3b0

12
+ 2
(e13b1

12
+

(
e0 + e1

2

)2
e1b1

)

+ 2
(e23b2

12
+

(
e0 + 2e1 + e2

2

)2
e2b2

) (5.2)

where e0, b0, e1, b1, e2, b2 are respectively the width and the height of lamellas
0, 1, 1′, 2, and 2′. In the case that e0 = e1 = e2 = e, equation 5.2 can be
simplified to:

Ix =

(
1

12
b0 +

13

6
b1 +

49

6
b2

)
e3 (5.3)

Different lamination configurations can produce the same quadratic moment of
inertia since for a given number of lamellas of known thickness, there is an infinity
of widths (b0(x), b1(x), b2(x)) satisfying equation (3). In addition, the same
quadratic moment can also be obtained by using a different number of lamellas.
In this parametric model, the number of lamellas, their thickness and their width,
can vary in order to provide different lamination patterns (Figure 5.9(c)). When
choosing the number of lamellas and their thickness, the maximum stress in the
beam, which is directly related to the thickness of the beam, is a determining
factor (see Equation 5.7). It is worth mentioning that in this study the effect
of self-weight is ignored. In fact, adapting the section of the element affects its
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Figure 5.9: Manufacturing parametric model – Parametric generation of lamination patterns
for producing beams with variable bending stiffness along their axis.

own weight, and so the loads initially considered for the calculation. Iterations
are necessary to consider this change in self-weight into the global equilibrium
of the system and to recalculate the stiffness resulting from this change.
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5.5 Material investigation

5.5.1 Structural prototype

A prototype of the sun-shading structure was built at 1:2 scale to provide
a qualitative validation of the structural model and to check the applicability of
the design approach to a real construction. An exemplary portion of the entire
bending-active tensile structure, which was made of four actively bent beams,
was built (Figure 5.10). The beams at the sides of the prototype have been
materialised in the form of rigid frames.

5.5.2 Fabrication of beams with variable bending stiffness

Plywood lamellas 1-mm-thick birch plywood made of 3 plies was chosen for
the lamellas in the laminated beams. Due to its high flexural strength and its
moderate stiffness, plywood is an ideal material to resist large elastic deforma-
tions without failing (Kotelnikova-Weiler et al. 2013), thus appropriate for the
realisation of bending-active structures (Weinand and Hudert 2010, Fleischmann
et al. 2012, D’Acunto and Kotnik 2013, Bechert et al. 2016, La Magna et al.
2016, Brancart et al. 2019).

The mechanical characteristics of the chosen 1-mm-thick birch plywood have
been estimated by simple mechanical tests. A series of plywood lamellas (width
b: 40mm, length l : 1000mm, thickness e: 1mm), with their longitudinal axis
aligned with the grain direction of the outer plies, were bent with a cable into dif-
ferent Elastica, and the corresponding buckling force was measured. From these
measures and based on the theoretical values of the buckling force / bending
stiffness ratio (Timoshenko and Gere 1961, 76–82), the average elastic modu-
lus E of the 1-mm-thick birch plywood lamellas along the grain direction could
be estimated to 9.6GPa (Figure 5.11(a)). This value was afterwards validated
through a simple 3-point bending test performed on the same samples (Fig-
ure 5.11(c)). Additionally, the average yield strength f = Ee/2ρmin =37MPa
along the grain direction was estimated after measuring the minimal radius ρmin
at which the above series of plywood lamellas started to crack under bending
(Figure 5.11(b)). The measured values are both in line with the reference val-
ues of the Swiss norm (SIA 265/1:2009 Construction en bois - Spécifications
complémentaires 2009).

Fabrication of laminated beams With regard to the manufacturing of the
different lamellas, they were laser cut from panels of the above 1-mm-thick ply-
wood. Due to the limited bed size of the laser cutter, the lamellas had to be
segmented into shorter elements, which were subsequently glued and mechani-
cally connected (Figure 5.14(a)). Joints with a dovetail geometry were used to
ensure the transfer of tensile forces within the bent beams, while the transfer
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Figure 5.10: 1:2 scale structural prototype of an exemplary portion of the sun-shading structure.

of compressive forces was ensured by contact between the lamellas’ segments.
The behaviour of the joints as a function of their geometry and their distribution
in the beam was studied through a series of physical tests (Figure 5.12). From
one lamella to another, the discontinuities caused by the joints were shifted to
avoid the generation of mechanical weakness along the beam (Figure 5.14(a)).
The use of mechanical fasteners prevented the delamination of the lamellas in
the most critical areas, whether under compression or tension.

5.5.3 Steel cables

In the prototype, the tensile elements, representing the sun-shading strips,
were materialised as steel cables. In addition, at this stage of the design process,
the elongation of metal cables was negligible, whereas the use of a textile ma-
terial, for example, would require a more in-depth knowledge of its mechanical
properties. The length of the cables was controlled by shaft collars.

5.5.4 Calibration of restraining forces and lamellas pattern
according to mechanical properties

The calibration of the internal forces within the structure has been carried out
over four successive steps as depicted in the flow chart of Figure 5.3 (Analysis of
structural equilibrium, Calculation of number of lamellas in the beam, Generation
of lamination pattern and Integration of self-weight in the calculation) and has
involved both material and fabrication related parameters.
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Figure 5.11: Simple physical tests to characterise the mechanical properties of 1mm-thick birch
plywood lamella – Estimation of the modulus of elasticity (a) and of the yield strength (b).
Additional converging 3-point bending test to estimate the modulus of elasticity (c).

Figure 5.12: Investigation on the geometry of the dove tail joints and their distribution in the
beams.

Figure 5.13: Details of the designed joints between the segmented lamellas.

Pre-stressing forces and reaction forces were adjusted in such a way that
the cables were stretched evenly, the internal stresses remained within the al-
lowed values, and the shape of the different lamellas satisfied the fabrication
requirements.

Regarding the determination of the number of lamellas constituting each
of the different beams, this value has been calculated so that the axial stress
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Figure 5.14: Laminated beams – (a) Assembly logic of a laminated beam from segmented
lamellas, (b) laminated beam cross section from 9 lamellas and (c) pattern of the constituting
lamellas of one of the two beams.

in the beam reaches at maximum 75% of the material maximal capacity. In
this way, the beam gains enough stiffness through the prestressing effect of
active bending without risking material failure. Given a beam under pure flexural
bending in the xy plane and y and z the principal axis of inertia of its cross-
sections, and provided that planar cross-sections of the beam remain planar, the
flexural bending moment is:

Mz = EIzκz (5.4)

The normal stress acting on the beam’s cross section is given by:

σx(y) =
N

S
− Mz

Iz
y ≈ −Mz

Iz
y (5.5)

After substitution, it simplifies to:

σx(y) ≈ −Eκzy (5.6)

which leads to the maximal value of the normal stress in the beam:

σxmax ≈ −Eκzmaxymax (5.7)

The thickness of each beam, therefore the number of lamellae which are layered,
is calculated as such:

ymax =
0.75f

Eκzmax
(5.8)
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Figure 5.15: Integration of self-weight effect in the beam’s bending-stiffness calculation.

In the case of the two beams of the prototype, this gives respectively a beam
height of 9.5mm and 9.9mm that correspond in both beams to 9 lamellas of
1 mm of thickness (Figure 5.14(b)). Finally, the self-weight of the beam was
introduced in the calculation based on a material density of the plywood lamellas
of 650 kg/m3. The four above steps were repeated until the dimensions of the
beam cross section converge to a unique configuration (Figure 5.15). Ultimately,
the lamination pattern of each beam could be produced and the lamellas laser
cut (Figure 5.14(c)).

5.5.5 Prototype assembly

A timber frame was first built to replicate the curtain wall of the façade.
Once manufactured according to the lamination patterns, the two beams were
progressively and slowly bent until their extremes could be connected to the
frame, on free rotating supports. As the deflection was increasing, water was
spread several times onto the stretched face of the beams to release stresses
and prevent failure. Afterward, all the cables have been connected loosely to
the beams and the frame, and the cables providing the strongest restraining
forces were adjusted first (Figure 5.16). Iteratively the length of all the cables
were adjusted until the required pre-stressing force was achieved. The staggered
positioning of the joints within the different laminates of the beams allowed for
a smooth curvature of the bent elements (Figure 5.13).
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Figure 5.16: Bending and assembly process.

Figure 5.17: Details of the 1:2 scale structural prototype
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Figure 5.18: 1:2 scale structural prototype of an exemplary portion of the sun-shading structure.
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5.6 Observations

Through the exemplary design of a façade sun-shading system, it has been
demonstrated how the proposed form-driven approach to bending-active tensile
structures, unlike conventional form-finding methods, allows having explicit con-
trol over the equilibrium geometry of the hybrid system. Such direct geometric
control is particularly beneficial in those design applications in which structure is
not the only parameters to be considered but also architectural, environmental
and manufacturing considerations are at stake. Thanks to the form-driven ap-
proach, an integral design framework which includes all these aspects has been
proposed based on a parametric geometry-based definition of the bending-active
tensile structure. Eventually, through the variation of the system’s geometry
along the façades and the variation of the beams’ bending stiffness along their
axis, a negotiation between all the parameters that influence the geometry of
the system has been possible.

Further considerations can be made in relation to the effectiveness of the
design process. In particular, throughout the process, various parameters were
adjusted manually. One could imagine an automation of the process to refine
the distribution of prestressing forces and internal stresses in the system, and
to consider manufacturing constraints. Besides, Finite Element Analysis would
be helpful in assessing the behaviour of the system more thoroughly, after its
geometry has been designed using the form-driven approach.

The structural prototype established a first step towards the development
of a complete façade system, and it provided valuable information regarding
the forces calibration procedure. The fabrication of the prototype gave a first
qualitative validation of the theoretical digital model, although a more thorough
assessment of the physical model would be required to draw a deeper conclusion.

With regards to the fabrication itself, further developments should be im-
plemented. On the one hand, the current pre-stressing steel cables, which are
supposed to work as sun-louvers, should be substituted by tensile strips, such as
coated fabric strips. The possibility to slightly stretch the material would facili-
tate the tensioning of the tensile elements. On the other hand, further research
is required to defined a proper material system that can be effectively used for
the manufacturing of the beams at full scale. Composite materials and industrial
lamination manufacturing processes could be explored to improve the fabrication
of beams with non-constant bending stiffness along their length and avoid the
resort to mechanical joints and fasteners.
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6. Conclusion

This Chapter provides a summary of the various contributions of this thesis,
presents the current limitations of the research and proposes suggestions for
future developments. It finally reflects on the overall content of the research.

6.1 Contributions

With the aim to overcome some of the limitations of the current form-finding
methods, especially in terms of geometry control, the main contribution of this
research has been to introduce a novel form-driven approach for the design of
bending-active tensile structures, which provides the designer with more control
over their final equilibrium geometry.

The elaboration of the proposed form-driven design approach has entailed
the development of several models and procedures, including the definition of a
structural model (Chapter 3), the formulation of a design process (Chapter 4),
and the design of a bending-active tensile structure as an architectural application
of the approach (Chapter 5). In the following paragraphs, contributions related
to each of these points are reported.

6.1.1 Structural model

Different frameworks have been proposed in the literature for the modelling
of bending-active tensile structures (Sections 2.1.2, 2.1.3 and 3.4.1). They
are based on distinct mechanical models of slender elastic beams under large
deformations but all make use of numerical methods to form-find the equilibrium
geometry of the structures. The resort to form-finding approaches implies for
the designer a limited control over the geometry of the form-found bending-
active tensile structures and therefore a lack of intuitive strategies to implement
his/her design intentions.

An alternative structural model for bending-active beams in 2D space has
been developed. It is based on a simplified mechanical model of the beam-active
beams and on graphic statics.

• A simplified mechanical model has been proposed for the description of
the large elastic deformations of slender beams in their plane of symmetry
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(Section 3.1.1). In this model, internal forces do not relate to the infinites-
imal deformation of the beams’ cross-sections but to the global deflected
geometry of the beams. Combined with the use of form and force diagrams
(Section 3.1.2), this mechanical model facilitates the understanding of the
mechanisms involved in the static equilibrium of a bending-active, in par-
ticular thanks to the visual dimension of the diagrams. Grounded on this
mechanical model, two graphical procedures have been introduced in or-
der to evaluate and control the static equilibrium of bending-active beams.
More precisely, these procedures allow to deduce the internal and external
forces that must act on a beam so that, at equilibrium, the beam bends
into a target geometry which has been previously defined by the designer
as a plane continuous curve.

• A first graphical procedure consisting in rebuilding the beam’s force di-
agram has been formulated to determine the appropriate distribution of
bending stiffness along its axis a beam requires so that it bends into the
target equilibrium geometry (Section 3.2.1).

• A second graphical procedure based on the study and manipulation of the
beam’s force diagram provides the different possible external actions that
enforce the equilibrium of the beam into the target equilibrium geometry
(Section 3.3.1).

Finally, as a natural development of this last graphical procedure, the follow-
ing contribution has been achieved:

• The shaping of single bending-active beams by external restraining systems
into target curved equilibrium geometry by means of geometric construc-
tions has been presented (Section 3.3.2). The different design parameters
of such 2D bending-active tensile systems, which can perform as building
components for instance, have been identified and illustrated, highlighting
the design possibilities opened by the graphical approach with regard to
bending-active tensile structures.

6.1.2 Form-driven design approach

Built upon the above structural model, a novel general approach for the de-
sign of bending-active tensile structures has been conceived. More specifically,
this approach allows the creation of bending-active tensile structures composed
of bending-active beams bent in their plane of symmetry and pre-stressed cables
and cable nets. The singularity of the approach lies in the fact that the bending-
active beams are generated directly in their own target equilibrium geometry, as
plane continuous curves. The local and global conditions of their static equilib-
rium in the target geometry are deduced afterwards and informs the geometry of
the pre-stressed cables and cable nets that restrain the beams. Thanks to such a
control over the equilibrium geometry of the bending-active beams, the proposed



6.1 Contributions 167

form-driven approach displays valuable advantage over the existing form-finding
methods especially during the conceptual design phase in which the focus is given
to the overall geometry of the bending-active tensile structures. In relation to
the proposed approach, the following contribution has been made:

• A global design process based on the successive consideration of the
bending-active beams and the pre-stressed cables and cable nets has been
formulated (Section 4.1). It is composed of two distinct design strategies
which are each based on the three following design operations: (1) defini-
tion of the equilibrium geometry of the beams as plane continuous curves,
(2) solving of the equilibrium of the beams and (3) generation of the
pre-stressed restraining cables and cable nets.

The equilibrium of the bending-active beams in their target geometry is ad-
dressed according to the structural model previously introduced. As for the
generation of pre-stressed restraining elements that are compatible with the
equilibrium of the beams in their target geometry, specific methods have been
developed which correspond to the following contributions:

• A graphical procedure has been formulated for the generation of 3D tensile
restraining systems in equilibrium with coplanar loads and supports whose
position is controlled from the spatial transformation of original 2D ten-
sile restraining systems (Section 4.2). This procedure allows to graphically
built 3D tensile restraining systems for the curve shaping of single bending-
active beams in their plane of symmetry. More widely, the proposed proce-
dure can be applied to the design of 3D tension-only or compression-only
structures in equilibrium with coplanar loads.

• Specific 3D geometric patterns of cables which apply onto the beams’ axis
restraining forces that are in the beams’ bending plane have been identi-
fied (Section 4.3). In combination with the proposed design strategies,
such patterns of cables make it possible to address the design of bending-
active tensile structures in a purely geometric way. Deriving from simple
conditions of 2D equilibrium, the highlighted patterns of cables allow a
large geometric exploration of bending-active tensile structures while en-
suring that boundary conditions and mechanical properties of the beams
can be found retrospectively so that static equilibrium can be reached in
the geometric configurations so generated.

• A non-linear formulation of the force density method has been implemented
and further elaborated for the form-finding of the cable nets compatible
with the equilibrium of bending-active beams in their bending planes (Sec-
tion 4.4). This constrained force density method makes it possible to
address the design of bending-active tensile structures with complex ge-
ometry in terms of both the topology of the cable nets and the spatial
arrangement of the beams.
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6.1.3 Design application

The proposed approach for the form-driven design of bending-active tensile
structures has been tested by means of a design case study. In particular, a
lightweight bending-active tensile structure serving as an external sun-shading
façade system has been developed in response to a given design task, with its
own specifications and defined boundary conditions. Overall, the case study has
proven the relevance and effectiveness of the proposed approach when applied
to a real design scenario. With this regard, two main contributions have been
made:

• The validity and relevance of the form-driven approach to conceptually
design bending-active tensile structures in a design scenario where the
geometry of the structures needs to be finely controlled and adjusted to
fulfil their design purpose has been demonstrated.

• An integral design framework has been proposed, it is based on a parametric
geometry-based definition of the bending-active tensile structures, thus
allowing to efficiently integrate into the designed structures structural,
architectural, manufacturing and other geometry-based considerations.
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6.2 Limitations and further developments

Although the application of the proposed form-driven design approach for
bending-active tensile structures to a real design scenario has established the
strengths of the developed approach, this latter presents several limitations in its
current implementation. These limitations relate simultaneously to the structural
model, the design approach and the case study, and are underlined in the following
paragraphs. In addition, in order to overcome these limits, various possibilities
for improvement are suggested.

6.2.1 Structural model

The proposed structural model of bending-active beams is based on a series of
assumptions on the mechanical behaviour of slender elastic beams. While these
assumptions allow to make the model simple to understand and to implement,
they also restrict its scope of applicability. The following limitations can be
pointed out, and further developments can be suggested:

• The structural analysis which is used to determine the internal and external
conditions allowing the equilibrium of a beam in a given target equilibrium
geometry has a certain sensitivity with respect to the geometry of the
plane continuous curves to which it is applied. A slight variation in the
target equilibrium geometry can sometimes produce significantly different
distributions of the bending stiffness or required restraining forces along the
beam’s axis. In order to take this dependence into consideration, different
alternative curves near the original target equilibrium geometry could be
automatically tested. This would allow, for instance, to have a distribution
of bending stiffness that is more compatible with manufacturing constraints
or to more controlled restraining forces, while keeping the global equilibrium
geometry of the beams close to the original target.

• Another limiting aspect of the structural model is that it only applies to
beams that deform in their plane of symmetry and are subjected to a
bending moment only. This is due to the fact that the model does not
describe torsion in the beams. It has been shown that it is not possible
to model the effect of torsion using nodal forces applied to the discretised
axis of the beams and the use of a unique force diagram. Future work
would include further investigation to define a simple yet valid model to
describe torsion in slender elastic beams.

6.2.2 Form-driven design approach

In relation to the form-driven design approach itself, the following limitations
can be highlighted, and possible improvements suggested:



170 6 Conclusion

• During the various design operations of the proposed design approach, the
value of a number of parameters has to be manually adjusted by the de-
signer. Explicitly defining these parameters contributes to the intentional
and controlled generation of bending-active tensile structures which is char-
acteristically supported by this research. However, as the complexity of the
structures increases, the number and interdependence of these parameters
also increases. In order to support the designer in this task and to im-
prove the effectiveness of the design process, automated procedures could
then be considered to evaluate different values of these parameters which,
although they all result in the same equilibrium geometry of the bending-
active beams, have an influence on the structural state of equilibrium of
the overall structures.

• The proposed form-driven design approach efficiently allows the creation
of bending-active tensile structures which are in static equilibrium with the
loads for which they have been designed. However, the use of form-finding
methods remains necessary when it comes to assessing the behaviour of the
structures of under load, determining their new equilibrium or evaluating
the deformations occurring during their erection process. Such structural
evaluation of the bending-active tensile structures is important and would
need to be integrated to the proposed methodology to inform the design.

• The bending-active tensile structures which are designed with the proposed
form-driven approach consists of bending-active beams and prestressed
cables or cable nets. However, for architectural and structural reasons, it
may be appropriate to use membranes instead of cables and cable nets.
To this end, the non-linear force density method under constraints which
has initially been formulated for cable nets (Section 4.4) would need to be
extended to membrane elements (Maurin and Motro 1998).

In addition, it might be interesting to extend the form-driven approach orig-
inally formulated in this thesis for the design of bending-active tensile structures
to other types of bending-active structures:

• A form-driven approach could thus be developed for the design of bending-
active structures like grid-shells. The physical nature of the connections
between the grid’s bending-active beams will, however, condition the rele-
vance of the approach as torsional moments can be generated in the struc-
ture if bending and torsional moments are transmitted from one beam to
another (Nabaei et al. 2010, Du Peloux et al. 2015).

6.2.3 Design application

Although the case study of a bending-active tensile sun-shading façade sys-
tem has demonstrated the potentials and strengths and of the form-driven ap-
proach for conceptual architectural design and the built structural prototype has
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established a first step towards the development of the complete façade system,
the further development of the system towards its full scale fabrication should be
carried out in order to better assess the effectiveness of the proposed approach
as part of a complete architectural design process and to integrate even more
material and manufacturing constraints in the design process. In this context,
Finite Element Analysis would be helpful in validating the results obtained with
the form-driven approach and assessing more thoroughly the behaviour of the
structure after its geometry has been designed.

Besides, the development of additional design experiments with the proposed
form-driven approach would provide the chance to test the relevance and effec-
tiveness of the approach in various design scenarios and at various scales.

Overall, the fabrication of a half scale structural prototype of the sun-shading
façade system has highlighted the general need to further investigate the fabrica-
tion of bespoke structural components with non-uniform mechanical properties,
be it at the geometric or material level. With this regard, future developments
include the following suggestions:

• Composite materials and industrial lamination manufacturing processes
could be explored in order to improve the bespoke fabrication of bending-
active beams with non-constant bending stiffness along their length.

• The design of bending-active tensile structures with membranes according
the non-linear formulation of force density method suggested above would
result in highly differentiated membranes whose materialisation could be
addressed through knitting technology. The fabrication of bespoke archi-
tectural and structural knitted membranes is currently under active investi-
gation and constitutes one of the development directions taken by current
research on bending-active tensile structures (Ahlquist 2015, Popescu et al.
2018, Ramsgaard Thomsen et al. 2019).
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6.3 Overview and final discussion

During the design process of bending-active tensile structures, the initiative
and degree of influence of the designer is being limited by the physical laws which
underlie the structures’ equilibrium and by the nature and lack of transparency
of the form-finding methods currently used to determine the structures’ equilib-
rium geometry - a geometry that is not predictable other than by these methods.
This lack of influence makes it difficult to control the structures’ geometry and,
consequently to integrate contextual, spatial, structural, functional, manufac-
turing and environmental consideration into the design in a direct and explicit
way. This research was motivated by the observation that, in order to make
the design process of bending-active tensile structures more intentional, it is
desirable for the designer to gain more control during the design process, partic-
ularly at a geometric level. Aiming at a stronger integration of architectural and
structural design, this thesis has shown, with the introduction of a novel design
approach, that, despite the complex nature of bending-active tensile structures,
it is possible to give the designer a leading role in the generation of these hybrid
structures.

By breaking down the complex problem of form-finding of bending-active
tensile structures into simpler sub-problems, i.e. by successively addressing the
equilibrium of their bending-active elements and the equilibrium of their pre-
stressed elements, the approach developed in this thesis gives the designer the
possibility to have a direct control on the equilibrium geometry of the hybrid
structures that are generated. In particular, it allows him/her to fully control the
equilibrium geometry of the bending-active elements and to partially control the
geometry of the tensile elements. Thanks to this geometric control, it becomes
easier for the designer to give form to his/her intentions than with the use of
conventional form-finding tools.

The proposed approach is aimed to be alternative and complementary to the
form-finding methods that are commonly used. These methods are themselves
varied and complementary to each other during the design process, none of
them being well suited to address all the design phases of bending-active tensile
structures. The so-called form-driven approach has valuable advantages during
the early design phase since it gives more significance to the final equilibrium
geometry, overcoming in this way the limitations of the form-finding methods in
this respect.

The proposed form-driven approach has relied on graphical methods which, in
combination with a simplified mechanical model of slender beams under bending,
have demonstrated their ability to describe, generate and control the equilibrium
of bending-active tensile structures.

In particular, in 2D space, force diagrams allow a simple and transparent
understanding of the mechanisms involved in the equilibrium of bending-active
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beams by offering a visualisation of the reciprocal dependencies between geome-
try, forces and mechanical quantities at play in their equilibrium. Force diagrams
highlight indeed how bending stiffness, boundary conditions and applied loads
relate to the equilibrium geometries of bending-active beams, and thus provide
valuable guidance to the designer. In particular, through the construction and
manipulation of force diagrams, the designer has the possibility to generate the
bending-active beams of a bending-active tensile structure directly in their equi-
librium geometry.

Apart from addressing the equilibrium of the bending-active beams, graphical
methods also provide a relevant approach to generate the equilibrium of the
tensile elements of bending-active tensile structures. Moreover, when necessary,
graphical methods can be complemented by numerical methods with which they
can be well combined.

Overall, the graphical methods developed in this research foster the intuitive
and intentional design of bending-active tensile structures and make possible
a better integration of the various architectural, structural, aesthetic, environ-
mental and material aspects involved in the design process.

Besides its graphical nature, the form-driven approach is characterised by
the introduction of gradients of mechanical and geometric properties within the
bending-active tensile structures. As a matter of fact, in the context of structural
systems whose form derives from the mechanical and geometric characteristics
of their elements, the differentiation within the systems of these characteristics
makes it possible to mediate and negotiate the structural and formal aspects of
design. Thus, in order to achieve the desired structures’ equilibrium geometry, it
has been proposed to introduce, on the one hand, differences in bending stiffness
along the beams’ axis and, on the other hand, differences in force density within
the cable nets. The introduction of mechanically and geometrically differentiated
non-standard structural elements naturally raises the question of their manufac-
turing. The possibilities opened up by the field of digital fabrication provide a
first solution to this issue and current advances and research point to a vast and
promising field of exploration.

Paradoxically, although the structural principle of active bending originates in
the elastic deformations of slender elements, these deformations are neglected
in the mechanical model of slender elastic beams and the design approach
proposed in this thesis. Indeed, the main focus is not so much on the elastic
deformations occurring at the microscopic scale as on their effect at the macro-
scopic scale, that of the beams. This is the reason why the large deformations
of the bending-active beams are described more by geometric quantities than
by mechanical quantities. The variations in beams’ bending stiffness which
participate in the geometric control of the structures can also be generated and
governed by geometric quantities, namely their quadratic moment of inertia.
Moreover, similar as for the bending-active beams, for cables and cable nets
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the graphical and numerical methods which have been developed and used in
this thesis are based only on geometric quantities and neglect the microscopic
deformation of the elements under tension.

In this way, by extracting the geometric quantities at play in the equilib-
rium of bending-active tensile structures, while playing on differentiation of their
mechanical quantities, this research has shown that it is possible under certain
conditions to describe and generate bending-active tensile structures entirely in
a geometric manner, a first approximation that is well suited to the initial phase
of the design. Mechanical properties which are related to the materialisation of
the structures are involved in the calibration of the forces and the calculation of
the maximum stresses.

Moreover, in addition to allowing a geometric control of the generated
structures, the proposed approach has the advantage of not providing the
designer with a unique solution to the design problem which is addressed, as it
is the case with a traditional form-finding tool. Conversely, the approach opens
up a range of various design possibilities. To do this, it takes advantage of
the fact that, as evidenced by the study of its force diagram, in the plane, a
curve can be materialised by distinct bending-active beams. Such multiplicity of
solutions makes it possible to efficiently mediate the various contextual, spatial,
structural, functional, constructive and environmental aspects of the design, a
mediation necessary to a holistic approach to design.

Overall, thanks to the rapprochement of architectural and structural design it
promotes, it is hoped that the form-driven approach elaborated in this thesis for
the design of bending-active tensile structures in architecture will to contribute
to the development of their full potential as lightweight architectural structures
like spatial installations, temporary or mobile housings, or architectural façade
components.
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